Shearing melt out of the mantle
Part III Magma Dynamics, Lecture 2
Porosity-weakening rheology

Figure 1: Sketch of a solid grain with the corresponding textural equilibrium melt network
shown in yellow. The rock is placed under pure
shear. Arrows show the direction of diffusive
mass transport along the grain-grain boundaries. Solid black line shows the faster diffusion
path due to the presence of melt, which is responsible for a reduction in the effective shear
viscosity. (Holtzman, 2016; Takei and Holtzman, 2009)

The effective shear viscosity of a partially molten rock is thought to be a strong function
of porosity, with viscosity decreasing with increasing porosity. Melt acts a fast pathway for
diffusion, and since the effective shear viscosity of a rock undergoing diffusion creep is dependent on how fast matter can be transported by diffusion from one part of a grain to another,
melt acts to weaken the rock (Figure 1). Experimental measurements of shear viscosity as a
function of porosity are typically fit with an empirical law of the form
ηϕ = η0 e−αϕ ,

(1)

where the porosity-weakening exponent α ≈ 27 for diffusion creep (Mei et al., 2002).

The instability
Stevenson (1989) was the first to suggest that a partially molten rock with a porosity-weakening
rheology would develop an instability under shear that would cause localisation of melt into
melt-rich bands separated by melt-depleted regions. The basic idea is illustrated in Figure 2.
Suppose a sample of partially molten rock has perturbations in porosity in one direction only
(say the x-direction), and undergoes pure shear so that it is being extended in the x-direction.
Conservation of momentum implies that the component of the stress tensor σxx is a constant
throughout, so that we have
σxx = −P + 2ηϕ ϵ̇xx = constant

(2)

where ϵ̇xx is the (assumed positive and constant) rate of extension (strain rate), and compaction
stresses have been neglected for simplicity. Due to the porosity-weakening rheology, regions
of high porosity are regions of low viscosity, and as a consequence of the constitutive law in
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Figure 2: Sketch of the instability in shear, after Stevenson (1989). Black shows regions of
high porosity, white shows regions of low porosity. Porosity is assumed only to vary in the
x-direction, and the sample is placed under pure shear as shown by the arrows.
(2) they are also regions of low pressure. These low pressure regions suck in melt, increasing
the porosity, decreasing the shear viscosity and further reducing the pressure. Hence there is
a positive feedback which leads to localisation of melt. This is illustrated in Figure 3, where
initially small perturbations in porosity develop into narrow melt-rich bands separated by melt
depleted regions.

Figure 3: Porosity against distance (Stevenson, 1989). The porosity initially consists of very
small variations around ϕ = 0.01, which become amplified as a consequence of the shearing
into melt-rich and melt-depleted bands.

Simple shear
Following on from Stevenson (1989)’s pioneering theoretical study, there has been much experimental work done to look at the behaviour of partially molten rocks under shear in the
laboratory, principally in David Kohlstedt’s lab in Minnesota. The first laboratory experiment
to demonstrate the instability under shear was by Holtzman et al. (2003), which placed a partially molten rock sample under simple shear. This motivated Spiegelman (2003) to generalise
Stevenson (1989)’s analysis to the case of 2D simple shear.
2

Figure 4: Linearized solution for the evolution of porosity, melt flux and enhanced solid shear
for a plane wave perturbation with initial wavenumber k = 4π and initial angle θ = 30◦ from
the horizontal shear plane. Here the shear viscosity is only mildly porosity weakening (α = 1)
to be able to track the perturbations to high strains. Coloured fields show porosity. Black
arrows show perturbed melt flow vectors, and white arrows show the perturbed solid velocity
field. Time t is total strain. Simple shear rotates the initial perturbation while increasing its
wavelength (decreasing k) up to θ = 90◦ . Beyond 90◦ the wavelength decreases. If the viscosity
is also porosity weakening, then the initial rotation causes the high porosity regions to have a
lower pressure which sucks in melt causing the melt bands to grow in porosity. Melt is expelled
from the bands at angles greater than 90◦ . Variable shear viscosity also causes additional solid
flow parallel to the melt bands. The sense of shear, however, changes sign at 45◦ and 135◦
(Spiegelman, 2003).
Spiegelman (2003) performed a linear stability analysis of the governing equations of compaction with a porosity-weakening rheology. In this kind of analysis, one looks at small perturbations in a given variable (in this case porosity), and looks at whether these small perturbations
grow or decay. Exactly the same kind of analysis is used in studies of thermal convection to
determine the critical Rayleigh number for the onset of convection.
Spiegelman (2003) considered small sinusoidal perturbations to the porosity field as depicted in Figure 4a. Two key parameters describe these perturbations: the wavenumber k of
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the melt bands (related to wavelength λ by k = 2π/λ), and the angle θ of these melt bands to
the shear plane. θ = 30◦ , k = 4π is depicted in Figure 4a. Spiegelman (2003) determined the
following relationship for the growth-rate ṡ of bands,
ṡ =

αν γ̇k2 sin 2θ
k2 + δ −2

(3)

where α is the porosity weakening exponent defined in (1), γ̇ is the shear strain rate, δ is the
compaction length, and ν is defined by the ratio
ν=

η
.
ζ + 43 η

(4)

The first key feature to note in (3) is the dependence of the growth rate on band angle, depending
on sin 2θ. Melt bands grow fastest when at 45◦ to the shear plane. This is to be expected: this
is when bands are perpendicular to the direction of principal extension, as was the case for the
analysis in Figure 2. Correspondingly, bands at 135◦ decay at the fastest rate, when bands are
perpendicular to the direction of principal compression.
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Figure 5: Scaled growth rate against
scaled wavenumber for the linear
stability analysis of melt bands in
simple shear. Short wavelengths
(large wavenumbers) grow fastest.

0.4
0.2
0.0
0

2

4
6
Scaled wavenumber kδ

8

10

The second key feature to note is the dependence of the growth rate on wavenumber, which
is plotted in Figure 5 for bands aligned in the direction of maximum growth (θ = 45◦ ). The
growth is fastest for short-wavelength bands, with all bands of wavelength significantly less
than the compaction length growing at about the same rate. The short-wavelength growthrate is
ṡ ∼ αν γ̇ sin 2θ for kδ ≫ 1,
(5)
where it should be noted that this growth rate is independent of the melt viscosity μ and the
permeability kϕ . Bands with wavelengths much larger than the compaction length grow very
slowly, since variations in porosity at scales much larger than the compaction length do not
generate significant compaction stresses and instead Darcy drag is more significant. The longwavelength growth rate is
ṡ ∼

αη γ̇kϕ k2
sin 2θ for kδ ≪ 1,
μ

(6)

and depends on the melt viscosity μ, but is independent of the bulk viscosity ζ. ṡ → 0 as kδ → 0
(Figure 5).
An additional subtlety of simple shear is that it involves rotation over time. Both the
wavenumber k and the angle θ of the bands change over time, as depicted in the three different
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Figure 6: Summary cartoon showing qualitative behavior of the linearized solutions for perturbations in four different orientations with a porosity weakening viscosity. (a) 0 < θ < 45◦ .
Low angle perturbations grow in porosity and develop a right-lateral sense of solid shear across
them. (b) 45 < θ < 90◦ Higher angle perturbations still grow, but the sense of solid shear is
reversed. (c) 90 < θ < 135◦ Perturbations at angles greater than 90◦ close up (and here have a
reversed sense of shear). (d) these perturbations will enhance shear but continue to close. Only
low-angle perturbations both grow and enhance the solid shear (Spiegelman, 2003).
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time-snapshots of Figure 4. A band may start out at a low-angle favourable for growth, but
will eventually rotate to a higher-angle for which the band decays. This process is summarised
in Figure 6.
It is important to emphasise that Spiegelman (2003)’s analysis is an analysis of the linearized system of equations, which are only valid if the variations in porosity remain small. As
the bands grow, the variations in porosity are no longer small, and a full numerical solution
of the non-linear governing equations is required to determine what happens. This was first
performed in 2D by Katz et al. (2006), and an example of one of their numerical calculations
is shown in Figure 7, and compared to one of the laboratory experiments by Holtzman et al.
(2003) (see also Figure 8).

Figure 7: a) An example cross-section of an experiment on a partially molten olivine-basaltchromite aggregate deformed in simple shear to a strain of 3.4 (Holtzman et al., 2003). The
melt-rich bands are sloping, darker-grey regions at an angle θ to the shear plane. Sub-vertical
black features are decompression cracks, an experimental artifact. b) The porosity field from a
numerical simulation at a shear strain of 2.79. The domain is five by one compaction lengths,
approximately equal to the estimated size of experimental charge. (Katz et al., 2006)
One of the first discrepancies between theory and observation to be noticed was in the
dominant band angle observed in the experiments, which was low (θ ∼ 20◦ ). Spiegelman
(2003)’s linear theory suggested that 45◦ would be dominant, as this is the angle at which
bands grow fastest. Katz et al. (2006) proposed that one way of obtaining low-angle bands
is if the rheology is not only porosity-dependent, but also stress-dependent, as is commonly
found in dislocation creep, with a law of the form
ηϕ = η0 e−αϕ ϵ̇(1−n)/n ,

(7)

for some power-law exponent n, where ϵ̇ is the strain rate. The introduction of (7) was motivated by a key feature in the linear analysis that is depicted in Figure 6: low angle angle bands
are zones of enhanced shearing, which potentially make them even weaker if the rheology is
shear-weakening. Indeed, Katz et al. (2006) were able to produce bands at the desired 20◦
angle, but only by using a power-law exponent n ≈ 6. This is problematic for two reasons:
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first, dislocation creep is associated with a lower exponent, n ≈ 3, and moreover, low-angle
bands are also seen in experiments which appear to be in the diffusion creep regime. To my
mind, there is as yet no particularly convincing explanation for the low-angle bands. Alternative suggestions for producing low-angle bands include anisotropy in viscous properties (Takei
and Holtzman, 2009; Qi et al., 2015), or exotic grain-damage rheologies (Rudge and Bercovici,
2015).

Figure 8: Reflected light optical micrographs of melt-enriched bands that formed at ∼ 20◦ to
the shear plane in three samples of 72% olivine + 24% chromite + 4 vol% MORB deformed
in direct shear to γ ≈ 3.5 at shear stresses of (a) 58 MPa, (b) 116 MPa, and (c) 177 MPa. The
melt-enriched bands are darker gray than the melt-depleted lenses. Band spacing decreases
and band width increases with decreasing shear stress. The vertical black cracks form at the
end of an experiment as the sample is cooled to room temperature; they develop in response
to the difference between thermal contraction of the sample and that of the tungsten pistons.
The groves along the top and bottom of the sample, which were formed as serrations in the
pistons pressed into the partially molten aggregate, have a spacing of ∼ 250μm (Kohlstedt and
Holtzman, 2009).
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Figure 9: Band spacing, δs , as a function of compaction length, δc . (a) The triangular solid
symbols are the olivine + chromite + MORB samples, with melt volumes listed in the legend.
The vertical error bars are the standard deviations in the data. The linear best fit has a slope
of m = 0.15. (b) Data from samples of olivine + chromite + 4 vol% MORB deformed at a
series of different stresses. The slope of a linear fit to the data is m = 0.3. The difference in
slope between the two studies (0.15 and 0.3) is likely due to the difference in methods used
for calculating the compaction length, as required by the experimental designs (Kohlstedt and
Holtzman, 2009).
One of the other poorly understood features of the experiments is the width and spacing of
the bands. Holtzman et al. (2003) suggested that it is the compaction length which sets the scale
of the melt bands, and produced plots like those shown in Figure 9 to provide evidence for this.
However, a closer look at the theory (Figure 5) suggests there is no preferred wavelength of the
instability – all wavelengths significantly below the compaction length grow at the same rate.
This is especially problematic for numerical solutions, as over time the melt bands tend to get
finer and finer until reducing to the scale of the numerical grid, at which point the simulations
tend to “blow up” and fail. There is thus physics missing in the current models which fail to
produce a preferred length scale for the melt bands. The observations suggest the bands are at
a scale somewhere intermediate between the grain scale and the compaction length. My own
suspicion is that surface energy effects play a key role in setting the scale (Bercovici and Rudge,
2016), but more work needs to be done on this.
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Torsion
More recent laboratory work has focused on torsion experiments, which allow for larger sample sizes (Figure 10). Numerical simulations of such setups have been performed (Figure 11)
but are challenging because of the computational expense of 3D simulation. One of the interesting features of torsion is that the strain-rate is not uniform throughout the sample: it is
largest on the edges of the cylinder and zero in the middle. Thus bands are expected to grow
fastest on the edges, and indeed, this is what is observed. One of the curious recent observations made in the torsion apparatus is the bulk segregation of melt from the outside to the
inside of the cylinder, which cannot be explained by any Newtonian or power-law rheology
(Qi et al., 2015).

Figure 10: Sketch and two reflected optical micrographs of partially molten sample of olivine
+ 4 vol% MORB deformed in torsion. In (a), the tangential and radial cross sections are
identified. In (b), melt-enriched bands (dark streaks) extend across the tangential section, back
rotated to an angle of ∼ 20◦ to the shear plane. Shear direction is top to the right. In (c),
melt-enriched bands extend horizontally from the edge (r = R) toward the center (r = 0) of
the radial section, terminating at the point at which γ ≈ 1. Shear direction is into the page for
the right half of the sample (Kohlstedt and Holtzman, 2009).

Figure 11: An example numerical
simulation of torsion (Alisic et al.,
2016). Colour scale shows the porosity field after shearing to a shear strain
of 0.25 on the outer edge. The bands
grow fastest at the edges of the cylinder, as this is where the strain rates are
highest.
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Application to the Earth

Figure 12: Estimated orientation of melt bands beneath a mid-ocean ridge from a twodimensional, steady-state simulation of mantle flow. All fields have reflection symmetry about
the line x = 0. a) Viscosity (colour), flow field (black streamlines), and principal axes of the
strain-rate tensor for a temperature and strain-rate-dependent rheology. Red lines are perpendicular to the direction of maximum extension. For newtonian viscosity (n = 1), red lines
correspond to the orientation of melt bands in the model. Such bands would not focus melt
toward the ridge axis. b) Strain rate (colour), flow field and melt-band orientation consistent
with experiments (or in the model with n ≈ 4 − 6). Band orientations, indicated by magenta
line segments, are calculated by rotating the red lines by 25◦ in the direction counter to the
vorticity. The length of these segments is scaled to the local strain rate. If the bands form an
interconnected permeable network, this orientation could help to focus melt to the ridge axis
(Katz et al., 2006).
Shear is a natural consequence of corner flow beneath mid-ocean ridges, and the resulting
strain is such that one expects a significant growth of melt bands in the mantle. Melt bands
may also play a role in focusing melt to the ridge axis, as has been advocated by Katz et al.
(2006). The focusing effect is critically dependent on the low-angle of the melt bands to the
shear plane (Figure 12).
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I highly recommend you read the review paper by Kohlstedt and Holtzman (2009), which
gives a very good overview of the subject. Of the modelling papers, the paper by Katz et al.
(2006) probably does the best job at putting the mathematical modelling work into context.
The papers I’m an author on are somewhat overly mathematical, and I certainly don’t expect
you to read them in any detail, if at all!
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