The physics of compaction
Part III Magma Dynamics, Lecture 1
Two phase flow of a deformable porous media
The fluid dynamics that describe a partially molten rock are complicated because both phases,
the solid and the melt, can deform and flow. The melt can percolate through the network that
exists along the grain boundaries, while at the same time the solid can deform by creep. To
describe the process of melt transport through the mantle we need to use the equations of two
phase flow, which are much less well-established than those describing single phase flow.
Like all continuum theories, the equations of two phase flow are based on conservation
laws. Statements of conservation of mass are straightforward to write down. Since there are
two phases, we need statements of conservation of mass for each phase, and they are given by
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where ϕ is the porosity; ρf and ρs are the densities of the melt and solid respectively; vf and vs
are the velocities; and Γ is the melting rate.
The laws for conservation of momentum are trickier to establish, because they rely on
certain choices of constitutive law for how the two phases interact. For the case of melt in the
mantle, the two phases have radically different viscosities (melt ∼ 1 Pa s, solid ∼ 1019 Pa s),
and this can be used to simplify the expressions. Conservation of momentum for the fluid is
described by Darcy’s law,
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where kϕ is the permeability, μ is the viscosity of the melt, P is the fluid pressure, and g is the
acceleration due to gravity.
Conservation of momentum for the overall two-phase mixture is similar to that of a compressible viscous fluid,
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where ηϕ is an effective shear viscosity, ζϕ is an effective bulk viscosity, and ρ ≡ ϕρf + (1 − ϕ)ρs
is the mean density. The bulk viscosity term is the key difference from single phase mantle
flow: in a two phase system it is possible for the solid matrix to compact and expel melt, much
like squeezing a sponge. The bulk viscosity describes the resistance to compaction (higher bulk
viscosity implies more resistance). The permeability kϕ , the effective shear viscosity ηϕ , and the
effective bulk viscosity ζϕ all depend on porosity, and to close the set of equations, constitutive
laws must also be prescribed for these properties, e.g. the Kozeny-Carman law for permeability,
typically simplified as
kϕ = k0 ϕn
(5)
for some constant k0 related to the square of the grain size, and an exponent n that is typically
2 or 3 (i.e. the higher the porosity, the higher the permeability).
The forces
The following table summaries the main forces acting on a deformable porous media:
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Force (per unit volume)
Gravity (buoyancy)
Pressure gradients
Darcy drag
Viscous resistance to shear
Viscous resistance to compaction

Term in governing equations
ρg
∇P
μ
ϕ(vf − vs )
(kϕ (
))
∇ · ηϕ ∇vs + ∇vTs
∇ (ζϕ ∇ · vs )

Most of these forces will be familiar to you from the study of thermal convection, which
involves buoyancy forces, pressure gradients, and the viscous resistance to shear. Darcy drag
is the viscous force that describes the resistance to melt percolation through a porous media.
It depends not only on the melt viscosity μ but also on the permeability kϕ . The key bit of new
physics is in the final force, the viscous resistance to compaction, which only arises because
we are considering a deformable porous medium, and the effective bulk viscosity ζϕ quantifies
quite how deformable the medium is. If ζϕ is small the medium is readily compactible, so it is
easy to squeeze melt out. By contrast, if ζϕ is large then the medium is hard to compact.
Compaction stresses are often quantified in terms of a compaction pressure P, defined by
P = ζϕ ∇ · vs

(6)

which essentially represents the difference in pressure between the melt and the solid. ∇ · vs
is often given the symbol C, and termed the compaction rate. This terminology is somewhat
confusing, because a positive value of C means a diverging solid which is associated with decompaction. Similarly a negative value for the compaction pressure means that the medium
is compacting. There is some logic to this terminology: if the solid has zero pressure, the
compaction pressure is the same as the fluid pressure.

Some instantaneous solutions of the compaction equations
The coffee press problem

Figure 1: Plot of scaled compaction rate Cδ0 /W0 against distance scaled by the compaction
length z/δ0 for the coffee press problem. The “plunger” is at z = 0. (Figure by R. F. Katz)
To gain some insight into the fundamental behaviour of these complicated equations we will
consider a series of simple model problems. The simplest of these is depicted in Figure 1 and is
called the coffee press problem. It is a one-dimensional solution to the compaction equations
in a uniform medium where at z = 0 there lies a boundary which will not let solid past, but
allows melt to pass through freely (much like the plunger of a coffee press). This plunger is
pushed into the two phase medium at a velocity W0 . As a response to the pushing the medium
compacts (C < 0) in the neighbourhood of the plunger, expelling melt. The key result from this
simple problem is that there is a characteristic length scale over which the compaction occurs,
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Figure 2: Pressure P, solid velocity vs , compaction rate C, and Darcy flux q ≡ ϕ(vf − vs ) for
uniform flow past a sphere. A slice through the centre of the sphere parallel to the far-field
flow is shown. The sphere has radius a = 10.0 δ, where δ is the compaction length (i.e. the
compaction length is small compared to the radius of the sphere). The bulk viscosity to shear
viscosity ratio R ≡ ζ/η = 1.0. Contours in the left hand plot are equally spaced with red
indicating positive, blue indicating negative, and white zero. Matrix particle paths are shown
as blue lines in the solid velocity plot. Arrows in the right hand plots show the direction and
magnitude of the given velocity. Compaction is confined to a small boundary layer around the
sphere. (Rudge, 2014)
given by the combination
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and is termed the compaction length (McKenzie, 1984). The compaction length is the scale
over which the melt flow and solid deformation are coupled. Material that is far away from
the plunger (significantly further away than the compaction length) does not “feel” the effect
of the plunger. The existence of a natural length scale is a key feature which differentiates the
compaction equations from ordinary Stokes flow, which has no natural length scale.
Compaction around spheres
The key role the compaction length plays is illustrated in Figures 2 and 3, which show the
solution to uniform flow of a two-phase medium past a rigid sphere. In Figure 2 the sphere
is large compared to the compaction length, and compaction/ decompaction takes place in
a boundary layer of thickness δ around the sphere, like in the coffee press example above.
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Figure 3: Uniform flow past a sphere as in Figure 3, except now the sphere has radius a =
0.001 δ (i.e. the compaction length is large compared to the radius of the sphere). Compaction
occurs over a length scale similar to the size of the sphere. (Rudge, 2014)
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Figure 3 shows the opposite extreme, where the compaction length is large compared to the
radius of the sphere. Compaction/ decompaction then takes place on a scale similar to the
radius of the sphere. In this regime the rate of compaction is purely limited by the effective
shear and bulk viscosities of the solid matrix, and is independent of the melt viscosity and the
permeability (Darcy drag is negligible in this regime). Solutions to the compaction equations
around spheres may be useful for understanding “pressure shadows” around crystals in igneous
and metamorphic rocks (McKenzie and Holness, 2000).
Percolation velocity
The simple solutions thus far have neglected buoyancy forces (gravity). Buoyancy forces cause
the melt to segregate from the solid and rise because the melt is less dense than the solid. There
is a natural velocity scale at which melt separates from the solid, known as the percolation
velocity, and is identified by considering the simplest problem of a uniform medium with a static
solid. Equation (4) then states that the pressure gradients in the fluid are given by ∇P = −ρgẑ,
which, if the porosities are low, simply states that the pressure gradients are lithostatic (ρ ≈ ρs ).
Darcy’s law (3) then gives
kϕ
ϕvf = ∆ρg
(8)
μ
where ∆ρ = ρs − ρf is the density difference between the two phases, and vf is the characteristic
percolation velocity, which is a function of the porosity of the medium: the higher the porosity,
the faster the segregation.
The permeability-step problem

Figure 4: Porosity, compaction rate, and Darcy flux for the permeability-step problem. (a)
upwelling melt encounters a sudden increase in the porosity (and hence permeability) (b) upwelling melt encounters a sudden decrease in the porosity. The compaction rate is normalised
by the maximum compaction rate C ∗ and rescaled by a factor of two for visual clarity. The horizontal axis is the vertical co-ordinate scaled by a reference compaction length δ. The gravity
vector g points to the left, as indicated in the figure. (Figure by R. F. Katz, based on Spiegelman
(1993a,b))
When the porosity is uniform there is a simple balance of forces between Darcy drag
and buoyancy that sets the percolation velocity. However, when porosity varies, compaction
stresses can become important, and this is illustrated in a very simple problem, knows as the
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permeability-step problem, in Figure 4. Two situations are shown: in panel (a) the upwelling
melt encounters a sudden increase in the porosity (and hence a sudden increase in the permeability); in panel (b) the opposite situation is shown where upwelling melt encounters a sudden
reduction in the permeability. A sudden increase in the porosity (panel (a)) is associated with
compaction (C < 0) in the vicinity of the step; a sudden decrease in porosity (panel (b)) with
decompaction (C > 0). The length scale of the compaction/ decompaction is determined by the
compaction length.
The necessity of compaction/ decompaction is perhaps best understood in an extreme case
of panel (b), where an upwelling melt encounters an impermeable barrier. As the melt comes
close to this barrier the matrix must decompact (increase the porosity) to accommodate it, as
it cannot pass through the barrier.

Magmons
Thus far we have just considered instantaneous solutions to the compaction equations but not
their time evolution. One of the most remarkable features of the compaction equations is that
they have solitary wave solutions, which are commonly referred to as “magmons”. Solitary
waves are waves that propagate without change of shape, and are seen in a number of different
physical systems, most famously as a kind of water wave.

Figure 5: Profiles of porosity perturbation and compaction rate for solitary waves of various
amplitudes in 1D. (a) Profiles of normalised porosity Λ = ϕ/ϕ0 where ϕ0 is the porosity of
the background.(b) Profiles of compaction rate C. The gravity vector g points to the left, as
indicated in panel (b). (Figure by R. F. Katz)
The structure of a magmon in one-dimension is shown in Figure 5. Crudely, its structure
can be thought of as a combination of two permeability-steps: first an upward step-increase
in porosity (associated with compaction) and then a step-decrease (associated with decompaction). The shape of the increase and decrease are finely balanced so that the solitary wave
propagates upwards without changing its shape.
Solitary waves are an ubiquitous feature of the solutions to the compaction equations, and
develop whenever there is variation in the porosity. An example of this phenomenon is shown
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Figure 6: Development of a train of magmatic solitary waves from a smoothed step in porosity.
The gravity vector g points to the bottom of the page, as indicated in the figure. (Figure by R.
F. Katz)
in Figure 6, where an initial step in porosity evolves into a train of solitary waves. The step is
initially several compaction lengths in width, and steepens to begin with due to the high flux
of melt from beneath the step. Once the step reaches a scale comparable to the compaction
length, a large amount of decompaction occurs near the step, similar to that seen in Figure 4b.
This eventually develops into the topmost solitary wave.
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Figure 7: Two-dimensional solitary porosity wave. a) Dimensionless fluid pressure, P, with
porosity contours, ϕ in gold. The black line down the center of the contour plot shows the
spatial location of the “one-dimensional” profile on right. b) Vertical melt velocity wf at the
centre of the solitary porosity wave and phase speed λ as a function of amplitude. (Jordan
et al., 2018)
Solitary wave solutions also exist in higher dimensions. An example two-dimensional solution is shown in Figure 7 and a three-dimensional one in Figure 8. 1D solitary waves are
unstable in 2D and break down into 2D solitary waves. Moreover, both 2D and 1D solitary
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Figure 8:
Three-dimensional solitary porosity wave. Colour scale
shows porosity, pink lines are melt
streamlines (Wiggins and Spiegelman
(1995)).

Figure 9: Evolution of a single 1-D solitary wave in 3-D which goes unstable directly to spherical waves as illustrated in Figure 8 (Wiggins and Spiegelman (1995)).
waves are unstable in 3D. This instability is illustrated in Figure 9 which shows the breakdown
of the 1D wave in a series of 3D magmons.
Magmons are almost, but not quite, solitons. A soliton is a special kind of solitary wave
that when colliding with another solitary wave emerges unchanged after the collision. Small
amplitude magmons closely approximate solitons, but large amplitude magmons do not. An
example of such a collision in 2D is given in Figure 10.
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Figure 10: Figure showing the off-center collision of two solitary waves in 2D. The larger
amplitude wave moves faster and eventual overtakes the smaller amplitude wave. After the
collision the two waves largely maintain their original shape (magmatic solitary waves are
approximately, but not exactly, solitons). (Simpson and Spiegelman, 2011)
A curious feature of magmons in 2D and 3D is that they transport mass, and this has
potential implications for chemical transport. Figure 11 shows the melt and solid streamlines
for a 2D magmon. In particular the right hand column shows the streamlines in a Lagrangian
frame i.e. a frame moving with the wave. There is a region of closed melt streamlines in the
centre of the wave in which the melt is constantly recirculating. Thus that melt is trapped with
the wave, and is potentially a carrier of a distinct geochemical signal (Jordan et al., 2018).
As yet, it has not been possible to produce solitary waves in a deformable porous medium in
the laboratory. However, solitary waves have been produced in an analogue system which has
very similar physics and leads to exactly the same wave equation for its solitary waves. This
analogue system is illustrated in Figure 12, and consists of a vertical conduit of low viscosity
fluid surrounded by a higher viscosity fluid (similar to the low viscosity melt / high viscosity
solid matrix we consider for the partially molten mantle). By changing the rate at which the
low viscosity fluid is injected at the bottom of the tank, solitary waves can be made to appear on
the conduit. Interesting, these conduit waves also trap mass, as can be seen by the recirculating
dye in the figure. Such conduit waves have also been suggested to be relevant for the dynamics
of mantle plumes, since plume conduits are expected to be hot and thus low viscosity.
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Figure 11: Streamlines of the 2D solitary porosity wave shown in Figure 7. The porosity
contours in gold are identical to those shown in Figure 7a. a) Solid flow streamlines in Eulerian reference frame. b) Fluid streamlines in Eulerian reference frame. c) Solid streamlines
in Lagrangian reference frame (i.e. frame moving with solitary wave). d) Fluid streamlines
in Lagrangian reference frame. Dividing streamlines are depicted in red. Within the dividing
streamline there are symmetrical counter-rotating cells. Each panel is 20 compaction lengths
by 20 compaction lengths. (Jordan et al., 2018)

10

Figure 12: Sequential photographs (with equal time intervals) of a solitary wave on a conduit of
a less viscous fluid within a more viscous ambient. The solitary wave contains a small amount
of dye which reveals the circulation in closed streamlines. (Whitehead and Helfrich, 1988)
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McKenzie (1987) gives a good introduction to the physics of compaction for geologists,
and is a good place to start your reading. McKenzie and Holness (2000) has some additional
geological applications. Many of the other papers listed here are rather mathematical, but do
describe some of the key features of solutions to the compaction equations.

Online Resources
In 2016, I organised a meeting in Cambridge at the Isaac Newton Institute on “Melt in the
Mantle”, the seminars from which are available to watch online at https://www.newton.ac.
uk/event/mim/seminars. Many of authors of the papers I refer to in this course spoke at that
meeting (e.g. McKenzie, Spiegelman, Kohlstedt, Kelemen, Simpson, Jordan, Bercovici, Katz,
Takei, Keller, Maclennan), so you can get their views straight from the horse’s mouth.
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