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Figure 6. Evolution of sulphur with increasing radius of the inner core with parameter values from Tables 2 and 4. (a) Outer core composition, x;. (b) Solid
composition at the ICB, x/, from (58) (solid line) and using the approximations of Gubbins ef al. (2013) (dashed line). (c) Potential composition in the inner
core, ¢, with (solid line) and without (dashed line) inner core convection. (d) Flux from diffusion (cyan), plume convection (magenta) and translation (yellow).
(e) Translation velocity.

Figure 7. Evolution of oxygen with increasing radius of the inner core with parameter values from Tables 2 and 4. (a) Outer core composition, ¥;. (b) Solid
composition at the ICB, x/, from (58) (solid line) and using the approximations of Gubbins et al. (2013) (dashed line). (c) Potential composition in the inner
core, ¢, with (solid line) and without (dashed line) inner core convection. (d) Flux from diffusion (cyan), plume convection (magenta) and translation (yellow).
(e) Translation velocity.
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Figure 8. (a) Dominant convective mode for a range of estimated inner core
viscosity and sulphur solid diffusivity values, with colours corresponding
to the amount of time the inner core has spent in each mode. Profiles for
several diffusivity and viscosity values are shown for (b) Dy = 10~ m? s~ !,
n=10"Pasand (c) Dy =5 x 1073 m? 57!, =102 Pas.

Gubbins ef al. (2013) and Labrosse (2014) also solved for the
inner core interface composition, but their studies found differ-
ing solutions for a seemingly unresolved reason (Labrosse 2014).
We match the results of Labrosse (2014), however find we can also
match the results of Gubbins et al. (2013) by changing the treatment
of the chemical potential at the solidification interface (dotted line,
Figs 6b and 7b). Gubbins et al. (2013) assume present day com-
positions when calculating the partition coefficient (see eq. 55),
while Labrosse (2014) update the interface composition as the sys-
tem evolves, which is the correct treatment. In the case of oxygen,
Gubbins et al. (2013) also neglected the linear ab initio corrections.

The solid diffusivity of sulphur and oxygen at core conditions is
uncertain, with values likely to be less than that of the liquid [around
10~° m? s~! Gubbins ef al. (2013)]. Figs 8 and 9 show the model
space for a range of mass diffusivity and inner core viscosity values,
for sulphur and oxygen, respectively. It is clear that translation is
the dominant mode, except if the inner core viscosity is low and
the diffusivity is high when plume convection dominates while the
inner core is young.

5 COMBINED THERMAL AND
COMPOSITIONAL EFFECTS

The convection resulting from solely thermal or compositional ef-
fects is now well understood, with our analysis showing that trans-
lation is likely to be the dominant convective style, particularly for
compositional convection. However it is not trivial to understand
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Figure 9. (a) Dominant convective mode for a range of estimated inner core
viscosity and oxygen solid diffusivity values, with colours corresponding
to the amount of time the inner core has spent in each mode. Profiles for
several diffusivity and viscosity values are shown for (b) D, = 10~ m? s !,
n=10"Pasand(c) D, =5 x 1073 m?s~!, = 10% Pas.

the style of convection arising from a combination of both thermal
and compositional diffusion.

Labrosse (2014) argues that the total buoyancy can be approxi-
mated from the sum of all thermal and compositional effects,

8p - - -

= a0+l o, (72)
pic

where superscripts s and o correspond to sulphur and oxygen,
respectively and §p/pic is the density anomaly relative to an
adiabatic reference state, such that the system is unstable while
8p/pice > 0. We calculate this density anomaly for several thermal
conductivity values and a combination of thermal and composi-
tional effects using results from our end-member simulations, as
shown in Fig. 10. The density anomaly is primarily controlled by
the thermal instability and is always negative for a thermal conduc-
tivity of 75 W m~! K~! or greater, independent of the inclusion of
compositional effects.

However, we note that even if the net density gradient is stabi-
lizing, convection may occur through double diffusive convection
[convection driven by two components with different rates of dif-
fusion, see Huppert & Turner (1981)] since the rates of thermal
and compositional diffusion differ by approximately 10°. For in-
stance, if the thermal conductivity is very large, any temperature
anomalies will rapidly dissipate leading to a uniform thermal field,
leaving only the possibility of compositionally driven convection
remaining. Therefore it is possible that compositional convection
may play the dominant role, particularly given the uncertainty in
thermal conductivity estimates for the inner core.
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mated from (72) for two values of inner core conductivity and a combination
of thermal and compositional effects.

6 DISCUSSION

‘We have shown that thermal convection occurs in the inner core for
a thermal conductivity less than approximately 68 W m~! K~ (as-
suming parameters from Table 2). However this value depends on
the assumed value of CMB heat flux and is also sensitive to uncer-
tainties in outer core properties, significantly the difference between
the Clapeyron and adiabatic gradients. For thermal convection to
occur for higher thermal conductivity values requires the CMB heat
flux to be greater than 30 TW, which is significantly higher than
recent estimates. In the case of thermal convection, translation is
the dominant mode for an inner core with a high viscosity, approx-
imately greater than 10'® Pa s (Fig. 5).

A wide range of values for the viscosity of the inner core have
been estimated, ranging from 10'' to 10?> Pa s (Dumberry &
Bloxham 2002; Van Orman 2004; Reaman et al. 2011). The most
recent estimates of 10'7 Pa s and 10°~10'® Pa s come from length
of day variations (Davies et al. 2014) and from mineral physics
experiments (Gleason & Mao 2013), respectively. The uncertainty
in the viscosity of the inner core causes uncertainty in the type
of convection occurring in the inner core, particularly for thermal
convection.

‘We have also shown that compositional stratification can provide
another driving force for convection in the inner core. Oxygen al-
ways generates an unstable density profile (Fig. 6), while sulphur
generates an unstable profile until the inner core reaches a radius
of approximately 650 km, when it becomes stabilizing (Fig. 7). For
both oxygen and sulphur, translation is the likely mode of convec-
tion, although there is a weak dependence on viscosity and diffu-
sivity (Figs 8 and 9).

The value of the solid diffusivity of sulphur and oxygen at core
conditions is uncertain, although it is likely to be less than the
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liquid diffusivity. This low diffusivity favours translation of the
inner core and so uncertainty in the inner core viscosity is less
important for compositional convection (Figs 8 and 9) than for
thermal convection.

The translation velocity, for translation driven by variations in
temperature and oxygen composition, is sufficient to explain the
seismic structure of the upper inner core according to the model
of Monnereau et al. (2010). However, since the rate of translation
is primarily controlled by the ability of the outer core to extract or
provide heat at the ICB, a change in the outer core fluid velocity also
changes the translation velocity by the same amount. Thus if the
outer core fluid velocity at the ICB is one order of magnitude less
than that at the CMB (the estimate that is currently used), then the
rate of translation will be too slow to explain the lateral variations
in the upper inner core.

The composition of the core is still controversial and we con-
sider only the model of Alf¢ er al. (2002), based on the average
earth model of PREM (Dziewonski & Anderson 1981) in this work,
since all relevant parameters are given. This choice was sufficient
for our study since our primary aim was to demonstrate that compo-
sitional variations in the inner core over time may drive inner core
convection. However better knowledge of the composition of the
core is needed before definitive conclusions regarding inner core
convection can be drawn.

There is also large uncertainty in the remaining core parameters,
significantly in the CMB heat flux, which controls the rate at which
the core cools and the inner core grows. In order to narrow the
parameter space, better constraints on these important parameters
are needed.

Lastly, even if translation is occurring in the inner core, an
explanation for lateral anisotropy variations still remains elusive.
The most likely explanation for cylindrical anisotropy is the bulk
alignment of intrinsically anisotropic crystals, thus a mechanism is
needed to generate crystal alignment in the western ‘hemisphere’,
with random bulk crystal alignment in the remaining inner core.
Since very little deformation accompanies translation of the inner
core, it is unlikely that translation will generate crystal alignment. It
is possible that translation could be accompanied by another mech-
anism that orientates crystals, such as preferred equatorial solidifi-
cation (Yoshida et al. 1996), or deformation due to Maxwell stresses
(Karato 1999; Buffett & Wenk 2001). However any accompanying
deformation mechanisms would need to work in an inner core with
a high viscosity, since this is required for inner core translation.

7 CONCLUSIONS

The parameterized convection model we present approximates the
total heat or compositional flux from the inner core as the sum of
the heat or composition lost through conduction, plume convection
and translation. We use our parameterized model to study the like-
lihood of either thermal or compositional convection in the inner
core and assume the dominant convective mode to be the greatest
contribution to the total flux. We find that thermal convection is
unlikely to occur for the most recent estimates of core thermal con-
ductivity unless the CMB heat flux is unreasonably large. However
a translating convective mode may be driven in the inner core by
compositional variations. By simply linearly combining the ther-
mal and compositional buoyancy it appears that the inner core is
stably stratified, unless the thermal conductivity is small. We sug-
gest that future work might profitably focus on the possible double
diffusive effects, that are often complex and unexpected (Huppert &
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Turner 1981), arising from a combination of both thermal and com-
positional buoyancy, potentially still making inner core convection
feasible.
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APPENDIX A: VALIDITY OF THE HEAT
FLUX PARAMETRIZATION

In this work, we have chosen to parametrize the heat flux as a di-
rect sum of terms representing heat flux due to conduction, plume
convection and translation. Each of these terms are given by asymp-
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Figure Al. Nusselt number, Nu, versus the Rayleigh number, Ra, for the
2-D numerical convection experiment of McKenzie ef al. (1974) (red). Nu
equals 1, until Ra reaches a critical value (Ra.), when the system begins to
convect and the profile tends to the scaling of Nu ~ BRa% for Ra > Rag,
where B is 0.23 in this case. We approximate the Nusselt number—Rayleigh
number scaling to be Nu =1 + BRa% (blue line). Our approximation leads
to a slightly different critical Rayleigh number, Ra. (blue), and results in
an overestimate of the heat flux in this intermediate area. However our
approximation matches the true scaling for high and low Rayleigh numbers.

totic expressions which formally only apply when a single mode of
heat transport dominates. Consequently, our direct sum heat flux
parametrization will accurately estimate the heat flux in the pa-
rameter regimes where a single mode of heat transport dominates,
but may be a poor approximation in the transition regions between
modes.

Fig. A1 shows an example of the potential benefits and short-
comings of our approach. The observed Nusselt number—Rayleigh
number relationship for a series of 2-D numerical simulations of
plume convection by McKenzie et al. (1974) is plotted in red. In
these simulations the Nusselt number, Nu, is 1 until the critical
Rayleigh number (Ra.) is reached (the onset of convection), at
which point the Nusselt number steadily increases with increasing
Rayleigh number as convection becomes more vigorous. At large
Rayleigh numbers there is an asymptotic scaling of Nu ~ BRa?
with B = 0.23. The Nusselt number—Rayleigh number relationship
given by our direct sum parametrization of the heat flux is plotted in
blue, which yields Nu = 1 + BRa? . In this case our approximation
overestimates the heat flux by up to a factor of 3, with the approxi-
mation being poorest near the critical Rayleigh number and best at
the extremes of large and small Rayleigh number.

We use the direct sum approximation to determine the domi-
nant mode of heat transport, by assuming that the form of heat
transport with the largest contribution to the total heat flux is that
which is dominant. In the context of Fig. A1, this means that any
regime with Nu > 2 is considered plume-convection-dominated,
and anything with Nu < 2 is diffusion-dominated. This transition
happens at a particular critical Rayleigh number Ra, ~ 100 shown
in blue, slightly less than the true critical Rayleigh number for con-
vection Ra, ~ 657 shown in red. It is important to note that the
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transition between conduction and convection is controlled by the
correct dimensionless parameter (the Rayleigh number), and only
the numerical value of the transition point differs. Thus our direct
sum parametrisation is likely to be a good guide to the true be-
haviour of the system, at the very least in an order-of-magnitude
sense.

We also investigate the accuracy of our direct sum parametriza-
tion by looking at the transition from translation to plume dominated
convection. The numerical simulations of Deguen et al. (2013)
show that this transition is governed by the emergence of secondary
flow and smaller scale convection. The secondary flow redistributes
the hemispherical density anomalies associated with translation,
decreasing the strength of translation until the translation mode
disappears.

Fig. A2 shows the variation of normalized translation velocity
versus the phase change parameter, P, from (52). We define the
normalized translation velocity, Vi./V,

e _ 8 [Rag (A1)
Vo V30V P

where Vi is the translation rate from (43) and ¥} is the quasi-
steady state translation rate from (50). We calculate (A1) using ®’
obtained assuming the vigorous convection approximation in (C9)
for given values of Ray and P (Fig. A2 is plotted for Rag/P = 10°).
As Fig. A2(a) shows, the rate of translation slows as P increases,
since the plume mode of convection emerges (blue dots). Also
plotted is the O(P) analytical solution of Deguen et al. (2013)
(black line), which again shows a decrease in the translation rate with
increasing P, but with a much sharper drop off. This is because our
parametrized model does not account for secondary flow which is an
intermediate regime occurring in the transition between translation
and plume convection and this results in an overestimate of the
strength of translation at large P.

Fig. A2(b) shows the average radial heat flux due to translation,
divided by the total radial heat flux due to translation and plume
convection. This decreases as P increases, since translation be-
comes less vigorous. We define the transition from translation to
plume dominated convection to be when the heat flux from trans-
lation is greater than a combination of other modes, that is when
Girans/(Quwans + Gplume) = 0.5. This transition occurs when P =~ 10*
for Rag/P = 10° (blue dashed line, Fig. A2b), although the critical
value of P changes with Ray/P. In contrast Deguen ef al. (2013)
find the transition from translation to plume modes to be indepen-
dent of Ray and so occurs at approximately P >~ 29. Deguen ef al.’s
(2013) value is when the mean degree of kinetic energy becomes
greater than 1, that is when smaller scale convective modes first
appear. This definition of the transition from translation to plume
modes is different from ours, which is based on heat flux. We define
the transition to be the point at which plume convection is dominant
and obeys the asymptotic scaling relationship Nu ~ Ra%; Deguen
et al. (2013) define the transition is terms of the shape of internal
flow and is when the first small-scale modes emerge.

A more accurate parametrization of the heat flux that more closely
resembles the heat flux relationships seen in numerical solutions
to the full set of governing equations (such as those by Deguen
et al. 2013) would be favourable. However, constructing such a
parametrization is non-trivial and is a topic for future work. Nev-
ertheless, we expect that the simple direct sum parametrization we
use here has captured the leading-order-behaviour of the system,
which is most important given the large uncertainties in parameter
values.

0.9
0.8
0.7
0.6
0.5
04
0.3

N
<
5
®Ray/P = 10°

4

1071077107 10° 10" 10° 10° 10
P

b)

1
09
0.8

0.7t Translation
0.6
osSp--=----=-=-=-=-=-
04
0.3

Qt'rcms/ (Qtrans + Qplume)

|

|

|

- — - — — — |

-3 -2 -1 0 1 2 3
1010 "10 10 10 10 10" 10
P

Figure A2. (a) Normalized translation velocity given by (A1) as a function
of the phase change parameter, P, for our parametrized model (blue dots)
and for the O(P) analytical solution of Deguen et al. (2013) (black line),
calculated for Rag/P = 103, (b) Average radial heat flux due to translation,
Girans, divided by the total radial heat flux due to plume convection and
translation, gplume + Girans (blue line). The transition from translation to
plume dominated convection occurs in our model when P ~ 10* (blue

dashed line), where as the numerical simulations of Deguen et al. (2013)
find a transition when P =~ 29 (grey dashed line).

4

APPENDIX B: NON-DIMENSIONAL
GROWTH AND THERMAL MODEL

We solve our model as a system of non-dimensional equations as
outlined below, using the thermal scalings given in Table B1. We
non-dimensionalize (2) to express the inner core growth model as

L4 2430 + o)) B1)
ndn
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Table B1. Non-dimensional scalings.

Non-dimensional parameters

_c

=%

5 — ©

e =9

Thermal Compositional

t =K ¢ =12

ST B2 - p?

r_ gb r_ gb

4 = %o, 9 =7
_ R _ R

M= M=%

We non-dimensionalize the governing eq. (45) and combine with
the growth model (B1), such that it becomes

de’ 3@
a7 =8 - —3¢'M[2+3n(G + L)], (B2)
where
aT,
sy ar
( 375 vy dn
G’ is the heat flux due to diffusion, plume convection and translation
q/ = q(/hff + q[’)lume + qt/r;ms’ (B4)
where
5@
it = — > (BS)
n
Bpume = B Ray' 7' 707, (B6)
A R
Qivans = 135 H, ©'? 7727 (B7)
and
Ra, = grab4@0 H, = uCp,o;ab('D(z) (BS)
vk LApk

The translation velocity, (42), becomes

8 _
V' = —Hon*®'. B9
15 on (B9)

APPENDIX C: DOMINANT REGIMES
IN THE QUASI-STEADY
STATE APPROXIMATION

Following from Section 3.3.1, assuming that convection in the inner
core is vigorous, we write a quasi-steady state approximation as

pC,cS
g~ =5
We non-dimensionalize our model, using the scalings defined below,
in order to compare it to the model of Deguen et al. (2013). First,
we define g, as

(CDH

kO,
gr = pCheS = (C2)
c
and so O, is defined by
C,c*S
®, = % (C3)

We use ¢, and ©, to non-dimensionalize the heat flux, ¢, and the

mean potential temperature, ©, respectively

. q q pCpcS 1
=1 == _ c4
1 g pCpcS  3pChcS 3 €4

Convection in Earth’s inner core 781

and
¢}
®r
We now non-dimensionalize each heat flux term independently us-
ing the scaling ¢,. The expression for diffusion flux becomes

e =

(C5)

~ qdiff
qdiff = ——
.

=50 (C6)
Plume flux is expressed

Gptame = 2™ _ B6iRa O/, (€7)
where Ray is the Rayleigh number defined in (51). Lastly, the heat
flux from translation is expressed,

rans 32 R /
qtrans = e = B (%) ®27 (CS)
qr

where P is the dimensionless ‘phase change’ parameter from
Deguen et al. (2013), defined in (52). From (C4), we know that

4 = Gairt + Gptume + Gorans = 3 (C9)
The boundaries between the three regimes are defined as

Gitt = Gplumes (C10)
Gaift = Grrans (C11)
and

Gplume = Grrans- (C12)

In order to highlight the transition areas between regimes, we also
calculated the boundaries when one mode is equal to the sum of the
remaining two modes, that is

Gaitt = Gplume + Girans = é (C13)
Gplume = Gdiff + Grans = é, (C14)
and

Gtrans = Gt + Gplume = 5 (C15)

We solve for the regime boundaries numerically to plot the regime
diagram, of Ra versus P in Fig. 3. To calculate the regime boundaries
(solid lines, Fig. 3a) we solve for (C9) together with one of (C10),
(C11) or (C12) depending on the boundary of interest. To calculate
the boundaries when one mode becomes dominant (when the mode
is equal to the sum of the remaining modes, dashed lines, Fig. 3a),
we first solve for ®' using a given value of Ra and either one of
(C6), (C7) or (C8) depending on the regime we are interested in.
The critical value of P is then calculated from one of (C13), (C14)
or (C15).

APPENDIX D: NON-DIMENSIONAL
COMPOSITIONAL MODEL
D1 Compositional convection

As for the thermal model, we non-dimensionalize the govern-
ing equation, (63), this time using the compositional scalings in
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Table B1 and we combine with the growth model in (B1), such that
the governing equation becomes

A 374’ —3g) M2+ 30 + L], (d1)

dn

q,, is the molar flux due to diffusion, plume convection and transla-
tion

qr/n = q(/iiff + qlglume + qt/rans (Dz)
where
. _5¢
air = —» (D3)
n
/ 1-4 1
qplumc = BRa.3 ¢33, (D4)
32 -
fans = = Hen* o’ D5
irans 135 /X (D5)
and
'ba, C bO
Ra, = &’ H, = w. (D6)
vD LApD
The non-dimensional translation velocity is
/ 8 27
V= sHar'e. D7)

D2 Solution to compositional convection

We solve the governing compositional convection equations as
a system of differential algebraic equations. First, we substitute
(62)—re-arranged for the average inner core composition, j,—into
(59) such that the mean liquid composition, j;, is a function of the
mean potential composition, @, that is

P "X _ Xo— 0@+ x)

! 1—n 1—n '
This expression for ; is now substituted into (58) in order to remove
the dependence of x/ on j;

(D8)

i _ kBTL(c)
x:(c) = .
30 i
X0 — (P + XD R ;’jj;’j*” + i —
x W S eXp
ks (c)(1 — 1) ks T1(c)

(D9)
Finally, we re-write the governing eq. (D1) as
@ dx 3%,
o LI 3P M2 430G + 0] (D10)
dp ~ dn n

in order to solve for ¢ and x/ by casting (D9) and (D10) as a system
of differential algebraic equations.
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