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A series of analytical solutions are presented for viscous compacting flow past a rigid
impermeable sphere. The sphere is surrounded by a two-phase medium consisting of a
viscously deformable solid matrix skeleton through which a low viscosity liquid melt can
percolate. The flow of the two-phase medium is described by McKenzie’s compaction
equations which combine Darcy flow of the liquid melt with Stokes flow of the solid
matrix. The analytical solutions are found using an extension of the Papkovich-Neuber
technique for Stokes flow. Solutions are presented for the three components of linear
flow past a sphere: translation, rotation, and straining flow. Faxén laws for the force,
torque, and stresslet on a rigid sphere in an arbitrary compacting flow are derived. The
analytical solutions provide instantaneous solutions to the compaction equations in a
uniform medium, but can also be used to numerically calculate an approximate evolution
of the porosity over time whilst the porosity variations remain small. These solutions
will be useful for interpreting the results of deformation experiments on partially molten
rocks.

1. Introduction

On geological time scales Earth’s solid mantle flows and convects, the well-known
surface expression of this being plate tectonics. At mid-ocean ridges two plates separate,
causing solid mantle material to upwell, decompress, and partially melt. The melt rises
to the surface to form new oceanic crust. Despite several decades of work, it still not
clear exactly how melt is transported to the surface from where it is first formed at
depths of around 100 km within the Earth. Understanding the transport of melt in the
mantle is a formidable fluid dynamical challenge, as it requires an understanding of the
interaction between two phases with very different properties: the solid mantle (with a
viscosity around 10%! Pa s) and the liquid melt (with a viscosity around 1 Pa s), and a
understanding of physics on a wide range of scales: from the grain scale to plate-tectonic
scales.

The two-phase flow of melt in the Earth’s mantle has been extensively modelled using
McKenzie’s compaction equations (McKenzie 1984). These equations describe a viscously
deformable solid matrix skeleton through which a low viscosity melt phase can percolate.
While it is not yet clear how good a model the compaction equations are for the transport
of melt in the Earth’s mantle, the use of these equations has now become standard
(e.g. Hewitt & Fowler (2009); Katz (2010); Mittelstaedt et al. (2011); Schiemenz et al.
(2011)). One way of testing the validity of the compaction equations as a model for
melt transport is to examine the deformation behaviour of partially molten rocks in the
laboratory (Kohlstedt & Holtzman 2009), comparing the results of physical experiments
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to solutions of the compaction equations (e.g. Katz et al. (2006)). The hope is that
through such comparisons, insights can be gained into the applicability of the compaction
equations in describing the deformation of partially molten rocks, and moreover that the
experiments will place constraints on the appropriate numerical values of parameters in
the compaction equations, such as the shear viscosity, bulk viscosity, and permeability.

The compaction equations describe a generalisation of Stokes flow to add percolation
of melt to the viscous deformation of the solid matrix. One of the classic problems
in the theory of Stokes flow is that of uniform flow past a rigid sphere. Indeed, this
problem was solved by Stokes himself, and can be found in most elementary textbooks
on fluid dynamics (e.g. Acheson (1990); Batchelor (1967)). The aim of this manuscript
is to study compacting flow past a sphere by finding the corresponding solutions of
McKenzie’s compaction equations. Unlike the Stokes flow equations, there is a natural
lengthscale in the compaction equations termed the compaction length. Explicit solutions
to compacting flow past a sphere have already been found by McKenzie & Holness (2000)
in the particular limit of large compaction length. The present study extends the work of
McKenzie & Holness (2000) in three main ways: First, explicit solutions are obtained for
arbitrary compaction length. Second, expressions are derived for the force, torque, and
stresslet exerted on a rigid sphere by an arbitrary compacting flow. Third, the expected
time evolution of porosity is calculated.

The present manuscript is motivated by ongoing experiments designed to study the
deformation of a partially molten material containing rigid spherical inclusions (Qi et al.
2013). In these experiments a partially molten fine-grained (10 pum) aggregate of San
Carlos olivine plus mid-ocean ridge basalt is deformed in torsion. Within the aggregate
are spherical single crystal beads of olivine, whose size is much smaller than the overall
sample size (0.35 mm radii spheres and 12 mm diameter samples). The beads undergo
little deformation, and are effectively rigid. The flow field in the neighbourhood of the
beads is effectively simple shear due to the small size of the beads compared with the
sample size. The role of this manuscript is to provide the analytical solutions necessary
to interpret the results from these experiments, by providing solutions to compacting
flow past a rigid sphere in simple shear. Future manuscripts will compare the theoretical
predictions with the experimental results, and will also develop numerical solutions to
the full non-linear set of equations. The present manuscript presents a generalisation of
the well-known analytical results for Stokes flow past a sphere, similar to the treatment
given in Chapter 2 of the textbook by Guazzelli & Morris (2012).

The manuscript is organised as follows: The next section presents the compaction equa-
tions, and is followed by a section describing decompositions of the compaction equations
in terms of potentials. Spherically symmetric solutions of the compaction equations are
then discussed, before moving on to the main results: the solutions to compacting flow
past a rigid sphere. Expressions for the force, torque, and stresslet are then obtained, and
are followed by a discussion of the porosity evolution. An appendix describes a related
solution for compacting flow past a circular cylinder.

2. The compaction equations

The two phase flow of melt and matrix is described by the following set of equations
(McKenzie 1984), where it is assumed that all body forces can be neglected, that there
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is no melting, and that the density of the two phases are equal and constant:

SV (1= =0, 2.)
V- (vs+q) =0, (2.2)
Ko
=—-——V .
q . P, (2.3)
V.7=0, (2.4)
T =—Pl+((V-v5)l + 1y (Vvs—l-VvZ—z(V-vs)l) . (2.5)

(2.1) is conservation of mass for the solid matrix where ¢ is the porosity and v, is the
matrix velocity. (2.2) is conservation of mass for the overall two phase mixture where
g = ¢(vy —v,) is the Darcy flux, and vy is the melt velocity. (2.3) is conservation of
momentum for the melt, Darcy’s law, where kg is the permeability and p is the melt
viscosity. (2.4) is conservation of momentum for the overall two phase mixture where &
is the mean stress tensor. (2.5) provides a constitutive law for the mean stress tensor,
where P is the melt pressure, 74 is the effective shear viscosity and (4 the effective bulk
viscosity of the two phase mixture. Subscripts ¢ on kg, ¢ and (4 indicate that these
properties depend on porosity, and to complete the set of governing equations additional
constitutive laws are required for these properties. Further detailed discussion of the
origin of these equations can be found in McKenzie (1984); Ricard (2007); Rudge et al.
(2011); Simpson et al. (2010); Spiegelman (1993).

In this work we are primarily concerned with the instantaneous compaction around
the sphere. We thus defer discussion of the time evolution of porosity given by (2.1) to
section 7. The remaining equations (2.2-2.5) can be combined to give

v.—v-(*evp) =
V.v,—V < . VP> 0, (2.6)
~VP+V ((Cp—2ny)V -v,) + V- (ny (Vs + Vol)) =0. (2.7)

Given a porosity field ¢, (2.6) and (2.7) can be solved to find the matrix velocity v, and
the melt pressure P. The corresponding Darcy flux can then be obtained from (2.3).

We will assume that the medium is uniform, i.e. that k¢, 14, and (, are uniform and
so drop the ¢ subscripts. We will non-dimensionalise on the natural length scale in the
problem, the compaction length ¢, defined by (McKenzie 1984)

k(C+ 3
5 — (¢ 377) ) (2.8)
7
The non-dimensional scalings are
5 +3
T =z, vy = —vl, P= C7377P’, (2.9)
T T

where 7 is an arbitrary time scale. (2.6) and (2.7) can then be written in dimensionless
form as

V.v,— V2P =0, (2.10)
—VP+V(V-:v,) —BV x (V xv,) =0, (2.11)
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where
1
B=—T—=—
and R = (/n is the ratio of the bulk viscosity to the shear viscosity. Note that 0 < B <
3/4.

(2.12)

2.1. Limiting cases

There are two important limiting cases of (2.10) and (2.11) depending on whether the
radius of the sphere r is small or large compared with the compaction length 6 (McKenzie
1984; McKenzie & Holness 2000). For a =r/§ < 1 (large compaction length) (2.10) and
(2.11) can be approximated in the neighbourhood of the sphere as

V.v, — V2P =0, (2.13)
(1-B)V(V -v,) + BV?v, ~ 0, (2.14)

where (2.14) can be recognised as the Navier-Cauchy equation of elastostatics. Notice
that the two equations are decoupled: (2.14) can be solved to obtain the matrix velocity
v,, which can then be used in (2.13) to find the fluid pressure P. Solutions of (2.14)
around spheres are well known and can be found in textbooks such as Phan-Thien &
Kim (1994). This is the limit in which the explicit solutions of McKenzie & Holness
(2000) were found, and indeed the solutions they found for the matrix velocity vy are
identical to the solutions for elastic inclusions presented in Phan-Thien & Kim (1994).
If @ > 1 (small compaction length) (2.10) and (2.11) can be approximated as

Vv, ~0, (2.15)
~VP+BV*v,~0 (2.16)

i.e. the equations of incompressible Stokes flow. Formally, the limit ¢ — oo is singular,
where the compaction length § controls the thickness of the corresponding boundary
layers at the sphere surface. Solutions to Stokes flows around spheres are very well known,
and can be found in textbooks such as Guazzelli & Morris (2012); Kim & Karrila (2005).

It is an important check on the full solutions of (2.10) and (2.11) that they recover the
Stokes and Navier-Cauchy solutions in the two limits described above.

3. Potential form

A convenient way of writing the solutions to (2.10) and (2.11) is in terms of potentials.
This has been exploited to good effect by previous authors using a Helmholtz decompo-
sition (Spiegelman 1993). We recall this decomposition here, and also introduce a new
decomposition based upon Papkovich-Neuber potentials.

3.1. Helmholtz decomposition

Key to both decompositions is the fact that the diverging (compacting) part of the flow v
can be separated from the divergence-free (non-compacting) part in a uniform medium.

We define
C=V_-uv, (3.1)
to be the compaction rate and
ws =V X vy (3.2)
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to be the solid vorticity. By the Helmholtz theorem (e.g. Appendix B, Griffiths (1999)),
knowledge of C and w; is sufficient to be able to recover v, (assuming an appropriate
decay of these fields at infinity).

Taking the divergence of (2.11) and substituting it into (2.10) yields an equation for
the compaction rate

~V*C+C=0, (3.3)

the homogeneous modified Helmholtz equation.
Taking the curl of (2.11) yields

Viw, =0, (3.4)
and thus the solid vorticity is harmonic.
Using a Helmholtz decomposition the solid velocity field is written as

v, =VU+V x T (3.5)

in terms of a scalar potential ¢/ and a vector potential ¥. Without loss of generality we
may assume V - ¥ = 0 (a gauge condition). Taking the divergence and the curl of (3.5)
then yields

C=vu, (3.6)
w, = —V2. (3.7)

The pair of equations (3.3) and (3.6) can be solved for the scalar potential U/, and the
pair of equations (3.4) and (3.7) for the vector potential ¥. It follows from (3.4) and
(3.7) that VAW = 0, i.e. the vector potential W satisfies the biharmonic equation.

3.2. Papkovich-Neuber potentials

The second term of the right-hand side of (3.5), V x ¥, is a constant viscosity Stokes
flow. There are a wide variety of different representations of Stokes flow, one of the more
useful ones being the Papkovich-Neuber representation (Lister et al. 2011; Neuber 1934;
Papkovich 1932; Phan-Thien & Kim 1994). This representation writes the Stokes flow as

Vx®=V(x:-p+0)—2p, (3.8)

where ¢ and 6 are harmonic potentials, V2 = 0, V26 = 0, and z is the position vector.
This representation enables Stokes flow solutions to be easily constructed from solutions
of Laplace’s equation.

From (3.3) and (3.6) it follows that ¥ = U — C is harmonic, V2V = 0. Hence the
compacting part of the flow may be written as

VU =VC+ VY (3.9)

where V2C = C and V2V = 0. Thus solutions of the compacting part of the flow can be
constructed from solutions of the modified Helmholtz equation and Laplace’s equation.
Combining (3.5), (3.8), and (3.9) yields a general decomposition of the solid velocity
field vy as
vs=V(r-p+x+C)—2p, (3.10)
where ¢ and y are harmonic V2 = 0, V?y = 0, and C satisfies the modified Helmholtz
equation V2C = C. Note that the two scalar harmonic potentials § and V in (3.8) and
(3.9) have been been combined to give a single scalar harmonic potential x = §+V. (3.10)
is the decomposition that will be exploited throughout this manuscript, where solutions
of the compaction equations will be constructed from elementary solutions of Laplace’s
equation and the modified Helmholtz equation.
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By substituting (3.10) into the original compaction equations it can be seen that other
quantities of interest have expressions in terms of these potentials as

P=2BV.p+cC, (3.11)
q=—2BV(V-p) - VC, (3.12)

w, = -2V X @, (3.13)

e= %(VUS +Vol) = (VVe) -z + VV(x +C), (3.19)
7=2B(—(V-o+C)l+e), (3.15)

where e is the rate of strain tensor.

3.3. Fundamental solutions

It is useful to recall the fundamental solutions of Laplace’s equation and the modified
Helmholtz equation. The fundamental solution of Laplace’s equation is defined as the
solution of

— V2 =6O(x) (3.16)

where 6 () is the three-dimensional Dirac delta function. The fundamental solution is
1

= — 3.17

X= 1 (3.17)

where r = |x|. This fundamental solution satisfies V2x = 0 for r > 0, and decays to zero
as r — oo. Importantly, additional solutions to Laplace’s equation can be constructed
simply by taking the gradient of this fundamental solution: Vy, VVx, VVVy, etc are
also harmonic functions. For example, the first two of these gradients are given by

1 x
v <T) =5 (3.18)
1 / 3xx
Z) = .1
vV <T> 3+ (3.19)

The set of these gradients are termed the spherical solid harmonics (Batchelor 1967),
and form the basis for multipole expansions.
The fundamental solution of the modified Helmholtz equation satisfies

— VX +C=6¥(x) (3.20)
and is given by
_ ko(r)
C= yp (3.21)
where
ko(r) = & (3.22)

is the zeroth order modified spherical Bessel function of the second kind. Additional
solutions of the modified Helmholtz equation can also be generated by taking gradients.
The spherical Bessel functions satisfy the following recursion relationship

b (r) = —rn L (’“"(T)> (3.23)

dr rm
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so that
Vio(r) = —kly)m, (3.24)
VVhK):—ﬁﬁﬂl+kﬂ2mx, (3.25)
where
ki) = S5 (1), (3.26)
k() = i;T(B—%Br—%TQ). (3.27)

The next two sections present a series of analytical solutions to compacting flow around
a sphere. The method for finding the solutions is the same in each case: educated guesses
are made at the appropriate forms for the Papkovich-Neuber potentials which are then
substituted into (3.10) to find the flow field. Boundary conditions are applied that deter-
mine the unknown constants. Since the solutions of the compaction equations are unique
under suitable boundary conditions (Appendix B), once the boundary conditions have
been satisfied it is known that the unique solution of the problem has been found.

4. Spherically symmetric solutions

It is instructive to begin by considering the simplest solutions to the compaction equa-
tions in 3D: the spherically symmetric solutions. These can be formed by using the
fundamental solutions (3.17) and (3.21) as the scalar Papkovich-Neuber potentials,

A
X=" C = Bko(r), (4.1)
for unknown constants A and B. Substitution into (3.10-3.15) leads to
A T
'US:—<T2—|—B]€1(7“)> ;, (42)
P = Bky(r), (4.3)
x
q = Bki(r) . (4.4)
ws =0, (4.5)
_ I 3zzx K1 (r) ko(r)xx
g =28 [A (—r3+r5> +B<— (ko(r)—|— " >I+ 2 , (4.6)
7L uB (A LB ) & (4.7)
g , = 2 1\r r . .

4.1. Uniform expansion
One example of a spherically symmetric problem is the case of a uniform expanding
impermeable sphere. This has boundary conditions on the sphere

Qx

=== q-n|_ =0 4.8
Vil = s, (48)

where @ gives the total mass flux over the surface r = a and n is the outward normal.
It is assumed that vs — 0 and P — 0 as || — oco. This has solution
Q

A=—*% B= 4.
= 0 (49)
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so that
Qx
Vg = ——
5 43
and the flow v, of the matrix is simply that of a standard point source in Stokes flow.

g=0, P=0, (4.10)

4.2. Melt injection

A more interesting spherically symmetric example concerns a sphere of pure melt with
a point source at its centre, representing an injection of melt. This example involves
compaction, and highlights the difference between the compaction equations and the
ordinary Stokes flow equations. At the surface of the melt sphere, mass must be conserved
which gives that

Qx
47ma3
where @ is the strength of the melt source. Assuming the melt pressure is continuous
between the two-phase and single-phase regions, continuity of traction implies

T=v,+qg= onr =a, (4.11)

g:n=—-Pnonr=a. (4.12)
These yield
Q Q
A=—-— B= . 4.13
47’ 4ma? (k1(a) 4+ ako(a)/4B) (4.13)
4.2.1. Point injection of melt
In the limit that ¢ — 0, (4.13) becomes
A-_9 p_Q (4.14)
4 4

and the solution is that of a point injection of melt into a two phase medium,

@ (1 - kl(r)> z (4.15)

Vs = g 2 r
Q T
= —ki(r)— 4.1
q A7t 1(T) r ) ( 6)
Q
P = —ko(r). 4.17
Lkolr) (117)
Formally, this is the solution of

—VP+V.v,=Q®%(x), V.5=0. (4.18)

(4.15-4.17) represents one of the simplest examples of a solution to the compaction equa-
tions in 3D that is not a Stokes flow, and the radial components of this flow are plotted in
figure 1. The point injection of melt causes compaction around the point over a length-
scale on the order of the compaction length. Far from the point of injection, the flow
resembles that of an ordinary point source, since for r > 1,

Qx
s~ —=, ~ 0, 4.19
v a3 4 ( )
and no compaction takes place in the far-field. Near the point of injection, r < 1,
Qz Qx
~ — ~Y 4.20
s 8w 1T am (4.20)

and compaction takes place, with the melt rapidly percolating away from the injection
point.
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FI1GURE 1. Plot of the radial components of vs and g for a point injection of melt of strength
Q =1, as given by (4.15) and (4.16).

5. A rigid impermeable sphere in a linear flow

In this section we consider the case of a rigid impermeable sphere subjected to a
far-field linear flow. The linear flow imposes far-field boundary conditions

vy > v°(x), P—0, as|z|— o0 (5.1)

where v>°(x) is a general linear flow which can be decomposed into a translation, a
rotation, and a strain,

vX(x) =V 4+ N2 xx+ E®- . (5.2)

V' is the far-field translation vector, §2°° the far-field rotation vector, and E* is the
symmetric second rank rate of strain tensor, which must be trace-free so that v>°(x)
satisfies the compaction equations in an unbounded domain with P = 0.

The sphere can undergo a rigid body rotation, but is taken to be impermeable. The
boundary conditions on the sphere are thus

Vglpma = VP 4+ 02F x x, q-nl—, =0, (5.3)

where V? is the velocity of the sphere, and §2° is its angular velocity. In order to solve
the compaction equations subject to these boundary conditions, it is useful to recast the
problem in terms of the perturbation to the background flow

By =v, —v>¥(x), P=P—0, (5.4)
which satisfies boundary conditions that decay at infinity,
B, —0, P—0, as|z|— oo, (5.5)
and on the sphere are
Vslpma =— (V" =VP) = (2° - 2Py xx — E® -, q-nl—, =0. (5.6)

Due to the linearity of the compaction equations, the above problem can be solved by a
linear superposition of the solutions for the translating flow, the rotating flow, and the
straining flow. In the next three subsections we consider each of these flows in turn.
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5.1. Translating sphere

For a rigid impermeable sphere translating at a velocity —V the boundary conditions on
the sphere are

Vglpea = =V, q-nl—, =0. (5.7)

To find solutions satisfying these boundary conditions which decay at infinity we can use
the Papkovich-Neuber potentials

o= (5:8)
=DV V() = T (5.9)
C= BV -V(k(r) = —w, (5.10)

which are educated guesses inspired by the following facts: The potentials must be linear
in V; ¢ and x must be harmonic and C must satisfy the modified Helmholtz equation;
and the potentials must have the right behaviour under reflections (i.e. the potentials
must be true tensors, not pseudo-tensors). C, D, and E are unknown constants that
will be determined by the boundary conditions. A potential of the form V - VV(1/r)
could also have been used for ¢, but it yields the same as the x term (Papkovich-Neuber
potentials are not unique, and any part of ¢ that can be written as ¢ = V¢ with V29 =0
can also be written using a scalar potential ).
Substituting (5.8-5.10) into (3.10) and (3.11) yields

v = (—f—g—%)V—i— (—g—l—i{j—i—Ekﬁ(r)) (V-x)x, (5.11)
P = (—fo - Ek;(r)) V.x. (5.12)

Other quantities of interest are given by

2C

ws = 5T X Vv, (5.13)
o (Cg +32 E’j;(’")) V-2l + (3? i E’j?;’")) (Vo +aV)
5’%? SBp E’%”) V)2, (5.15)

a=28<(g+Ek;(r)> (V-:r,)/+e). (5.16)

The boundary conditions (5.7) imply that

_____ =1 1
a a3 a ’ (5.17)
C 3D  Eks(a)

-5+ 4 —a = 0, (5.18)

4BC

- + Ek,(a) =0, (5.19)
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FIGURE 2. Pressure P, solid velocity vs, compaction rate C, and Darcy flux q for uniform flow
past a sphere. The sphere has radius ¢ = 0.001 in dimensionless units (i.e. the compaction
length is large compared to the radius of the sphere). The bulk viscosity to shear viscosity ratio
R = 1.0. These plots are similar to those in figure 1 of McKenzie & Holness (2000). Contours
in the left hand plot are equally spaced with red indicating positive, blue indicating negative,
and white zero. Matrix particle paths are shown as blue lines in the solid velocity plot. Arrows
in the right hand plots show the direction and magnitude of the given velocity.

which can be solved to give

_ 3a®k}(a)
= = W(Bko(a) - K@)’ (5:20)
_ a®(4Bky(a) — a®ki(a)
D = Bho(a) k(@) (521
E= 35 (5.22)

" Bko(a) — a2k (a)

5.1.1. Uniform flow past a sphere

The above can be used to determine the solution for uniform flow past a sphere by
adding on the far-field velocity V. Flow patterns for uniform flow past a sphere are plotted
in figures 2 and 3 for two different values of the ratio of sphere radius to compaction
length. In both cases, on the side of the sphere facing the stream the matrix compacts
and melt flows from this side of the sphere to the other. When the compaction length is
large compared to the size of the sphere (figure 2), the compaction occurs over a region
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Pressure P
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T T T

Compaction rate
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FIGURE 3. Uniform flow past a sphere as in figure 2, except now the sphere has radius a = 10.0
in dimensionless units (i.e. the compaction length is small compared to the radius of the sphere).
Compaction is confined to a small boundary layer around the sphere.

comparable in size to the radius of the sphere. When the compaction length is small
compared to the size of the sphere (figure 3) compaction is confined to small boundary
layers of a thickness on the order of the compaction length.

5.1.2. Force on the sphere

It is possible to calculate the force the flow exerts on the sphere. We first need the
traction on the sphere, which is given from (5.16) as

_ 2BC
g - n|T:a = 7‘/ (523)
The force on the sphere is then given by
F= / 7+.ndS =8nBCV = 6nBaf(a)V (5.24)
where
40 —a’k}(a) 24 2a+a?

(5.25)

Ja) = 3a  Bko(a) — a2k (a)  2+2a+a>+B
(5.25) represents the amount by which the drag on the sphere is reduced by being in
a deformable porous medium rather than an ordinary viscous fluid. f(a) is plotted in
figure 4. There are two important limits; when a > 1 (small compaction length), f(a) ~ 1,



Analytical solutions of compacting flow past a sphere 13

1.00

0.95
0.90

S
= 0.85

0.80

0.75

0.70

0 1 2 3 4 5

FIGURE 4. Plot of the drag reduction factor f(a) as given in (5.25).

so (5.24) becomes
F ~ 6mBaV, (5.26)

which when converted back to dimensional form would be the usual Stokes drag law; and
when a < 1, f(a) ~2/(2+ B), so

12

which is the large compaction length limit and has a reduced drag. The maximum possible
drag reduction from the usual Stokes law is 3/11 ~ 0.27.

5.1.3. Point force solution

Taking the a — 0 limit of the translating sphere solution for a fixed force gives the
point force solution,

(2B (- 2]

v gE |t
P= ﬁ <:3 - I“T(r)) F-z, (5.29)
7= [(; - k%@ - klr’“)> B(F - x)] + (:’5 - k“;g’")) B(Fz + oF)
+ (;5 - 15—78 + ka;”) (F - w)ww] . (5.30)

This solution formally satisfies
~V?P4+V.v,=0, V.5=-Fi%(). (5.31)

For r <« 1 the Kelvinlet solution of the Navier-Cauchy equations is recovered (Phan-
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Thien & Kim 1994),

1 1+B8 1-8B
v~ o ( L az)ac) , (5.32)
F-.x
~ (5.33)
_ 1 T
o~ [B((F c2)l — Fx — zF) — 3(1 — B)(F - m)ﬁ} , (5.34)

and for 7 > 1 the Stokeslet solution of the Stokes equations is recovered (Guazzelli &
Morris 2012; Kim & Karrila 2005),

1 (F (F-x)x
Vg ~ 787-[6 (T —+ 77,.3 > R (535)
F-.x
P~——0 5.36
A3’ ( )
_ 3(F - x)xx

The Stokeslet solution is considered to be one of the fundamental solutions of the Stokes
equations, and is used as the basis for Green’s function techniques for solving the Stokes
flow equations, such as the boundary element method. The solution (5.28-5.30) is the
generalisation of the Stokeslet to the compaction equations.

5.2. Rotating sphere

For a sphere rotating at an angular velocity —f2 the boundary conditions on the sphere
are

Vglrma = —2 X x, q-nl—, =0. (5.38)

The solution with these boundary conditions does not involve compaction and is un-
changed from the usual Stokes flow problem. The only Papkovich-Neuber potential
needed is

2 xx

px 2xV(1/r)= 3 (5.39)
and the solution is given by
a3
v = —r—3.f2 X x, (5.40)
P =0, (5.41)
 3(N-x)x
3
Ws = <1"3 — 7‘5 ) 5 (5 42)
q=0, (5.43)
3a®
e:ﬁ((ﬂxm)az—kaz(ﬂxm)), 5.44)
o = 2Be (5.45)
In particular, the traction on the sphere is given by
3B
cn|_,=—Nxzx, (5.46)
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and hence the torque on the sphere can be calculated as

G= / x x7-ndS = 8nBa*N. (5.47)

5.3. Sphere under pure strain

For the pure strain part of the flow (5.6) the boundary conditions on the sphere are
Vslpmaq = —E - @, g n|p=q =0. (5.48)

Linearity suggests Papkovich-Neuber potentials of the form

o =FE-V(1/r) :fF’iS'w, (5.49)
x=GE: VV(1/r) = ?’Gwr# (5.50)
C— HE: YV (ko(r)) = % (5.51)

for unknown constants F, G and H. A potential of the form E: VVV(1/r) could also
have been used for ¢ but this yields the same result as the y does (again, Papkovich-
Neuber potentials are not unique).

Substituting into (3.10) and (3.11) yields

6G  2Hko(r 3F 156G Hks(r
US:<T5 +7‘22()>E‘w+<r5_7‘7_ 7:33( ))($~E-a:);l:, (552)
. <6B5F+Hk22(r))m,5,m_ (5.53)
r r

Other quantities of interest are given by

6F
wg =— T—Sm x E-x, (5.54)
12BF  2Hky(r) 30BF  Hks(r)
q= <— 5 — 2 ) E.-x+ ( g + 3 (w -E- 13)117 (555)
- (88 4 2
r r
3F  30G 2Hks(r
+ (7057477“33()> (E-z)x +=(E-x))
3F  15G  Hks(r)
+ (Ts ‘w‘rs) (@-E-2)l
15F 105G = Hky(r
(- Tt ;Z( )> (- E-z)zz, (5.56)

7 =28 (— (3F + Hk2(r)) (z-E-2)l + e) . (5.57)

5 r2
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The boundary conditions (5.48) imply that

2H
6¢ kij(a) -1, (5.58)
a? a
3F 15G  Hks(a)
T o @ 0 (5:59)
18BF  HE!
8[? _ k() _ (5.60)
a a
and thus
5a°kh(a)
F = 5.61
6(6B8k1(a) — a?kh(a))’ (5.61)
a 5a*Bky(a)
G=——-— 5.62
6  6Bki(a) — a®kh(a)’ (5:62)
H 1505 (5.63)

~ 6Bki(a) — a2kh(a)’
5.3.1. A sphere in simple shear

The solution above can be used to calculate the compacting flow round a sphere placed
in simple shear. Simple shear flow has v*>°(x) = (vy,0,0) and can be decomposed using
the notation of (5.2) as V°° =0, £2°° = (0,0, —y/2), and

0 /2 0
E*=|(~/2 0 0 |. (5.64)
0 0 0

If the sphere is allowed to move freely, there must be no net force or torque on the sphere.
This means that the sphere does not translate V¥ = 0, and rotates at the same rate as
the far field flow 2P = £2°°. The problem for the perturbation field is then simply that
of pure strain as given in the previous section.

Figures 5 and 6 show plots of the solution to simple shear flow past a sphere. Again,
for large compaction lengths the compaction occurs on distances of the order of the
radius of the sphere, whereas for small compaction lengths the compaction is confined
to small boundary layers. The compaction rate shows a distinctive quadrupole pattern,
as is expected from the symmetry of the problem. The region of closed matrix pathlines
indicates rotation of material near the sphere.

5.3.2. Stresslet on the sphere

In the same way that the force and torque have been calculated for the translating
and rotating spheres, an appropriate moment of the traction called the stresslet can be
calculated to describe the action of straining. In pure straining flow the traction around
the sphere is given from (5.57) as

6BF

P
where the far field flow E - & has been added back on to v, so that vg|,—, = 0 and
vy = E-x as |z| — .

The stresslet on the sphere is given by the symmetric part of the first moment of
traction,

E-x, (5.65)

a-n|,_, =

S =

N |

2
/ 2(F-n)+ (7 n)z dS = —STBFE — goBﬂa?’g(a)E (5.66)
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Pressure P Solid velocity v,

Compaction rate
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FIGURE 5. Freely rotating sphere in a simple shear flow, with fields as in figures 2 and 3. The
sphere has radius a = 0.001 and R = 1.0. The far field simple shear takes the form vy ~ (vy, 0, 0).
Shown are plots of the x — y plane.

where
6F —a’kh(a) 9+ 9a + 4a® + a3
9(a) = “hdd 6Bk1(a) — a2kh(a) 9+ 9a+4a2 +ad + 6B(1+a)
g(a) is similar to f(a) defined in (5.25) in that it defines the reduction in the stresslet

from the usual Stokes flow expression. Again, there are two important limits; when a > 1,
g(a) ~ 1 and

(5.67)

2
S~ ganaBE, (5.68)

which when converted back into dimensional units is the usual result for Stokes flow; and
when a < 1, g(a) ~ 3/(3+ 2B) and
20
2B+3

which is the large compaction length limit and is smaller. The maximum possible reduc-
tion in the stresslet from the usual Stokes flow expression is 1/3.

S Brd®E, (5.69)

6. Faxén relations

The expressions found in the previous sections for the force, torque, and stresslet on
a rigid sphere in a linear flow can be extended to give the force, torque, and stresslet
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Pressure P Solid velocity v,

T T

T T

I I I I 1 L I

Compaction rate C

FIGURE 6. Freely rotating sphere in a simple shear flow as in figure 5, except now the sphere
has radius ¢ = 10.0. As before, R = 1.0.

on a sphere in an arbitrary flow (including quadratic flows such as Poiseuille flow). For
Stokes flow, these expressions are called the Faxén relations. They can be derived by
substituting a series of test flows into the reciprocal theorem (Kim & Karrila 2005), and
this approach can be generalised to the compaction equations.

6.1. A reciprocal theorem

If {¥,, P,q} is one solution of the compaction equations and {v}, P',q'} is another on
the same domain but with potentially different boundary conditions, then they satisfy
the following reciprocal theorem (Appendix A)

/—Pq’-n+'v;-5-nd5:/—P'(]-nJrf;s-E’ondS (6.1)
s s

where S is the surface bounding the domain of interest. To derive the Faxén relations
we can use a weaker form of this reciprocal theorem. If we just consider those flows
which vanish at infinity around a sphere that is rigid and impermeable, then ¢’ - n|,—, =
q - n|,—, = 0, and the surface integral is only that over the sphere

/ ’U/S-&'ndS:/ i;S-E'-ndS. (62)
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Consider a sphere placed in an arbitrary compacting flow v°°(x), not necessarily linear.
Suppose the sphere undergoes a rigid body motion, so that

Vslp=q =V + 2, X x, v, = v°(x) as r — 0. (6.3)
The perturbation flow v, = vs — v™° satisfies
Vslr=a = Vp + 2, x & — v (), Vs — 0 as r — oo. (6.4)

Substituting into the reciprocal theorem (6.2) yields

/ v, Tn dS:/ v, .T°-n dS+/ (Vp+ 82, xx —v>(x)) -7 -n dS. (6.5)

r=a

The Faxén relations for the force, torque, and stresslet are obtained by substituting a
series of different test flows into the v/, of (6.5).

6.2. Force on a sphere in an arbitrary flow

Consider as a test flow v/, the flow due to translation at a uniform velocity V', as solved
in subsection 5.1. This satisfies

3f(a)B
oo = LBy, (6.6)
where f(a) is the drag reduction factor given in (5.25). Applying the reciprocal theorem
(6.5), and noting that V' is arbitrary, we obtain a Faxén law for the force on the sphere,

! / —/
Vylpeq = =V, 7 n

F = 6mBaf(a) < ! /T:a v (2) dS — Vp) . (6.7)

47ta?

6.3. Torque on a sphere in an arbitrary flow

Now consider as a test flow that due to a rotating sphere with a uniform angular velocity
£, as solved in subsection 5.2. This satisfies

V|pea = — 82 x x, ' n|._, =382 xn. (6.8)

Applying the reciprocal theorem (6.5), and noting that §2’ is arbitrary, we obtain a Faxén
law for the torque on the sphere,

G = 4nBa® (4;:&3 / n x v>°(x) dS — 29p> . (6.9)

6.4. Stresslet on a sphere in an arbitrary flow

To derive the Faxén laws for the stresslet it is helpful to consider the volumetric and
deviatoric (trace-free) parts separately. We write the stresslet S = S + S where S is the

volumetric part and S is the deviatoric part. Note that
A~ 1
S= gltr(S), (6.10)
~ 1
5:5—§Itr(5). (6.11)

To derive the Faxén law for the volumetric part of the stresslet, consider a test flow
consisting of pure expansion/contraction as solved in subsection 4.1. This satisfies

Q . BQ'n

/
V)pey = ——x .
slr=a 4dma3 ™’ mad

|r:a -

(6.12)
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Applying the reciprocal theorem (6.5), and noting that Q' is arbitrary, we find that the
volumetric part of the stresslet is

S=1 C®(x) — P>(x) dV, (6.13)

r<a

where we have exploited the identities

/ xo>™ - -ndS = / o> dV, (6.14)
r=a r<a

4 2
FX = _pP>| 4 <1 - SB) C®I+B (Vv°° + (Vo™)T — 3C°°l> : (6.15)

To derive the Faxén law for the deviatoric part of the stresslet, consider a test flow
which has a uniform strain on the surface on the sphere, as solved in subsection 5.3,

Vg = —E' -z, 7' -n|._,=2(-1+5g(a)) BE' - n, (6.16)

where g(a) is given by (5.67). Applying the reciprocal theorem (6.5), and noting that E’
is arbitrary, we find the deviatoric part of the stresslet is

= 20 3 3 nov>®(x) + v>°(z)n / o
S= ?Bﬂa g(a) <47‘ca3 /T:a 5 ds — P /T:an -v>®(x) dS ).
(6.17)

6.5. Mean value integrals

The Faxén relations given in (6.7), (6.9), (6.13), and (6.17) involve averages of the far-
field velocity v>°(x) over the sphere. These averages can be simplified and written in
terms of derivatives of the far-field velocity at the origin using mean value theorems for
solutions of Laplace’s equation, the biharmonic equation, and the modified Helmholtz
equation (e.g. Poritsky (1938); Sabelfeld & Shalimova (1997)).

The Faxén force law (6.7) can be simplified using the fact that v, — VC satisfies the
biharmonic equation and that VC satisfies the modified Helmholtz equation. The mean
value integral in (6.7) becomes

1
4ma?

a

/T:avm(a:) ds = (1 + “62v2> v>(0) + (z‘o(a) —-1- ;) vex(0)  (6.18)

where ig(a) is a modified spherical Bessel function of the first kind, ig(a) = sinh(a)/a.
The Faxén torque law (6.9) can be simplified using the fact that the solid vorticity is
harmonic, which implies that
3
47ma?

/ n x v°(x) dS =V x v>(0) = w™(0), (6.19)

where w () is the solid vorticity of the far-field flow.
The Faxén stresslet laws (6.13) and (6.17) can be simplified in a similar way using

4713 /< C*(z) — P=(z) dV = C>(0) — P=(0), (6.20)
4nla2 /: n - v (x) dS = i1 (a)C>(0), (6.21)
4;[23 ‘/r_a ’I’L’UOO(CL'> ;’ vOO(:B)’I’L ds = (1 -+ ibov2> eOO(O) i (SillfCL) _1_ TO) VVCOO(O)7

(6.22)
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where
_ dig(a)  acosh(a) —sinh(a)

in(a) = = = = > : (6.23)

7. Porosity evolution

Thus far we have been concerned with the instantaneous solution of the compaction
equations for a uniform medium, and have been able to produce a wide variety of an-
alytical solutions. However, solving for the full porosity evolution over time requires a
numerical solution, for two main reasons: First, even if we have an exact solution for
v, the porosity evolution equation (2.1) is difficult to integrate analytically. Moreover,
because kg, 74, and (g4 are all typically functions of porosity, the velocity field evolves
with the porosity field making the problem highly non-linear. Nevertheless, we can get
some insight into the porosity evolution by assuming the velocity field v remains con-
stant over time. This is expected to be a good approximation when the variations in
porosity are small, so that the functions kg, 14, and (4 remain approximately constant.
The porosity evolution can then obtained from integration of (2.1) which can be recast
in the form

D, _
Dt log (1 -¢) =—C, (7.1)
D. —

where 52 = % + vs + V represents a Lagrangian derivative along a matrix particle
path. Along such a path, (7.1) represents a simple ODE for the porosity evolution and
is straightforward to integrate numerically.

Figures 7 and 8 show two plots of the porosity evolution calculated by numerically
integrating (7.1) for a translating sphere. Figure 7 is a large compaction length case,
figure 8 is a small compaction length case. In both figures the ratio of bulk viscosity to
shear viscosity R = 1000, chosen to be large so that the porosity variations remain small.
For short times the porosity field mirrors the compaction rate field with its distinctive
dipole pattern (figures 2 and 3). This is to be expected, because for short times there will
be little movement along a matrix particle path, and the porosity evolution will simply
reflect the right-hand side of (7.1) given by the compaction rate. For later times the
effect of advection is clearly visible, and an asymmetry develops between the regions of
high porosity and low porosity. The low porosity compacting region facing the stream
becomes wider and the high porosity de-compacting region on the opposite side becomes
narrower.

Figures 9 and 10 show similar plots of the porosity evolution for a sphere in simple
shear. Figure 9 is a large compaction length case, figure 10 is a small compaction length
case. Again, for short times the porosity field mirrors the compaction rate field with its
distinctive quadrupole pattern (figures 5 and 6). The rotation of the flow is clearly visible,
and again the low porosity regions become wider as the high porosity regions become
narrower. After the sphere has rotated by 7 radians, the surface of the sphere is back
at the initial porosity, as along each matrix pathline an equal amount of time has been
spent compacting and de-compacting.

8. Conclusions

A series of analytical solutions have been found for compacting flow past a sphere.
These solutions generalise the well-known results for Stokes flow, and are valid for an
arbitrary compaction length. The solutions are limited in use in that they are only valid
instantaneously for a uniform medium, and can only be used to provide an approximate
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FIGURE 7. Plots showing porosity evolution around a translating sphere. The far field flow is
the same as in figures 2 and 3. The sphere has radius a = 0.001 in dimensionless units. Four
different times are shown, where time is scaled by a/|V'|. The background porosity is 0.01 and is
shown as white on the plots. Red indicates increased porosity from the background, blue shows
reduced porosity. Note that a different colourscale is used in each time plot. R = 1000.
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FIGURE 8. Plots showing porosity evolution around a translating sphere as in figure 7 except now
the sphere has a dimensionless radius of 10.0. The background porosity and R are unchanged

from figure 7.
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FIGURE 9. Plots showing the porosity evolution around a freely rotating sphere in a simple shear
flow. The far field flow is the same as in figures 5 and 6. The sphere has radius a = 0.001 in
dimensionless units. Four different times are shown, going up to a total strain of 27, correspond-
ing to a rotation of the sphere by 7t radians. The background porosity is 0.01 and is shown as
white on the plots. Red indicates increased porosity from the background, blue shows reduced
porosity. Note that a different colourscale is used in each time plot. R = 1000.
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FIGURE 10. Plots showing the porosity evolution around a freely rotating sphere in a simple shear
flow as in figure 9 except now the sphere has a dimensionless radius of 10.0. The background
porosity and R are unchanged from figure 9.
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solution to the porosity evolution over time. To understand the time evolution fully
requires a numerical solution of the compaction equations, work on which is currently
ongoing using the finite element method (Alisic et al. 2013).

These analytical solutions have two immediate uses: First, they form a key benchmark
for a full numerical solution to compare against. Second, they provide a prediction for
the variation in porosity around a sphere in simple shear that can be compared with
the results of laboratory deformation experiments (Qi et al. 2013). The model predicts a
distinct asymmetry between the regions of high and low porosity that could be observed.
The radial extent to which compaction extends may help to constrain the compaction
length, and the ratio of bulk viscosity to shear viscosity may also be able to be con-
strained by the magnitude of the porosity variations observed after a given amount of
strain. The comparison of the results of this study with laboratory experiments should
form an excellent test of the ability of McKenzie’s compaction equations to describe the
deformation of partially molten rocks. Finally, these analytical solutions may prove use-
ful in the interpretation of real rock microstructure (Manga 2005; McKenzie & Holness
2000), the main motivation for McKenzie and Holness’s original study of compacting flow
past a sphere.
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Appendix A. A reciprocal theorem

Suppose that {#, P, g} and {v,, P’,q’} are both solutions to the compaction equations
(2.2-2.5) on the same domain but with potentially different boundary conditions. From
(2.4) we have that v/, - (V - &) = 0, which when integrated over the domain V' yields

/v;-é-ndS:/é:Vv;dV (A1)
s v

where S is the surface bounding the domain. From (2.2) we have that PV - (v, + q') = 0
which when integrated yields

/Pq’-ndS:/q’-VPfPV'v;dV. (A2)
s %
Subtraction of (A 2) from (A1) and using (2.3) and (2.5) yields
/ —Pq -n+v,-5-ndS= / A ({v P,q} {v,, P, q’}) dv. (A3)
s 1%

where A is the operator

A({00 P.@} vl Pq'}) = 504 + 6 (V-0) (V) + 2m5e: € (Ad)

¢

and € is the trace-free part of the strain rate tensor,

€=

(Vg + Vol) - é(V-vs)l. (Ab)
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Since A is symmetric under the interchange of primes and tildes the following reciprocal
theorem is obtained

/*Pq/.nwg.&.ndS:/*P’q-nms-ﬁ’-ndﬁ (A6)
g S

Appendix B. Uniqueness

When the solution with tildes and the solution with primes are identical, (A 3) becomes
the equation of mechanical energy balance,

/—Pq-n+vs'E'ndS:/\IJdV7 (B1)
s v

where the left-hand side represents the rate of working at the boundaries and the right-
hand side represents the viscous dissipation. W is given by

E%q-q+é¢(v-vs)2+2n¢6= €. (B2)

Suppose there exist two solutions to the compaction equations with identical boundary
conditions on the normal component of Darcy flux g - n and the solid velocity vs. By
linearity, the difference between these two solutions also satisfies the compaction equa-
tions, but with homogeneous boundary conditions, g-n = 0, vs = 0 on .S. Homogeneous
boundary conditions imply that the left-hand side of (B 1) is zero, and hence that ¥ = 0
everywhere in the domain (since W is positive semi-definite). ¥ = 0 implies that

gq=0, V-v,=0, e=0. (B3)
The only non-trivial solution of (B 3) is a rigid body rotation
v, =V + 2 xx, P =constant. (B4)

Since vy satisfies homogeneous boundary conditions, it follows that vs must be zero ev-
erywhere in the domain, and P is a constant. Thus solutions to the compaction equations
with boundary conditions on the normal component of Darcy flux g+ n and the solid ve-
locity v, are unique up to at most a constant in the pressure. Other choices of boundary
conditions (such as on tractions) which also make the left-hand side of (B 1) zero yield
solutions which are unique up to at most a constant in the pressure and a rigid body
motion.

Appendix C. Cylindrical problems and other geometries

The Papkovich-Neuber technique exploited throughout this manuscript can also be
used to tackle problems in 2D, considering flows past circular cylinders rather than
spheres. However, it is well-known that there is no bounded solution to the Stokes flow
equations for uniform flow past a cylinder in an infinite domain. This result is known
as the Stokes paradox, and as a consequence there is also no bounded solution to the
compaction equations for uniform flow past a cylinder.

However, there does exist a finite solution to the problem of a circular cylinder placed
in a straining flow, and it can be found by the same method as detailed for a sphere
in section 5.3. In 2D, the fundamental solution to Laplace’s equation is —(1/2m)logr,
and the fundamental solution to the modified Helmholtz equation is (1/27) Ko(r) (where
Ko(r) is a modified Bessel function of the second kind). For a given strain rate tensor E,



Analytical solutions of compacting flow past a sphere 29

linearity suggests Papkovich-Neuber potentials of the form

FE-
@ = FE-V(logr) = Tm (C1)
_9Gx - E -
x=GE: VV(logr) = #, (C2)
HE(r)a - E -
C=HE: VV(Ky(r)) = M (C3)
T

We could also have tried a potential of the form E: VVV (logr) for ¢ but this yields
the same result as the y does.
Substituting into (3.10) and (3.11) yields

v = (—LLGJFMi?m)E-er(—ﬁan—H%( )>(w-E.sc)w, (C4)

4 4 76
4BF HK
P:<— 84 + g(r)>wa (Ch)
r r
Other quantities of interest are given by
4F
ws =T X E.x, (C6)
8BF  2HKs(r 16BF  HKj3(r
( . 7"22( ))E-m+( G + rg( ))(:cEa:):c, (C7)
4 2Ky (r)H
e = (_G + 2(2)) E
r
16G 2HK.
' ( r;”(”) (E-2)o+ alE - 2))
T
4 HK
+ ( 8G 4( )> (x:E-z)xz, (C8)
_ 2F HK
a:2B<(r4— Tg()>(m-E-m)l+e>. (C9)
The boundary conditions that vs = —E - @ and ¢+ n =0 on r = a imply that
4G 2HK2(@)
a4 T == —].7 (C 10)
2F  8G HKg( )
_¥+F_ - =0, (C11)
F HK]
_884 _ 2(a) =0, (C12)
a a
and thus
a*K}(a)
F=- 2 1
1BE(a) — K(a)’ (C13)
a* 4a®BKs(a)
= — 14
¢ 4BK1(a) — a?Kh(a)’ (C14)
H = Bab (C15)

ABK,(a) — a?Kh(a)’
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which provides the solution. Adding back on the far-field velocity E - @, the traction
around the cylinder is given by

oc-n|._, = 4(11373FE'$, (C16)
from which the stresslet can be calculated as
S =4nBFE. (C17)
When a > 1,
S ~ 4mBa’E, (C18)
which is the result for Stokes flow; and when a < 1,
S ~ 4ma? . fBE, (C19)

which is the large compaction length limit and is smaller.

C.1. Other geometries

The Papkovich-Neuber technique can be generalised to a wide variety of different ge-
ometries. All that is needed are the appropriate solutions to Laplace’s equation and the
modified Helmholtz equation in that geometry. For example, solutions to the compaction
equations within spheres and cylinders can found from the solutions to Laplace’s equation
that are bounded at the origin,

1
rrtives (3D),  r*'V"logr (2D), (C20)
and the corresponding solutions of the modified Helmholtz equation
V"i(r) (3D), V"Iy(r) (2D), (C21)

which are based on the modified Bessel functions of the first kind.
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