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Abstract

Binary mixing is one of the most common ways of describing the relationships between incompatible element concentra-
tions and Sr–Nd–Pb isotopic ratios in oceanic basalts. Apparent binary mixing trends are seen in a wide variety of data sets,
both at a local-scale and globally. Here we focus on data from Iceland where isotopic variations in whole-rock samples and
olivine-hosted melt inclusions demonstrate the presence of high-amplitude, short lengthscale mantle heterogeneity. Binary
mixing models fail to provide an adequate fit to data for moderately incompatible and compatible elements, which provides
evidence that some of the variation in melt compositions arises from the fractional melting process itself. To explore the role
of mixing in determining the geochemical systematics of oceanic basalts we have developed a new model of the mixing of frac-
tional melts from a bi-lithological mantle source where small enriched fusible heterogeneities are embedded in a refractory
depleted matrix. This model is a statistical model, based on the Dirichlet distribution, that allows us to determine the expected
statistical distributions of melt compositions. The Icelandic data appears to provide evidence that the mixing process is not
uniform with depth, and that the deepest melts appear to have undergone a greater degree of homogenisation than the shal-
lower melts. The model most closely resembles the data when all melts beneath a depth corresponding to �5% melting of the
refractory lithology are homogenised. We speculate that this depth marks the transition between diffuse and channelised melt
flow. This new statistical model of mixing challenges some of the conventional interpretations of trace element-isotope sys-
tematics. Notably, picking mantle end-members from apparent binary mixing arrays in isotope ratio plots is fraught with dif-
ficulty: in our models the apparent binary mixing arrays do not point towards the isotopic compositions of their mantle
sources (with the exception of Pb–Pb).
� 2013 Elsevier Ltd. All rights reserved.
1. INTRODUCTION

Isotopic and trace element data from Mid-Ocean Ridge
Basalt (MORB) and Ocean Island Basalt (OIB) samples
are often interpreted in terms of binary mixing between
two homogeneous materials. On the scale of individual ridge
segments or ocean island volcanoes such binary mixing
models often provide good fits to the observed isotopic
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and incompatible trace element ratios (Stracke et al., 1999,
2003b; Abouchami et al., 2000, 2005; Tanaka et al., 2008;
Blichert-Toft and Albarède, 2009; Hanano et al., 2010;
Peate et al., 2009). It has long been recognised that the
end-members of these binary mixing arrays need not corre-
spond to globally significant mantle components, and that
mixing of three components can lead to pseudo-binary mix-
ing arrays when two of the components mix fully before
mixing with a third component (Hamelin et al., 1986; Dou-
glass and Schilling, 2000). Such regional-scale mixing is,
however, consistent with the widely accepted assumption
that the isotopic compositions of the end-members of
mixing arrays, or even the individual samples themselves,
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correspond to those of substantial masses of mantle under-
neath oceanic volcanoes. This approach has arisen naturally
from a view of the mantle where short-lengthscale isotopic
and mineralogical variations are unimportant. Melts from
such a mantle would have an isotopic composition identical
to that of large volumes of the solid from which they are
produced.

The study of small-scale variation in the compositions of
the melts and mantle residues generated at spreading ridges
has highlighted the importance of the melting process as an
additional generator of geochemical diversity. The observa-
tion of substantial variation in the incompatible trace ele-
ment contents and trace element ratios of olivine-hosted
melt inclusions in individual MORB samples was accounted
for by a model involving generation of extreme composi-
tional variation during fractional melting (Sobolev and Shi-
mizu, 1993). A similar model was used to account for the
observation of residual clinopyroxene with depleted incom-
patible trace element contents in abyssal peridotites (John-
son et al., 1990). These models are consistent with a range
of compositional and physical arguments for the separation
of melts from the mantle at low porosities followed by rapid
channelised flow towards the surface (McKenzie, 1985; Kel-
emen et al., 1997). The observations of extreme small-
lengthscale variation in the trace element compositional re-
cord of mantle melts were believed to demonstrate that near-
fractional melting was the primary cause of local-scale trace
element variation, and provided evidence that the average
trace element compositions of oceanic basalts is different
from those of their mantle source regions (Johnson et al.,
1990; Sobolev and Shimizu, 1993). These differences be-
tween melt and source extended even to the incompatible
trace element ratios (Hofmann et al., 1986). A number of
workers produced models of fractional melting of a single
homogeneous mantle source composition, demonstrating
the substantial range of trace element compositions that
can be generated without any variation in the isotopic com-
position of the basalts (Gast, 1968; Shaw, 1970; Slater et al.,
2001; Maclennan et al., 2003b). Since these models did not
involve the generation of isotopic variability, they provided
no challenge to the assumption that MORB and OIB isoto-
pic arrays could be used to identify the compositions of solid
material in the mantle rising under oceanic volcanoes.

More recent studies (Stracke et al., 2003b; Stracke and
Bourdon, 2009; Peate et al., 2009; Cordier et al., 2010;
Waters et al., 2011) have looked at a combination of trace
element, major element, and isotopic data using samples
from localities tightly constrained in space and time. These
studies have found strong correlations in whole rock data
between trace element ratios and isotopic ratios. Melt inclu-
sion studies (Maclennan, 2008b) echo these strong correla-
tions, at least for incompatible trace element concentrations
and isotopes. The correlations suggest that heterogeneity in
the mantle source has a key control on the observed trace
element heterogeneity. Nevertheless, some part of the ob-
served trace element heterogeneity must be generated by
the melting process itself, as reflected in the systematics of
REE variation in olivine-hosted melt inclusions (Maclen-
nan et al., 2003a). Furthermore, the presence of U-series
disequilibrium in young basalts from Iceland demonstrate
that highly incompatible elements can be fractionated from
each other by the melting process (Condomines et al., 1981;
Hémond et al., 1993; Stracke et al., 2003c; Kokfelt et al.,
2006; Koornneef et al., 2012).

A further complication to understanding the isotopic
systematics of oceanic basalts is that isotopic heterogeneity
may be coupled with lithological heterogeneity and hence
with fusibility (Hirschmann and Stolper, 1996; Stracke
et al., 1999, 2003b,c; Phipps Morgan, 2001; Katz and Rud-
ge, 2011; Shorttle and Maclennan, 2011). For example,
recycled crustal material, which is often thought to be the
carrier of the isotopically enriched signature, may be more
pyroxenitic and thus more fusible than the rest of the de-
pleted peridotitic mantle. The isotopic composition of a
sample formed by melting of a multi-lithology source will
be biased from that of the mean mantle source, and will
be a function of the degree of melting. As a result, a number
of studies have explained the correlations between isotopes
and trace elements as arising naturally from varying degrees
of melting of a lithologically heterogeneous source (Phipps
Morgan, 1999; Ito and Mahoney, 2005a,b; Stracke and
Bourdon, 2009; Ingle et al., 2010).

The present manuscript seeks to address the following
key question: Why do binary mixing models work so well
if the generation of melt in the mantle is dominated by frac-
tional melting? This question becomes even more pressing
when it is understood that fractional melting of a heteroge-
neous mantle can fill a huge volume in isotope and trace-
element compositional space. We believe the answer lies
in understanding precisely how the fractional melts are
mixed to form the samples we see at the surface. To this
end we have developed a new model of melting and the mix-
ing of melts from a bi-lithological source, building on the
previous studies by Maclennan (2008b) and Stracke and
Bourdon (2009). The manuscript is organised as follows:
the next section describes the main observational con-
straints, and is followed by a description of a new statistical
model. Subsequent sections discuss the application of the
model to trace element and isotopic data for whole rocks
and melt inclusions. Detailed mathematical derivations
are provided in an appendix at the end of the manuscript.

The data used in the examples throughout this manu-
script come from Iceland, but the modelling techniques
and ideas we develop are relevant for understanding melt
mixing more generally. Iceland provides one of the best win-
dows into the melt mixing process: On Iceland it is possible
to constrain the origin of basalts tightly in space and time;
spatially because it is possible to make detailed maps of vol-
canic flows in the field; and temporally because one can dis-
tinguish easily between subglacial and postglacial eruptions
through their geomorphology, and use tephrochronology to
bracket the ages of postglacial flows (Smundsson, 1991).
There is a large quantity of high quality data available from
Iceland which has a wide spread of different geochemical
measurements (majors, traces, and isotopes) made on ex-
actly the same set of samples, both whole-rock samples
and olivine-hosted melt inclusions. Having all the measure-
ments on the same samples is particularly important for
understanding melt mixing because of the information it
provides on the correlations between different observables.
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2. OBSERVATIONS

2.1. Isotope – trace element systematics

2.1.1. Apparent binary mixing

Detailed studies of geochemical variations of the erup-
tive products of individual volcanic systems on spreading
ridges or ocean islands on the timescale of 103–105 years
have revealed well-defined correlations between isotope ra-
tios of incompatible elements, most commonly Sr, Nd and
Pb. Isotope–isotope plots have been interpreted by many
authors in terms of binary mixing between two end-member
solids or two end-member melts. These interpretations have
been supported by the strong correlation of these isotope
ratios not only with incompatible trace element ratios
(e.g. Nb/Y) but also with elemental concentrations in prim-
itive basalts, such as La and Nb (Zindler et al., 1984;
Stracke et al., 1999; McKenzie et al., 2004; Cordier et al.,
2010; Waters et al., 2011). For example, the relationship be-
tween the isotope ratio 208Pb/206Pb and both the Nb con-
centration and the La/Yb ratio of primitive olivine-hosted
melt inclusions and whole-rock samples from the Reykjanes
Peninsula in Iceland were shown by Maclennan (2008b) to
be well matched by binary mixing between the extreme
end-member melt compositions (Fig. 1A, C).
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Fig. 1. Relationships between trace element and isotopic compositions
data from the Reykjanes peninsula is shown as small grey diamonds. O
shown as downwards pointing filled triangles for the Háleyjabunga erupt
curve which provides a successful fit to the Reykjanes Peninsula data is
similar to those calculated by Maclennan (2008a), using extreme melt incl
that the Pb concentration in the enriched end-member was 100 times hig
et al. (2006), Thirlwall et al. (2004) and Maclennan (2008b).
Further evidence for the apparent success of binary mix-
ing can be observed in the whole-rock data from the The-
istareykir volcanic system plotted in Fig. 2 (Slater et al.,
2001; Stracke et al., 2003b). These Theistareykir samples
are collected from a region �30 km in extent and are all
from postglacial lava flows, less than �12 kyr old. The sam-
ples stretch along linear arrays on these plots of incompat-
ible trace element and isotope ratios, with modest scatter
partly reflecting uncertainty in the analyses. The Reykjanes
Peninsula samples are from a slightly larger region, �50 km
long, with the filled symbols in Fig. 2 being postglacial sam-
ples. Samples from the last glaciation have compositions
that either sit in the same range as postglacial samples or
extend the arrays at the enriched end. On first inspection
the Reykjanes whole-rock samples also appear to stretch
along binary mixing arrays. Indeed, Thirlwall et al. (2004)
has highlighted that the Sr–Nd–Pb isotopes systematics of
localised sets of samples in Iceland are extremely well
matched by binary mixing arrays, with the misfit of such
binary mixing curves to the data being similar to the analyt-
ical uncertainty. This realisation lead Thirlwall et al. (2004)
to suggest that mixing between a relatively small number of
mantle components may account for the full range of isoto-
pic variation seen on Iceland. They used plots such as
Fig. 2C to estimate the composition of mantle components
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usion compositions as the mixing end-members and an assumption
her than that in the depleted end-member. Data Sources: Kokfelt
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Fig. 2. Trace element and isotope data for two Icelandic sample suites, from the Theistareykir volcanic system of northern Iceland, shown as
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legend, the reader is referred to the web version of this article.)
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under Iceland and their preferred compositions are shown
as crosses on Fig. 2C.

2.1.2. Breakdown of binary mixing

While many aspects of isotope-trace element systematics
in localised sample suites can be accounted for by binary
mixing, several key features of the data cannot be matched
by such simple models. In the Reykjanes Peninsula data,
there is significant scatter of the data away from binary
mixing lines and Thirlwall et al. (2004) suggested that a
third component was required to account for this spread.
Such scatter away from binary mixing lines is a feature of
many OIB and MORB sample suites. An alternative cause
of scatter on plots such as Fig. 2C will be described later in
this paper.

Further evidence for the breakdown of binary mixing
models can be obtained by inspection of Fig. 1. The weaker
correlations observed between isotope ratios and the con-
centrations of more compatible elements, such as Yb or
Y, or their ratios, such as Sm/Yb, do not conform to simple
binary mixing relationships (Fig. 1B, D). This observation
might be interpreted as an indication that more than two
melt compositions are supplied from the mantle to the
plumbing system of individual volcanoes. However, the
poor resemblance to a binary mixing model results, in part,
from the overprinting effect of fractional crystallisation on
Yb and Y concentrations. Suites of melt inclusions hosted
in forsteritic olivines may have variations of >100 in the
concentrations of some of the most incompatible elements
such as Nb, while less compatible elements such as Y vary
by a factor of �5. This difference in the range of highly and
moderately incompatible elements is predicted for instanta-
neous fractional melt compositions of the mantle. The rel-
atively modest variation in the Y concentration of mantle
melts allows later processes, such as fractional crystallisa-
tion, to add significant noise to the mantle signal. A factor
of 4 variation in Y is observed at nearly constant
208Pb/206Pb in olivine-hosted melt inclusions from the
Reykjanes Peninsula, but this variation is greater than
can be produced by fractional crystallisation alone. A fac-
tor of 4 in Y requires approximately 75% crystallisation,
whereas the limited range of forsterite contents of the host
olivines (Fo84–91) are expected to be generated during the
first 40% of crystallisation of Icelandic mantle melts
(Maclennan et al., 2003a). Therefore, part of the range of
Y at fixed 208Pb/206Pb must reflect variation in mantle
melts.

Furthermore, the scatter observed in Sm/Yb at constant
208Pb=206Pb in Fig. 1D is unlikely to result from fractional
crystallisation and indicates that mantle melts with variable
Sm/Yb are associated with the enriched 208Pb/ 206Pb isoto-
pic composition. If this interpretation is correct, then bin-
ary mixing of two melts cannot account for the
observations presented in Fig. 1. An important concern in
the interpretation of basaltic geochemistry from Iceland
and elsewhere is that cross-plots of isotope ratios and
highly incompatible element ratios are often understood
in terms of simple binary mixing. However, examination
of the relationships of moderately incompatible elements
reveals more complex behaviour, which means that the sim-
plest interpretation of the isotope ratio plots may be
misleading.

2.2. Forsterite content – trace element systematics

Additional evidence against the binary mixing model is
provided by the relationship between the trace element var-
iation of melt inclusions and their olivine hosts. The details
of this relationship were first noted by Maclennan et al.
(2003a) in a study of olivine-hosted melt inclusions from
the Borgarhraun lava flow and used as evidence to support
the origin of trace element variation in the melt inclusions
from mixing of a range of instantaneous fractional melt
compositions, as explained below.



Fig. 3. Trace element composition of olivine-hosted melt inclu-
sions from the Borgarhraun flow in northern Iceland (Maclennan
et al., 2003a) are shown as black circles. These inclusions are hosted
in olivines whose forsterite content varies from Fo92 to Fo86, a
range which can be accounted for by about 35% fractional
crystallisation. The melt inclusions with extreme La/Yb ratios are
encircled with a grey outline and the array of melt compositions
that can be generated by mixing between these extremes is shown as
a grey dotted line. The influence of fractional crystallisation on
these melt composition is to cause uniform relative enrichments in
La and Yb and the grey shaded field shows the range of melt
compositions that can be generated by up to 35% fractional
crystallisation of the melts on the binary mixing array.
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Mixing between the melt inclusions with extreme La/Yb
from Borgarhraun generate a steep array on Fig. 3 which
plots La against Yb. The field of melt compositions that
can be generated by fractional crystallisation of the inclu-
sions with extreme La/Yb is smaller than the observed
range of compositions, indicating that processes in addition
to binary mixing of two mantle melts and fractional crystal-
lisation are occurring.

Fig. 4 plots La and Yb as a function of the composition
of their olivine hosts. As noted by Maclennan et al. (2003a),
the pattern of variation of La concentration with the forste-
rite content of the host olivines is different to that of Yb,
and this cannot be explained by binary mixing (see Appen-
dix A). In Fig. 4A, B it can be seen that the mean La con-
centration of the melt inclusions increases with decreasing
forsterite content of the olivine host, and that the variance
in La of the inclusions remains elevated between Fo91 and
Fo88, with a peak close to Fo88. In contrast, Fig. 4C, D
shows that mean Yb concentrations fall with decreasing
forsterite content between Fo91 and Fo85, and that the var-
iance in Yb exhibits a strong peak at Fo90 and then falls
with decreasing forsterite content.

This decoupling of the behaviour of La and Yb is not ex-
pected from simple models of fractional crystallisation, be-
cause during the initial stages of cooling and crystallisation
of mantle melts both La and Yb are expected to be incom-
patible and to exhibit coupled variations in their concentra-
tion in the melt. However, the characteristic decoupling of
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the variation of La and Yb as shown in Fig. 4 can be ac-
counted for by mixing of instantaneous fractional melts
from a melting column of a single source (Maclennan
et al., 2003a). Instantaneous fractional melts can generate
the required pattern of primary melt compositions to ac-
count for the decoupling due to the differing compatibility
of La and Yb during melting in the presence of garnet. Fur-
thermore, the fact that the forsterite content of the olivines
that would crystallise from the instantaneous fractional
melts drops during the progression of decompression melt-
ing allows the melting process to account for the decoupling
of La and Yb across the olivine compositional interval from
Fo88 to Fo92.

At the onset of melting in the garnet field, La is incom-
patible and Yb has a partition coefficient close to 1. There-
fore, the first melts have the highest La of any predicted
melts and are in equilibrium with the least forsteritic oliv-
ine, Fo85, of any of the predicted melts (Fig. 5). However,
the Yb content of these first melts is not extreme, due to
the presence of garnet. The Yb composition of these first
melts is labelled as point 1 on the dashed curve in Fig. 5.
As melting proceeds, the La content of the instantaneous
fractional melts drops monotonically towards zero, and
the forsterite content of the equilibrium olivines rises to-
wards Fo92. The behaviour of Yb is more complicated. At
point 2 on the dashed curve in Fig. 5 the Yb concentration
starts to rise, corresponding to the arrival of spinel as a
residual phase in the melting mantle at decreasing depth.
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Fig. 5. Predictions from the single source peridotite melting model
of Maclennan et al. (2003a). The melt compositions are instanta-
neous fractional melts from a polybaric melting model. The
concentrations of La and Yb in the instantaneous fractional melts,
c, are provided as ratio to that of their source, C0, and plotted as a
function of the composition of the olivine in equilibrium with these
mantle melts. The evolution of La is shown as a red curve and Yb
as a blue curve. The numbers on the blue dashed curve show key
points in the trace element behaviour that are described in the main
text. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
Between point 1 and point 2 garnet is the stable aluminous
phase in the peridotite, while between point 2 and 3 both
garnet and spinel are present. The peak Yb concentration,
at point 3, corresponds to the disappearance of garnet from
the residue and where Yb becomes highly incompatible.
The drop in Yb contents between points 3 and 4 corre-
sponds to increasing extents of melting of spinel peridotite.

One crucial observation from Fig. 5 is that, in mantle
melts, the full range of variation in Yb is established in
melts that are in equilibrium with olivines between Fo92

and Fo90, while mantle melts with extreme La contents
are in equilibrium with Fo92 and Fo85. Therefore, at forste-
rite contents greater than Fo90 mantle melting can contrib-
ute to variation in both Yb and La. Between Fo90 and Fo85

the mantle melts only add to variation in La and not in Yb.
This difference in the behaviour of La and Yb during frac-
tional melting of the mantle can therefore account for the
observed difference in the evolution of the standard devia-
tion of La and Yb with the host olivine composition
(Fig. 4). Addition of deep melts with extreme La can main-
tain variance in La in melt inclusions trapped in olivines be-
tween Fo90 and Fo88. However, the intermediate Yb
contents of these deep melts provide insufficient variation
to counter the ineluctable progression of concurrent mixing
and crystallisation and therefore the observed variance in
Yb drops rapidly between Fo90 and Fo88.

While the models of mixing of instantaneous fractional
melts from Maclennan et al. (2003a) can account for the
decoupling of Yb and La variations in forsteritic olivine,
these models are based on melting of a single source so can-
not account for the observed relationship between the iso-
topic and trace element variation present in Icelandic
whole-rock and melt inclusion datasets (Fig. 1). It is there-
fore necessary to demonstrate that models of melting of a
compositionally heterogeneous source are also able to ac-
count for the observations presented in Fig. 4.

3. A STATISTICAL MODEL OF MELT GENERATION

AND MIXING

Whilst the isotopic variation in the Icelandic datasets
indicates that high-amplitude and short lengthscale varia-
tion is present in the mantle source regions that contribute
to individual volcanic systems, the melting process will also
impart substantial compositional variability in the melts.
This combination of source heterogeneity and fractional
melting has the capacity to generate melts that fill a large
compositional space and should not necessarily create
strong correlations between elemental concentrations or ra-
tios and isotope ratios. It is therefore necessary to develop a
model of melt generation and mixing that can account not
only for the apparent binary mixing relationships in incom-
patible element concentrations and ratios but also for the
decoupling of elements of varying compatibility.

The new statistical model introduced in this work con-
sists of two key components: a melting model and a mixing
scheme. The melting model determines the compositions of
the fractional melts; the mixing scheme determines how
the fractional melts are mixed together to produce the
samples.
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3.1. Melting model

We consider the melting of a two-lithology source con-
sisting of peridotite and pyroxenite. The details of the
choice of the composition of these lithologies do not
strongly influence the most general conclusions regarding
the importance of mixing of fractional melts from a heter-
ogeneous mantle. The behaviours that we highlight are,
however, dependent on the presence of trace element and
isotopic heterogeneity in the mantle that is correlated to
variation in the melting behaviour of the material. In order
to aid the comparison of our model results with observa-
tions with Iceland, however, we choose mantle lithologies
that are similar to those that have been suggested to be
melting under the island.

3.1.1. Nature of lithological heterogeneities

The peridotite composition is that estimated for depleted
upper mantle, DMM, by Salters and Stracke (2004). Models
were also run using the DMM composition of Workman and
Hart (2005) in order to verify that the conclusions later
drawn from the melting models are robust to variations in
the details of the source compositions used. This DMM peri-
dotite is more refractory and incompatible element depleted
than the material chosen as the second lithology, which we
refer to here as pyroxenite. The major element composition
of this pyroxenite is set to that of the experimental material
KG2, which was created by Kogiso et al. (1998) by mixing
pyrolitic peridotite and average MORB compositions in
2:1 proportions. In detail, this composition lies just outside
the pyroxenite field of Streckeisen (1976), but has a much
higher pyroxene content than typical depleted mantle. It
has recently been demonstrated that experimental batch
melts of KG2 at pressures of 3 GPa have a similar major ele-
ment composition to Icelandic basalts with enriched trace
element and isotopic signatures (Shorttle and Maclennan,
2011). The trace element composition of the enriched source
was set by mixing the depleted upper mantle composition of
Salters and Stracke (2004) with the recycled MORB compo-
sition of Stracke et al. (2003a) in a 2:1 ratio, with the excep-
tion of the Pb concentration, which was set to 0.4 ppm.

While the geometry of the lithological heterogeneity is
not directly specified in the models, it is assumed that there
is no solid-state chemical interaction between the pyroxe-
nite and the peridotite but that thermal equilibrium is main-
tained. This regime operates when the heterogeneities have
a width within the range of 10s to 100s of metres (Sleep,
1984; Phipps Morgan, 2001; Kogiso et al., 2004; Katz
and Rudge, 2011). These assumptions simplify the model-
ling of melt generation by adiabatic decompression of a
lithologically variable mantle because both lithologies are
melting along the same pressure-temperature path. In order
to approximately match the mean composition of melts and
the mean crustal thickness from the Theistareykir segment
of northern Iceland (Maclennan et al., 2001b), and the ma-
jor element constraints on the proportion of recycled basalt
within the source regions of this segment (Shorttle and
Maclennan, 2011), we set the DMM peridotite to 81% of
the source by volume, with the remaining 19% of the source
being KG2, which we refer to as pyroxenite.
3.1.2. Advantages and disadvantages of pMELTS for

modelling

The pMELTS software was used to estimate the major
and trace element composition of instantaneous fractional
melts produced by adiabatic decompression of these two
lithologies, specifically the most recent available version
of the ALPHAMELTS front end available in June 2012
(Ghiorso et al., 2002; Smith and Asimow, 2005). While sev-
eral parametrisations of peridotite melting are available,
only a single mafic lithology, the G2 MORB composition,
has been parametrised (Pertermann and Hirschmann,
2003). Use of pMELTS provides flexibility in terms of the
provisional comparison of the melting behaviour of differ-
ent lithologies. Furthermore, pMELTS tracks the residual
mantle mineralogy during melting and calculates the trace
element composition of instantaneous melts according to
these shifts in mineralogy and the melting reaction. Such
variations in mineralogy, such as the shift from garnet to
spinel stability in the residue during decompression, or
the disappearance of clinopyroxene from the residue, have
important effects on the trace element contents of the
instantaneous fractional melts. These effects are crucial in
controlling, for example, the differing behaviour of La
and Yb which was noted in the melt inclusion observations.
An advantage of pMELTS is that both the major and trace
element composition of the instantaneous fractional melts
can be predicted, meaning that the forsterite content of
the first crystallising olivine for each primary melt packet
can be calculated, allowing for comparison of model results
with the observations of the covariation of trace element
contents of melt inclusions with their host olivines.
pMELTS also offers great flexibility in the specification of
the pressure-temperature path followed by the mantle dur-
ing melting. This flexibility allows us to consider the influ-
ence of the thermal effects of melting of the dominant
peridotite lithology on the melting behaviour of the
pyroxenite.

While the use of pMELTS provides flexibility in the melt
modelling, there are some crucial aspects of the pMELTS
results that must be treated with caution. These issues do
not influence the general conclusions regarding the role of
melt mixing, but certain aspects of the melting behaviour
should not be regarded as robust features. The melts mod-
els are therefore largely used in an illustrative sense: devel-
opment of accurate forward models of the melting of
lithologically heterogeneous mantle is a long-term goal of
igneous petrology that awaits improvement of the underly-
ing thermodynamic models of the phases present during
melting. The developers of pMELTS reported that for melt-
ing of peridotite lithologies the relationship between pre-
dicted melt fraction and temperature is offset from
experimental results by up to 60 �C such that melt fractions
predicted from pMELTS at a given temperature are lower
than those observed in laboratory experiments (Ghiorso
et al., 2002). This problem clearly limits the usefulness of
pMELTS when attempting to estimate mantle potential
temperatures from natural basalt compositions. These fea-
tures are also linked to an overestimation of the proportion
of clinopyroxene in the solid residue and predicted liquid
MgO contents that are significantly higher than the experi-
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mental products at small melt fraction, by as much as
3 wt% absolute. Nevertheless the patterns of major and
trace element evolution as a function of extent of melting,
the signs of slopes and kinks in the experimental data, are
well reproduced by pMELTS. The near-solidus behaviour
of pMELTS is also complicated by problems associated
with nature of incorporation of minor elements such as
Cr, K, and P into solid phases and has lead several authors
to limit the use of these elements in their comparison of
pMELTS predictions with experimental results (Lambart
et al., 2012). Imperfections involved in the calculation of
crystallisation paths of primitive basalt compositions by
MELTS and pMELTS have been highlighted by Villiger
et al. (2004). These authors demonstrated that pyroxenes
are predicted as liquidus phases by MELTS and pMELTS
under experimental conditions when olivine has been
shown to be the liquidus phase. This overestimate of the
proportion of pyroxene in the crystallising assemblage can
drive the Si content of the predicted remaining liquid to val-
ues that are lower than those observed either in experimen-
tal studies or in natural basaltic suites.

Given these considerations, we do not use pMELTS for
any crystallisation models, and do not use pMELTS models
of mantle melting to constrain potential temperature or
other bulk physical or chemical properties of the mantle.
Instead, we use pMELTS in an illustrative fashion, to show
how trace element and major element compositions of frac-
tional melts might be expected to vary during decompres-
sion melting of a bi-lithological mantle. The major
conclusions reached from the modelling presented below
are robust to the limitations of pMELTS.

3.1.3. pMELTS modelling of melting of bi-lithological

mantle

The melt modelling had to be carried out in a number of
stages because pMELTS does not yet explicitly include an
option for bi-lithological melting. Furthermore, the recom-
mended maximum pressure of pMELTS calculations is
4 GPa, a constraint that limits the style of calculation of
deep melting of fusible lithologies at elevated mantle poten-
tial temperature.

First, the melting calculations for isentropic decompres-
sion of the depleted mantle composition, DMM, were per-
formed at a model potential temperature of 1512 �C. This
high potential temperature reflects the fact that the models
results are eventually compared with observations from Ice-
land. The calculated solidus intersection pressure was
3.3 GPa (106 km depth) in this model but because a resid-
ual porosity of 0.5% was used, melt was only extracted from
depths of 101 km and shallower (Fig. 6). The maximum ex-
tent of melting was 30.3% at the top of the melting region at
1.0 GPa (25 km). The discontinuities in the gradient of the
melt fraction against depth for DMM are related to the dis-
appearance of solid phases from the residue: cpx-out at
78 km, garnet-out at 50 km and spinel-out at 38 km. The
stability of garnet to such low pressures and the limited sta-
bility range of spinel partly reflects imperfections in the
pMELTS garnet model, but also the fact that the DMM
composition was limited to the system CFMAS-Mn, with
the minor elements Na, K, P, Cr and Ni treated as trace
elements (Smith and Asimow, 2005; Lambart et al., 2012).
The disappearance of garnet from the solid assemblage
leads to the peaks in the Y and Yb concentrations observed
in the instantaneous fractional melts of DMM (Fig. 6H, I).
While it is likely that the depth of garnet-out and the peaks
in heavy REEs and Y are deeper than 50 km under Iceland
(Maclennan et al., 2003a), the crucial feature of the trace
element distributions for the mixing models presented be-
low is that the peak concentrations for the heavy REEs
and Y occur shallower in the melting region, at higher ex-
tents of melting, than those for the light REEs. These REEs
and other highly incompatible elements show their peak
concentrations at the base of the melting region (Fig. 6B–
E).

The next stage of the melting calculations was to exam-
ine the isentropic decompression of the enriched KG2 com-
position. This material is more fusible than DMM and
intersects its solidus at greater depth. Even after restricting
the KG2 composition by removing Na and K from the suite
of major elements, the solidus depth of KG2 is poorly de-
fined and at much higher pressures than the recommended
4 GPa limit for pMELTS calculations. Fortunately, the so-
lid phase assemblage for KG2 bulk composition is pre-
dicted to change very little over the pressure range from 3
to 5 GPa or more. The initial stage of melting of KG2 is
therefore approximated by calculating the isobaric frac-
tional melting behaviour at 3.3 GPa, the solidus pressure
calculated for DMM on the adiabat corresponding to a po-
tential temperature of 1512 �C. The KG2 composition has
melted by 19% at these solidus conditions for the DMM
composition. The fractional melt compositions from this
initial melting interval were then stretched to depths be-
tween a KG2 solidus at 138 km and the DMM solidus at
106 km. The depth of the solidus of KG2 was set to occur
at a pressure �1 GPa greater than that of DMM and the
solidus productivity was fixed at 13%/GPa, broadly follow-
ing the findings of Pertermann and Hirschmann (2003).
With knowledge of the solidus depth, the solidus productiv-
ity and the extent of melting at 106 km, it was possible to
calculate a quadratic melt fraction against depth relation-
ship for the initial melting interval and stretch the melt
compositions from the isobaric calculations to their corre-
sponding melt fraction.

The final melting calculation involved decompression
melting of the solid residue of the isobaric melting of
KG2. The decompression interval was from the solidus
pressure of DMM to the lower pressure limit of pMELTS
at 1 GPa. As described previously, it was assumed that
the mass fraction of KG2 present in the melting mantle
was small enough that the decompression path for both
lithologies could be assumed to follow the melting isentrope
of DMM. The melt fraction against depth curve for KG2
exhibits a number of steps in gradient not only as a result
of the disappearance of solid phases from the KG2 residue
but also in response to changes in gradient of the geotherm
set from the DMM melting. The most important of these
steps occurs at the solidus of DMM, where the productivity
of KG2 drops significantly. This feature occurs because the
onset of melting of the refractory DMM lithology draws la-
tent heat from the mantle and causes an increase in the geo-
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thermal gradient. The predicted trace element behaviour of
the KG2 melts shows a maximum for incompatibles at the
base of the melting region and peaks in heavy REEs and Y
at about 60 km depth after the disappearance of garnet
from the solid residue (Fig. 6). The key differences between
the distribution of instantaneous fractional melt composi-
tions for KG2 and DMM are first that the deeper onset
of melting for KG2 means that the incompatible elements
are transferred to the melt deeper and second that for most
of the incompatible elements the concentrations from the
first melts of KG2 are higher than those for DMM. The
high concentrations of incompatible elements in the first
melts of KG2 reflect the high concentrations in the KG2
source. These features, particularly the difference in the
depth of transfer of the elements Pb, Sr and Nd for the
KG2 and DMM lithologies, have important consequences
for isotopic variation that is preserved during progressive
melt mixing and for the interpretation of plots of isotopic
data from individual volcanic systems or mid-ocean ridge
segments. This crucial finding is explored in later sections.

3.1.4. Partition coefficients

The partition coefficients used in the trace element mod-
elling are those dependent on pressure, temperature and
composition, set as defaults in pMELTS (Wood and Blun-
dy, 1997; Smith and Asimow, 2005). One trace element that
is worth particular attention is Pb, not only because its iso-
topes are used to trace source variability but also because
its partitioning behaviour during mantle melting is rela-
tively poorly understood (Blundy and Wood, 2003). The
relative constancy of Pb/Ce in oceanic basalts has been used
to argue that the effective partition coefficient of Pb during
mantle melting under ridges is similar to that of Ce (Hof-
mann, 1988). However, experimental partitioning studies
have found that Pb is significantly more incompatible than
Ce during peridotite melting (Salters, 2002). These authors
suggested that the presence of trace sulphides in the perido-
titic mantle may account for the mismatch between the ob-
served uniformity of Ce/Pb and the experimentally
determined partition coefficients. Alternatively, more recent
experimental studies of Pb partitioning indicate that it may
be more compatible than Ce during pyroxenite melting
(Klemme et al., 2002; Elkins et al., 2008), raising the possi-
bility that the apparent similarity in Ce and Pb behaviour
reflects a balance of peridotite and pyroxenite in the mantle
source regions. We therefore set the partition coefficients of
Pb during DMM melting to be equal to the pMELTS
predicted partition coefficient for Ce, and for melting of
KG2 we used Dcpx ¼ 0:04, Dgt ¼ 0:04, Dopx ¼ 0:01 and
Dol ¼ 0:005.

The target of this modelling is to use the model frac-
tional melt compositions as a template for understanding
the covariation of elements and isotopes in samples from
single volcanic systems, rather than matching average ob-
served compositions or crustal thicknesses from Iceland.
Nevertheless, the overall melt production for a triangular
sub-ridge melting region containing 19% KG2 in a matrix
of DMM provides a good, if non-unique, fit to the observed
volume-averaged REE compositions from Theistareykir,
such that the predicted concentrations are within 25% of
those observed for all REEs (Maclennan et al., 2001a). In
addition, the predicted crustal thickness is approximately
22 km, in good agreement with the observed crustal thick-
ness under Theistareykir of �20 km (Staples et al., 1997).

3.1.5. Mean melt compositions

For each lithology j, the melting model provides two key
functions: X jðzÞ, the degree of melting at a depth z (as plot-
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ted in Fig. 6), and cjðX Þ, the concentration of the fractional
melt produced at that depth. The pMELTS modelling de-
scribed above provides cjðX Þ not only for a range of trace
elements, but also for major elements including Mg and
Fe, which are used to calculate the forsterite contents of oli-
vines crystallising from the melts. The mean composition of
the melt produced by lithology j is a weighted mean of the
fractional melt compositions

Cj ¼
R X max

j

0 xjðX ÞcjðX ÞdXR X max
j

0 xjðX ÞdX
; ð1Þ

where xjðX Þ is a weight function which differs depending
on the style of melting considered: for a simple 1D melting
column xjðX Þ is constant; for a triangular melting region
xjðX Þ is the depth from the top of the melting region.
X max

j is the maximum degree of melting. (1) can be written
is terms of normalised weights ~xjðX Þ as

Cj ¼
Z X max

j

0

~xjðX ÞcjðX ÞdX ; ð2Þ

where

~xjðX Þ ¼
xjðX ÞR X max

j

0 xjðX ÞdX
: ð3Þ

The mean composition of the total melt produced from all
of the lithologies is a weighted mean of the Cj,

C ¼
Xm

j¼1

fjCj; ð4Þ

where m is the number of lithologies (m ¼ 2 for the calcula-
tions here). If the source contains proportions fp1; . . . ; pmg
of the different lithologies, the proportions fj are given by

fj ¼
pj

R X max
j

0 xjðX ÞdXXm

k¼1

pk

R X max
k

0 xkðX ÞdX
: ð5Þ

For computational convenience it is useful to divide the
melting curve for each lithology into a discrete number of
fractional melt “packets”, where ci

j is the concentration of
the ith fractional melt packet produced by melting the jth
lithology, i ¼ 1; . . . ; nj, j ¼ 1; . . . ; m. nj is the number of
discrete melt packets produced from lithology j. DX j is
the degree of melting associated with each melt packet,
and X i

j ¼ ði� 1ÞDX j is the discretized degree of melting
(ci

j ¼ cjðX i
jÞ). The total degree of melting of each lithology

is X max
j ¼ njDX j. DX j is chosen to be small (DX j ¼ 0:01%)

to provide an accurate approximation to the true fractional
melt curve. In the limit that DX j ! 0 the continuous frac-
tional melt distribution is recovered.

The discrete analogue of (2) is

Cj ¼
Xnj

i¼1

~xi
jc

i
j ð6Þ

where the ~xi
j are normalised weights, xi

j ¼ xjðX i
jÞ,

~xi
j ¼

xi
jXnj

i¼1

xi
j

: ð7Þ
The mean composition of the total melt is then

C ¼
Xm

j¼1

Xnj

i¼1

fj ~xi
jc

i
j; ð8Þ

i.e. a weighted average over the compositions of the individ-
ual fractional melt packets.

3.2. Mixing scheme

The mixing scheme proposed here considers each sample
to be a particular mixture of fractional melts. The compo-
sition of a sample is thus a weighted average of the compo-
sitions of the individual fractional melt packets,

bC ¼Xm

j¼1

Xnj

i¼1

r̂i
jc

i
j; ð9Þ

which is very similar to (8), except that the weights r̂i
j are

chosen randomly: the hats on r̂i
j and bC are used to signify

that they are random variables. The probability distribu-
tion of the random weights r̂i

j determines the amount and
style of mixing. To be a valid mixture, the r̂i

j must only take
positive values and must satisfy the constant sum
constraint,

r̂i
j P 0;

Xm

j¼1

Xnj

i¼1

r̂i
j ¼ 1: ð10Þ

An additional constraint to place on the random weights r̂i
j

is that they should produce compositions that agree with (8)
in the mean, i.e. EðbCÞ ¼ C, where E denotes expected value.
This can be achieved by demanding that

Eðr̂i
jÞ ¼ fj ~xi

j: ð11Þ

Within the restrictions placed by (10) and (11) there are a
plethora of possible probability distributions for the
weights r̂i

j. Amongst these possible distributions, there is
one distribution that is particularly special. This distribu-
tion is the Dirichlet distribution, which has stronger inde-
pendence properties amongst the weights r̂i

j than all other
possible distributions (see Appendix B for a summary of
the properties of the Dirichlet distribution). These indepen-
dence properties mean that all fractional melt packets are
treated equally in the mixture, and in particular there is
no depth-dependence to the mixing process. To satisfy
(11), the weights r̂i

j are formally distributed as a Dirichlet
distribution with parameters ai

j given by

fr̂1
1; . . . ; r̂n1

1 ; . . . ; r̂1
m; . . . r̂nm

m g
� Dir a1

1; . . . ; an1
1 ; . . . ; a1

m; . . . ; anm
m

� �
;

ai
j ¼ ðN� 1Þfj ~xi

j; ð12Þ

Using a Dirichlet distribution, once the mean composition
is set by (11) there is only one further parameter controlling
the distribution of the weights. This parameter is given in
(12) as N , which we will term the mixing parameter, and
varies from 1 to 1. N controls the amount of mixing be-
tween the different fractional melts, with N ¼ 1 representing
no mixing and N ¼ 1 representing complete mixing. The
behaviour of the Dirichlet distribution is illustrated in
Fig. 7 for a simpler case of three components (rather than
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Fig. 7. Random samples drawn from a Dirichlet distribution
DirððN� 1Þ=3; ðN� 1Þ=3; ðN� 1Þ=3Þ shown as pie charts illus-
trating the behaviour of the mixing parameter N . For illustrative
purposes each sample is a mixture of just three possible compo-
nents (red, blue and white): the true fractional melt population
consists of an infinite number of components. The N ¼ 1 case
corresponds to the sampling of the individual components without
mixing, and hence each sample is a single colour. The N ¼ 1 case is
the well-mixed case where each of the components contributes
equally to each sample. The intermediate values of N show variable
proportions of each component, becoming more evenly distributed
as N increases. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this
article.)
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the formally infinite number of components produced by
fractional melting). Full details of the mixing scheme can
be found in Appendix C.

The mixing parameter N is the key controlling parame-
ter in the mixing scheme. When N ¼ 1, the samples from the
distribution are simply the individual fractional melt pack-
ets. When N is large, all samples have very similar compo-
sitions, close to that of the mean composition of the melt
produced. The role of the mixing parameter N is perhaps
0 200 400 600 800

40

60

80

100

120

Sr

D
ep

th
 (k

m
)

Unhomogenised

A pyroxenite
peridotite

Fig. 8. An example of homogenisation at depth. On the left is a plot show
depth. On the right is the same plot, but where all melts below a depth o
best understood in terms of the effect it has on the variance
of the sample concentrations,

varðbCÞ / 1

N
; ð13Þ

i.e. large N implies small variance, well mixed. N is related
to the mixing parameter M used by Maclennan (2008a) by
M ¼ 1� 1=N (M ¼ 0 is unmixed, M ¼ 1 is well-mixed).

The mixing parameter N used here is similar, but subtly
different to, the mixing parameter N used in the work of
Rudge et al. (2005) and Rudge (2006). In those papers, sam-
pling is achieved by mixing together a discrete number N of
independent identically distributed packets from a given
distribution. The parameter N in Rudge et al. (2005) and
Rudge (2006) is discrete, whereas the parameter N used in
the Dirichlet mixing scheme proposed here is continuous
(e.g. N ¼ 2:5 is allowed). The mixing scheme of Rudge
et al. (2005) and Rudge (2006) produces discrete distribu-
tions, as the proportions in which the different components
are allowed to mix is discrete. The key advantage of the
Dirichlet mixing scheme is that it produces continuous dis-
tributions. There are however strong similarities between
the two mixing schemes: both have concentration variance
/ 1=N , and both approach normal distributions for large
N . A more detailed discussion of the relationship between
the two schemes can be found in Appendix F.

3.3. Homogenisation at depth

The Dirichlet distribution-based mixing scheme de-
scribed above treats all fractional melt packets equally,
independent of the depth at which they are generated. Thus
as it stands the mixing scheme cannot be used to model
depth-dependent mixing processes. To create a mixing
scheme which includes some depth dependence in the mix-
ing, in some model runs we include an additional process
prior to applying the mixing scheme described above,
namely a process of homogenisation at depth. We defer dis-
cussion of what physical mechanism may cause such a
homogenisation to Section 5. In the model runs with a
homogenisation at depth the fractional melt distribution
is altered before sampling so that all melts taken from be-
low a certain prescribed depth are given a single composi-
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ing the fractional melt concentration for Sr in ppm as a function of
f 85 km have been homogenised over.



N = 1

N = 2

N = 16

N = ∞

Fig. 9. Plot similar to Fig. 7 illustrating the effect of homogeni-
sation at depth. In this example, the red and blue components are
homogenised over before applying the Dirichlet mixing scheme.
They thus occur in equal proportion in every sample, but the
relative proportion of the white component to the other two
components varies. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this
article.)
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tion equal to the appropriate weighted mean composition
below that depth. An example of this process can be seen
in Fig. 8. The homogenisation at depth has the effect of
removing a lot of the variability that is produced by the
very first fractional melts that have the highest concentra-
tions of incompatible elements. The fractional melts that
are homogenised over have an equal contribution to every
sample: an illustration of this can be seen in Fig. 9, again
for a simpler case of just three components.

3.4. Fractional crystallisation and concurrent mixing

In one of the model runs (Fig. 13) a further process is
included: fractional crystallisation and concurrent mixing.
This is particularly important when considering the forste-
rite content of the olivines that host the melt inclusions, as
fractional crystallisation then exerts a strong control. It is
thought that samples that have undergone a greater degree
of crystallisation are also likely to be more well mixed
(Maclennan et al., 2003a). To model this, a standard uni-
form random variable is introducedbU � Uniformð0; 1Þ ð14Þ

and functions are proposed that relate both the degree of
crystallisation v̂ and the mixing parameter bN to this stan-
dard uniform random variable,

v̂ ¼ vmax
bU 2; ð15Þ

bN ¼ N min
N max

N min

� �bU
: ð16Þ

The functions above are somewhat ad hoc. They were cho-
sen so that the degree of crystallisation varies from zero to
some maximum value vmax (here vmax ¼ 20%), and so that
the mixing parameter varies from some minimum N min to
some maximum value N max. Of course, many other func-
tions can be concocted that satisfy these properties: the
above are chosen simply to demonstrate the main effects
of concurrent mixing and crystallisation.

The compositions of the samples before crystallisation
are generated just as before, except that bN is now a random
variable rather a parameter, and thus is different for each
sample. The crystallisation is modelled using

bC cryst-sample ¼
bC

1� v̂
; ð17Þ

F̂ocryst-sample ¼ F̂o� av̂: ð18Þ

Eq. (17) gives the concentration of the crystallised sample:
for the purposes of this work it is assumed that La and
Yb can be considered as perfectly incompatible when mod-
elling crystallisation. Eq. (18) states that the forsterite con-
tent of the crystallised sample decreases linearly with the
degree of crystallisation. a is a parameter which governs
this decrease (here a ¼ 20). The true dependence of forste-
rite content on degree of crystallisation is non-linear (see
Maclennan et al., 2003a for details), a linearisation is used
here for simplicity.

4. MODEL RESULTS

4.1. Forsterite content – trace element systematics

Figs. 10 and 11 show plots from model runs with La and
Yb of variably mixed melts plotted against the forsterite
content of olivines in equilibrium with these melts for differ-
ent values of the mixing parameter N . Each point represents
a random sample from the distribution, and each sub-plot
shows 2000 such samples. The samples are colour-coded
according to proportion by mass in which each lithology
contributes to the sample, with dark blue being a pure melt
from the peridotite and dark red a pure melt from the
pyroxenite. When N ¼ 1 each sample represents a single
fractional melt, and lies on the curves expected for frac-
tional melting (similar to Fig. 5). For example, the first frac-
tional melts of the peridotite will be highly concentrated in
La (8 ppm) and be in equilibrium with �Fo90 olivines. La-
ter fractional melts will be much more depleted in La (tend-
ing to zero concentration) and be in equilibrium with more
forsteritic olivines. The first fractional melts of the pyroxe-
nite will have even higher concentrations of La (20 ppm) (as
the pyroxenite is rich in incompatible elements) but will be
in equilibrium with less forsteritic olivines (at around Fo84).
Later fractional melts will be again more depleted in La,
and again be in equilibrium with olivines with higher forste-
rite contents.

From each sub-plot to the next N doubles, each sub-plot
representing more mixing having taken place than in the
previous sub-plot. As the variance in concentration scales
with 1=N , each sub-plot has a reduction in standard devia-
tion of 1=

ffiffiffi
2
p

from the previous one. For large values of N
the distributions appear elliptical on these plots as they ap-
proach the normal distribution behaviour expected from
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Fig. 10. Model run showing La concentration of mixed melts plotted against forsterite content of equilibrium olivine for different values of
the mixing parameter N . The top left plot shows N ¼ 1, where each sample represents a single fractional melt composition. N then doubles
from each plot to the next. The points are coloured according to the proportion (relative mass) in which pyroxenite melting and peridotite
melting contribute to the sample: as can be seen in the N ¼ 1 plot, dark red corresponds to a melt purely sourced from the pyroxenite; dark
blue purely sourced from the peridotite. For large N the data start to resemble an ellipse, as would be expected from the central limit theorem.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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the central limit theorem. For large N , La shows a fairly
strong negative correlation with forsterite content (correla-
tion coefficient r ¼ �0:57) whereas Yb is essentially uncor-
related (r ¼ 0:16).

For comparison with the data shown in Fig. 4, Fig. 12
shows La and Yb of the mixed melts plotted against the for-
sterite content of the equilibrium olivine for a moderate va-
lue of the mixing parameter N ¼ 12, alongside the standard
deviation in La and Yb concentrations at fixed forsterite
contents. Unlike the simple binary mixing models of
Fig. 23 there is now a distinct difference in behaviour be-
tween La and Yb, more in line with what is seen in the
observations (Fig. 4). As the forsterite content of the olivine
decreases there is a distinct increase in the variance in La
concentration of the equilibrium melts whereas the variance
in Yb concentration of these melts decreases.

Fig. 13 shows a model run that includes the effect of con-
current mixing and crystallisation, as discussed in Sec-
tion 2.2. The mixing parameter increases from N ¼ 12
with no crystallisation to N ¼ 108 at 20% crystallisation
(a factor of 3 reduction in the concentration standard devi-
ation). Fig. 13 reproduces some of the key features seen in
the observations of Fig. 4: a peak in La variance around
Fo89 and steady decline in Yb variance with decreasing for-
sterite content. Hence models of melting a compositionally
heterogeneous source can account for the main features of
the observations presented in Fig. 4, although it should be
noted that they equally may well be explained by melting a
homogeneous source (Maclennan et al., 2003a).

4.2. Isotope – trace element systematics

The main motivation for studying the melting of a het-
erogeneous source is to examine the link between trace ele-
ment and isotope systematics, which we turn to now.
Fig. 14 shows a plot of La/Nd against 143Nd/144Nd for
model runs with different values of the mixing parameter
N , to be compared with the data in Fig. 2. The N ¼ 1 case
again shows the fractional melts. The peridotite source has
a depleted isotopic signature (143Nd/144Nd = 0.5133), the
pyroxenite source an enriched signature
(143Nd/144Nd = 0.5129). Since the melting process does
not fractionate 143Nd/144Nd the fractional melts preserve
the isotopic ratios of their sources and thus appear as ver-
tical lines in Fig. 2. As in Figs. 10 and 11, mixing reduces
the variance and the distribution starts to resemble a bivar-
iate normal distribution.

A key difference should be noted between the model and
the data: In the data shown in Fig. 2 there is a strong neg-
ative correlation between La/Nd and 143Nd/144Nd, whereas
the model shown in Fig. 14 predicts very little correlation
(r ¼ 0:05). This is a general feature: real data often show
much better correlations than would be expected from a
straightforward mixing of the fractional melts.
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Fig. 11. Model run as in Fig. 10, with Yb concentration of mixed melts plotted against forsterite content of the equilibrium olivine. Notice the
small range in Yb concentrations in the fractional melts (N ¼ 1) compared with the steep fractional melt curves for the highly incompatible La
in Fig. 10.
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One way of producing better correlations is by altering
the way mixing takes place. This is achieved in the model
by homogenising at a depth of 85 km before Dirichlet sam-
pling (see description in Section 3.3). The effect of homog-
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Fig. 14. Model run showing La/Nd against 143Nd/144Nd for different values of the mixing parameter N . Note that there is little correlation
between La/Nd and 143Nd/144Nd.
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1 For interpretation of color in Fig. 16, the reader is referred to
the web version of this article.
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enisation at depth is illustrated in Fig. 15 which shows a
plot of the correlation coefficients amongst different trace
element concentrations and isotopic ratios with and with-
out a homogenisation at depth. Unsurprisingly, Fig. 15
shows that trace elements with similar compatibilities corre-
late well with one another. The correlation pattern amongst
the trace elements is independent of the mixing parameter
N , but is substantially altered by the homogenisation at
depth. This is particularly noticeable amongst the more
incompatible elements (Hf to U), and arises because the sit-
uation essentially resembles that of binary mixing: Deep
melts which are homogenised over have uniform concentra-
tions of highly incompatible elements, shallow melts have
effectively zero concentrations of highly incompatible ele-
ments. The samples are simply a binary mixture between
one effective end member with uniform concentrations
and another with concentrations close to zero.

Fig. 16 shows a plot similar to Fig. 14 which includes
homogenisation at a depth of 85 km. The effect of the
homogenisation can most clearly be seen in the N ¼ 1
sub-plot in Fig. 16. The most extreme La/Nd ratios have
disappeared from those seen in Fig. 14 since they represent
the deepest fractional melts. In their place is a single point
at 143Nd/144Nd = 0.5130, La/Nd = 0.4 (circled) represent-
ing the homogenisation of the deep fractional melts below
85 km. The shallower fractional melts remain unhomogen-
ised, having lower La/Nd ratios and the isotopic ratios of
the original sources. Importantly, for large N there is now
a stronger inverse correlation between La/Nd and
143Nd/144Nd (r ¼ �0:87), more like that seen in the real
data (Fig. 2). Encouragingly, the scatter away from a single
binary mixing line which is observed in the data is also
reproduced by this model. It is important to realise that
such scatter away from the binary mixing trend is produced
on these plots by a melt mixing model where only two
source compositions are present. This model result indi-
cates that observation of scatter on such trace element-iso-
tope plots on MORB or OIB datasets need not require the
presence of three or more source compositions in the asso-
ciated mantle melting region.

This strong inverse correlation can be thought of as a
consequence of creating a pseudo-binary mixing situation.
In the N ¼ 1 sub-plot of Fig. 16 there are effectively three
end-members: the homogenised deep melts (the circled
green1 point), the shallow melts from the pyroxenite (dark
red points), and the shallow melts from the peridotite (dark
blue points, which have some spread in La/Nd). The shal-
low melts from the pyroxenite are formed after the pyroxe-
nite has undergone a degree of melting of 20% (Fig. 6) and
and will have next to no La and very small amounts of Nd.
The shallow melts of the peridotite are formed after the
peridotite has undergone a degree of melting of only 5%
and thus will have greater concentrations of both La and
Nd than the shallow melts of pyroxenite. The highest con-
centrations of La and Nd are in the homogenised deep
melts. Since the shallow pyroxenitic melts have such limited
concentrations of La and Nd, and since the source is mostly
peridotite (more than 80%), the mixing array is dominated
by pseudo-binary mixing between the homogenised deep
melts and the shallow melts from the peridotite. Note also
that binary mixing lines are linear on this plot due to the
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Fig. 16. Model run showing La/Nd against 143Nd/144Nd as in Fig. 14, except now all melts below a depth of 85 km are homogenised over.
The composition of the homogenised deep melts is indicated by a circle in the N ¼ 1 plot, and the composition of the unhomogenised shallow
melts of the pyroxenite by a square. Notice that for large N there is a strong inverse correlation between La/Nd and 143Nd/144Nd (where there
was little correlation in Fig. 14).
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common denominator Nd (Vollmer, 1976; Langmuir et al.,
1978).

A homogenisation depth of 85 km is used throughout
this work. We have experimented with this depth and found
it to be a reasonable value for producing the desired pseu-
do-binary trends. The effect of varying the homogenisation
depth can be seen in Fig. 17. Setting the homogenisation
depth below the onset of peridotite melting does not signif-
icantly change correlations from the unhomogenised case as
a substantial proportion of the variance in trace element
concentration is generated by fractional melting of the peri-
dotite which is more than 80% of the source (top panels of
Fig. 17). If the homogenisation depth is set much shallower
than 85 km then the shallow peridotite melts become too
depleted in incompatible elements to have much influence,
and the correlations seen in plots such as Fig. 16 become
worse (bottom panels of Fig. 17). Given the limitations of
the pMELTS modelling, as described in Section 3.1.2, our
preferred homogenisation depth of 85 km is not likely to
have physical significance in melt generation and mixing
under Iceland. A more robust conclusion is that the
strength of correlations found in the observations are
matched when all melts produced at depths greater than
the point where the peridotite matrix has undergone �5%
melting are mixed before extraction. As discussed in later
sections, this feature of the model results is likely to have
significance for understanding the physics of melt extrac-
tion under Iceland.

Figs. 18 and 19 show plots similar to Figs. 14 and 16 for
La/Yb plotted against 143Nd/144Nd. There is a similar
change in the correlation structure on homogenisation at
depth: going from essentially zero correlation without
homogenisation at depth to moderate negative correlation
(r ¼ �0:31) with. Interestingly, the model data show a tri-
angular structure for intermediate values of N (Fig. 19),
with greater variance in La/Yb at low values of
143Nd/144Nd than at high values. This triangular structure
is a feature also seen in the real data (Fig. 2) although
not a perfect match. The difference between the plots of
La/Nd in Fig. 16 and La/Yb in Fig. 19 lies in the fact that
Yb is much more compatible than Nd. As a result the shal-
low melts of the pyroxenite have significant concentrations
of Yb and the resulting mixing is more pseudo-ternary than
pseudo-binary with the shallow melts of the pyroxenite hav-
ing an influence. Mixtures with significant amounts of the
pyroxenitic shallow melts will be pulled down to low values
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Fig. 17. Model run showing La/Nd against 143Nd/144Nd as in Figs. 14 and 16, demonstrating the effect of varying the homogenisation depth.
Each subplot is labelled with homogenisation depth in the top left and N in the top right. The composition of the homogenised deep melts is
indicated by a circle in the N ¼ 1 subplots, and the composition of the unhomogenised shallow melts of the pyroxenite by a square. The middle
panels are for a homogenisation depth of 85 km as in Fig. 16. The top panels are for a deeper homogenisation depth of 105 km (just before the
onset of peridotite melting, see Fig. 6A). The bottom panels are for a shallower homogenisation depth of 70 km at which point there has been
significant peridotite melting (around 10%, see Fig. 6A).
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of La/Yb but their 143Nd/144Nd values will be largely set by
the Nd-bearing homogenised deep melts and peridotitic
shallow melts.

A further model run is shown in Fig. 20 that plots Nb,
Y, La/Yb and Sm/Yb against 208Pb/206Pb for N ¼ 5 and
a homogenisation depth of 85 km, to be compared with
the real data in Fig. 1. As can be seen in Fig. 15, after
homogenisation at depth, the lead isotopes show a reason-
able correlation with Nb and other highly incompatible ele-
ments, but correlate less well with the more compatible
elements such as Y. The Nb versus 208Pb/206Pb plot in
Fig. 20 bears some similarity with the data shown in
Fig. 1, although is not a perfect match. A notable similarity
between model and data is that at low 208Pb/206Pb there is
more variance in Nb concentrations than at high
208Pb/206Pb. The curved nature of the array is somewhat
also similar to a hyperbolic binary mixing line, and may ex-
plain why a binary mixing model works so well for the real
data (Fig. 1). Like the real data, the plots of Y and Sm/Yb
against 208Pb/206Pb are more diffuse.

The Nb against 208Pb/206Pb plot (Fig. 20A) can be
understood in terms of mixing between the three effective
end members of the homogenised deep melts, the shallow
melts from the pyroxenite, and the shallow melts from the
peridotite. The homogenised deep melts have high Nb con-
centrations (4 ppm) and 208Pb/206Pb = 2.02. The shallow
melts from the peridotite have less Nb (<1 ppm) and
208Pb/206Pb = 2.28. Mixing between homogenised deep
melts and the shallow peridotitic melts must lie on hyper-
bolic mixing lines between the two points with curvature
controlled by the relative concentrations of Pb: The homog-
enised deep melts have Pb concentrations more than a fac-
tor of 10 greater than the shallow peridotitic melts, leading
to a series of possible convex curves between the two points
for mixtures to lie on. The situation is slightly complicated
by the additional mixing in of the pyroxenitic shallow
melts: unlike in the ratio plot of Fig. 16 the pyroxenitic
shallow melts play more of a role because a concentration
is plotted on the vertical axis rather than a ratio. The pyrox-
enitic shallow melts have very little Pb so do not affect the
Pb isotopes, but the fact they have next to no Nb causes
them to reduce the Nb concentration at fixed 208Pb/206Pb
on the plot, leading to the triangular shape of the array.

The Y against 208Pb/206Pb plot (Fig. 20B) cannot be
thought of in terms of mixing between simple end members.
Since Y is relatively compatible, both the shallow pyroxe-
nitic and the shallow peridotitic melts exhibit a wide range
in Y concentrations (from 0 to 80 ppm for the pyroxenitic
melts, and from 0 to 100 ppm for the peridotitic melts,
see Fig. 6H) and thus cannot be thought of as simple end
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Fig. 18. Model run showing La/Yb against 143Nd/144Nd for different values of the mixing parameter N . Note that there is little correlation
between La/Yb and 143Nd/144Nd.
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members. This is the reason for the more diffuse distribu-
tion in Y versus 208Pb/206Pb. The variance in Y is highest
at low 208Pb/206Pb: this can be understood in terms of mix-
ing between the homogenised deep melts
(208Pb/206Pb = 2.02, Yb = 14 ppm) and the very shallow
(<75 km) melts from the peridotite and pyroxenite. These
very shallow melts have a wide range of Y concentrations
(from 0 to 100 ppm) but no Pb. They thus cause a large var-
iability in Y concentration with no variability in
208Pb/206Pb. In order to produce compositions with larger
208Pb/206Pb some mixing in of the unhomogenised melts
of the peridotite from around 85 to 75 km is required,
which have almost uniform concentration of Y of around
11 ppm.

The apparent binary mixing observed in the data on the
plots of La/Yb or Nb against 208Pb/206Pb can only be
matched by the mixing models under a certain set of cir-
cumstances. First, the Pb concentrations in the deep
homogenised melts must be 10 or more times higher than
those in the shallow unhomogenised melts from the perido-
tite (this produces curvature on the pseudo-binary mixing
line). Second, the Pb concentrations of the shallow unho-
mogenised melts from the pyroxenite should be very close
to zero (so they do not affect the Pb isotopic compositions).
Finally, the Nb and La concentrations of the shallow unho-
mogenised melts from both lithologies should be close to
zero (to match the samples that have high Pb isotopic ratios
but very low Nb and La/Yb). There are important trade-
offs between the depth of homogenisation, the partition
coefficients for the elements in the lithologies and the source
concentrations of the elements in models that successfully
reproduce the observations. Since the details of these
trade-offs are dependent on variables that are not well con-
strained in the source regions, the primary purpose of the
models is to illustrate that mixing of fractional melts from
a bi-lithological mantle can account both for the apparent
binary mixing in plots like Fig. 1A and the scatter in
Fig. 1D. Nevertheless, one robust feature of successful mix-
ing models is that the depth of homogenisation occurs after
only a small fraction of melting of the depleted peridotite
matrix: this feature is required to supply the Pb for the
apparent depleted end-member on these plots.

4.3. Isotope systematics

Mixing of fractional melts complicates the interpretation
of isotope ratio–isotope ratio plots, examples of which are
shown in Figs. 21 and 22. These plots again show the effect
of mixing for different values of the mixing parameter N ,
with and without homogenisation at depth. The model runs
demonstrate an important point that mixing arrays need
not point towards the source compositions, even when only
two end-member isotopic compositions are present in the
mantle source. This phenomenon holds true even for melt-
ing a uniform lithology, and an analytical demonstration of
this is given in Appendix E.

Without homogenisation at depth (Fig. 21), there are
just two points on the N ¼ 1 subplot given by the isotopic
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Fig. 19. Model run showing La/Yb against 143Nd/144Nd as in Fig. 18, except now all melts below a depth of 85 km are homogenised over. For
N P 16 there is distinctive pattern to the data with a greater variance in La/Yb at low 143Nd/144Nd than at high 143Nd/144Nd. Moreover the
highest 143Nd/144Nd corresponds to the lowest La/Yb. This distinctive pattern can be contrasted with the more circular patterns seen without
the homogenisation at depth in Fig. 18.
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Fig. 21. Model run showing 143Nd/144Nd plotted against 87Sr/86Sr for different values of the mixing parameter N . Colour coding is as in Figs.
10 and 11. Crosses show the isotopic compositions of the peridotite and pyroxenite sources. The black line in each plot is a best fit regression
line through the data. Notice that the regression lines do not go through the isotopic compositions of the sources, except when N ¼ 1. When
N ¼ 1 it is only possible to get isotopic ratios identical to that of the two source (the crosses). For comparison, a series of binary mixing curves
are shown in the N ¼ 1 subplot, with ratio of concentration ratios c ¼ 0:01; 0:1; 1; 10; 100. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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ratios of the two sources (the crosses). The N ¼ 2 subplot
demonstrates the wide range of compositions that can be
produced by mixing the fractional melts: in effect any of
the points on any of the mixing hyperbolae between the
two crosses is possible. This can be understood by consider-
ing the binary mixing hyperbola between a single fractional
melt from the peridotite and a single fractional melt from
the pyroxenite. The curvature of this mixing hyperbola is
controlled by the ratio c of Sr/Nd ratios of the two frac-
tional melts, namely (Vollmer, 1976; Langmuir et al., 1978)

c ¼
ðSr=NdÞpyroxenitemelt

ðSr=NdÞperidotitemelt

: ð19Þ

When c ¼ 1 the mixing hyperbola is a straight line; for c < 1
it is convex (bending below a straight line between the two
source compositions); and for c > 1 it is concave (bending
above). Examples of the binary mixing curves are shown
in the N ¼ 1 subplot of Fig. 21. As Sr is more incompatible
than Nd, the Sr/Nd ratio is variable amongst the different
fractional melts, varying for both peridotite and pyroxenite
from around Sr/Nd = 30 near the onset of melting to Sr/
Nd=0 for the shallowest fractional melts (Fig. 6E, F). As
a result it is possible to get any value of c by suitably choos-
ing the depths of the two fractional melts. To get a large va-
lue of c� 1 one can pick a deep melt from the pyroxenite
(Sr/Nd around 30) and a shallow melt from the peridotite
(Sr/Nd near zero). Likewise, to get a small value of c� 1
one can pick a shallow melt from the pyroxenite (Sr/Nd near
zero) and a deep melt from the peridotite (Sr/Nd around
30). By mixing the two chosen fractional melts in different
proportions it is possible to be at any point along the given
binary mixing hyperbola. Each point in the N ¼ 2 subplot
actually involves mixing between the whole distribution of
possible fractional melts, rather than just two, but the simple
mixing of two fractional melts demonstrates how such a
large range of compositions is possible.

As N increases a bivariate normal distribution is recov-
ered. The slope of the mixing array is somewhat shallower
than that for a line through the two source compositions. In
simpler single lithology models (details in Appendix E), this
shift in the slope is purely controlled by the relative compat-
ibilities of the two elements in question (here Nd and Sr), as
is the correlation coefficient. The more similar the compat-
ibilities of the two elements in question, the closer the slope
of the line will be to that of the line through the sources,
and the closer the correlation coefficient to unity.

With the homogenisation at depth (Fig. 22), there is an
additional green point on the N ¼ 1 sub-plot representing
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Fig. 22. Model run showing 143Nd/144Nd plotted against 87Sr/86Sr as in Fig. 21, except now all melts below a depth of 85 km are homogenised
over. The composition of the homogenised deep melts is indicated by a circle in the N ¼ 1 plot. As in Fig. 21, the regression lines do not go
through the isotopic compositions of the sources, and moreover the slopes of the regression lines have changed substantially.
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the composition of the homogenised deep melts. As N in-
creases a bivariate normal distribution is again recovered,
except now the slope of the array is steeper than the line
through the sources. It is thus clear that identifying the
end points of mixing arrays with the compositions of man-
tle sources is fraught with difficulty: even in the simplest
case of a binary source there is no guarantee that the source
compositions lie on the line through the data array, and
moreover the sources can lie on different sides of the line
depending on how the fractional melts are mixed. Only in
isotope ratio–isotope ratio plots where the isotope ratios
are of the same element (e.g. 207Pb/204Pb against
206Pb/204Pb) are the arrays guaranteed to point at the
source compositions. In addition there is the well-known
problem of variance reduction: we don’t know how much
mixing has taken place (i.e. what N is) and thus how far
away the true mantle source compositions lie from the
array.

5. DISCUSSION

The preceding section has examined how some of the
general features of the geochemical systematics of oceanic
basalts can be explained in terms of melting and mixing.
Evidence has been provided for some form of homogenisa-
tion at depth, which raises the question as to what physical
mechanism could cause such a homogenisation. One possi-
bility is that the early melts of the pyroxenite are unable to
escape because the surrounding peridotite has not yet be-
gun to melt, causing a permeability barrier. Only once the
peridotite crosses its solidus and begins to melt can chan-
nels nucleate to provide rapid transport to the surface
(Lundstrom et al., 2000; Spiegelman and Kelemen, 2003;
Weatherley and Katz, 2012; Mallik and Dasgupta, 2012).
The trapped early melts of the pyroxenite will have time
to mix and homogenise before transport to the surface, as
may also the very earliest melts of the peridotite before
the channels form. This mixing geometry is consistent with
the homogenisation depth used throughout this manu-
script, which lies just above the depth at which the perido-
tite crosses its solidus. The models of Weatherley and Katz,
2012 indicate that the homogenised deep melts may then be
transported in relative isolation towards the shallow part of
the system. These deep melts then mix with the shallow
melts in crustal magma chambers, and the mixing parame-
ter N may reflect the mixing that takes place there. How-
ever, there are other reasons to expect the deeper melts to
be more homogenised that the shallower melts, not least
of which is the simple fact that the deeper melts have a long-
er transport path from their formation to the surface, and
hence more time to mix with other melts en route.

The statistical models of mixing presented here are in
their infancy, and there is plenty of scope for further devel-
opment. One possible avenue for future research is to look
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at alternatives to the Dirichlet distribution for drawing the
random weights. The Dirichlet distribution is rather special,
and has strong independence properties that make it unsuit-
able for modelling depth-dependent mixing processes. This
restriction was overcome in this manuscript by first altering
the fractional melt population through a simple homogeni-
sation at depth, followed by an application of the Dirichlet
sampling scheme, the combination of which can be thought
of as producing a single distribution for the random weights
that is different from the Dirichlet distribution. However, a
much more general approach would be to directly consider
alternative distributions for the random weights, rather
than have this two step process. With a more general distri-
bution for the random weights one could model a less
abrupt transition in behaviour with depth.

The focus of this work has been to obtain general insights
into the role of melt mixing in producing geochemical distri-
butions, rather than to produce exact fits to real data. To
this end, the melt model has been kept constant throughout
this work, with the same degree of melting on average for all
model runs. The source compositions too have remained
constant. If a particular suite of observations of short-
lengthscale geochemical variation is to be investigated with
this mixing model it is first necessary to match the mean of
the observations by an appropriate choice of degree of melt-
ing and source composition before trying to match the local
variability by adjusting the mixing process.

In this manuscript we have looked at datasets from Ice-
land that are highly restricted in space and time, such as
whole-rock samples from single volcanic systems, or suites
of olivine-hosted melt inclusions from single eruptions. This
restriction justifies our assumption that the average degree
of melting is constant. In our model, heterogeneity arises
purely from the incomplete mixing of fractional melts. This
contrasts with a number of studies (e.g. Phipps Morgan,
1999; Ito and Mahoney, 2005a,b; Ingle et al., 2010) that
have used models with complete mixing but varying degrees
and styles of melting to explain the heterogeneity seen over
larger geographical areas and in global data sets. Undoubt-
edly, the variation in the melting process is important at lar-
ger length scales, and an obvious avenue for future research
would be to develop a model that has both a variation in
the melting process and an incomplete mixing of the frac-
tional melts.

6. CONCLUSIONS

The relationships between isotopes of incompatible ele-
ments in suites of closely-spaced, temporally restricted ba-
salt samples from mid-ocean ridges and ocean islands are
often described in terms of binary mixing between depleted
and enriched melts or solid sources. Binary mixing has also
been used to account for the relationships between these
isotopic ratios and the elemental concentrations or concen-
tration ratios. However, binary mixing cannot account for
the relationships between moderately incompatible trace
elements and the isotopes of incompatible elements. Fur-
thermore, the presence of widespread U-series disequilib-
rium in young basalts, and the systematics of trace
element variation in olivine-hosted melt inclusions, indicate
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that part of the local compositional variation in basaltic
suites is due to the mantle melting process.

A model of mixing of fractional melts from a bi-litholog-
ical mantle is able to account both for the apparent binary
mixing relationships in incompatible elements and for the
weaker covariations observed for more compatible trace ele-
ments. In these models, enriched, fusible heterogeneities are
carried in a depleted, refractory peridotite mantle matrix.
Unconstrained mixing of fractional melts of these two
lithologies produces weak correlations between incompati-
ble elements and their isotopes which do not resemble the
strong correlations observed in suites of basaltic samples
or olivine-hosted melt inclusions. The observed correlations
are matched, however, when deep melts produced from both
lithologies are effectively homogenised before they mix with
the range of fractional melt compositions produced in the
shallow parts of the melting region. The best fits to the data
are obtained when fractional melts produced deeper than
the level at which the peridotite matrix has undergone
�5% melting are homogenised. This pattern of mixing al-
lows for some variance to be derived from the incompatible
elements still remaining in the peridotite residue at 5% melt-
ing. The weak covariance of more compatible elements (Y,
Yb) with the incompatible elements is also accounted for
by this mixing because these elements are released shallower
in the melt region than the fixed depth of homogenisation.
The model can also account for the observed decoupling
of the evolution of variance of La and Yb as a function of
host forsterite content in olivine-hosted melt inclusions.

The examples in this manuscript have hopefully made
clear the importance of mixing in the interpretation of the
geochemical systematics of oceanic basalts. Mixing plays
a role not only in the obvious sense of reducing the variabil-
ity of geochemical observations, but also in subtly changing
the correlations between different variables. While this cer-
tainly creates problems for interpretation, it may also mean
that the observed correlations and geochemical distribu-
tions can shed light on the physics of melting and melt
migration processes. Indeed this work suggests it may be
possible to constrain the depth at which channelised flow
begins from such geochemical distributions. Homogenisa-
tion at depth can lead to the pseudo-binary nature of a
number of geochemical plots whose end-members are not
representative of the true mantle sources.
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APPENDIX A. THE FAILURE OF BINARY MIXING

TO EXPLAIN LA–YB–FO SYSTEMATICS

It is natural to ask whether the differing behaviour of La
and Yb in Fig. 4 can be accounted for by binary mixing of
two melts combined with fractional crystallisation. The key
differences in the observations that need to be reproduced
by the modelling can be understood by examining
Fig. 4B, D and noting that the standard deviation of La in-
creases with decreasing forsterite content up to a peak
around Fo88 whereas the standard deviation of Yb has a
peak around Fo90 and a subsequent decrease with decreas-
ing forsterite content.

In order to test whether these differing evolutions of
standard deviation could be matched with binary mixing
and fractional crystallisation, we developed a simple model.
Melt inclusions with La/Yb close to the extremes of the
Borgarhraun dataset and in suitably forsteritic olivines
were taken as end-member melts and then were mixed to-
gether in varying proportions in order to produce an array
of mantle melts on a binary mixing array (Fig. 23). The melt
inclusion used as a depleted end-member was hosted in a
Fo91:4 olivine while the inclusion used as the enriched end-
member was found trapped in a Fo88:5 olivine. For this very
simple mixing model, it was assumed that there was not suf-
ficient variation in the Mg and Fe contents of the mantle
melts for there to be substantial non-linearity in the rela-
tionship between the proportion of depleted and enriched
melts in the mixture and the forsterite content of the olivine
crystallising from the mixed melt. In other words, olivines
growing from a 50:50 mixture of the two melts were pre-
dicted to contain 90.1 mol% forsterite. Formally, the initial
melt compositions and forsterite contents were determined
by binary mixing asbC ¼ q̂Ce þ ð1� q̂ÞCd; ðA:1Þ

F̂o ¼ q̂Foe þ ð1� q̂ÞFod; ðA:2Þ

where q̂ � Uniformð0; 1Þ is a uniform random variable
determining the proportion of the enriched end-member
in the mixture, and ‘e’ and ‘d’ refer to the enriched and de-
pleted compositions respectively. The mixed model mantle
melts were then allowed to undergo variable extents of frac-
tional crystallisation, up to a maximum of 35%. The crys-
tallisation was modelled using using equations (17) and
(18), with the random variable v̂ � Uniformð0; 0:35Þ.

A set of 500 random samples generated by this scheme is
shown in Fig. 23. Comparison of the results of the binary
mixing model (Fig. 23) with the Borgarhraun observations
(Fig. 4) is informative. Unsurprisingly, the binary mixing
model can reproduce the steep increase in the maximum
La of melts with decreasing forsterite content of the olivine
host between Fo92 and Fo85. The variations in the running
means in panels A and C of Figs. 4 and 23 are broadly sim-
ilar, with a change in the gradient of the running means of
both La and Yb at about 88 mol% forsterite. However, the
evolution of the standard deviations in panels B and D of
Figs. 4 and 23 show two important differences between
the model and the results.

The first key difference is that the standard deviation of
both La and Yb increases with decreasing olivine host for-
sterite content in the models, while the observations both
show dropping variance at forsterite contents of less than
about 88 mol%. This mismatch is to be expected, because
the model does not include the effects of concurrent mixing
and crystallisation, which acts to destroy variance in the
melt inclusion compositions with lowering forsterite
contents.
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The second important difference between the observed
and modelled evolution of standard deviations relates to
the important decoupling of La and Yb in the observations,
but the correlated behaviour of La and Yb in the binary
mixing models. In the observations, Yb shows a peak in
variability at close to Fo90, while La variation remains high
between Fo90 and Fo88. The evolution of the variation in
melt inclusion compositions with forsterite content can be
understood as a balance between the destruction of vari-
ance by mixing and the generation of variance by the addi-
tion of compositionally variable mantle melts. The
observation that variation in La is maintained between
Fo90 and Fo88 implies that mantle melts with high La and
in equilibrium with olivines with forsterite contents of
< 90 mol% are supplied to the system. However, these
melts cannot have extreme values of Yb or else they would
contribute to variance in Yb and maintain a high standard
deviation for Yb between Fo90 and Fo88, which is contrary
to observations. In the case of binary mixing, the enriched
melts added are in equilibrium with Fo88:5 olivines and their
introduction helps to rapidly build variation both in La, be-
cause these melts have the highest La contents, and in Yb,
because they are low in Yb. This building variability with
decreasing forsterite content is displayed on panels B and
D of Fig. 23 between about Fo91 and Fo88:5 in the models
for both La and Yb. Therefore the binary mixing model
cannot match the observed decoupling in the evolution of
La and Yb variance because in the binary mixing model
the enriched end-member has an extreme composition for
both La (maximum) and Yb (minimum) and adds variabil-
ity to both elements.

While binary mixing models can produce good fits to
observed covariations of incompatible element concentra-
tions, ratios and isotope ratios, they cannot account for
the systematics of moderately compatible elements nor
the evolution of variance in melt inclusion trace element
concentrations as a function of their host olivine
composition.

APPENDIX B. THE DIRICHLET DISTRIBUTION

The Dirichlet distribution is a continuous probability
distribution that produces random proportions. It is char-
acterised by a set of n parameters fa1; a2; . . . ; ang and has
the probability density function,

f ðx1; . . . ; xn�1; a1; . . . ; anÞ /
Yn

i¼1

xai�1
i ; ðB:1Þ

for all x1; . . . ; xn�1 > 0 satisfying x1 þ . . .þ xn�1 < 1. The
remaining component is given by the expression
xn ¼ 1� x1 � . . .� xn�1.

A vector of random variables with a Dirichlet distribu-
tion, f/̂1; /̂2; . . . /̂ng � Dirða1; a2; . . . anÞ, has moments

Eð/̂iÞ ¼ wi; ðB:2Þ

varð/̂iÞ ¼
wi � w2

i

a0 þ 1
; ðB:3Þ

covð/̂i; /̂jÞ ¼
�wiwj

a0 þ 1
; ði–jÞ: ðB:4Þ
where

a0 ¼ a1 þ a2 þ . . .þ an; ðB:5Þ

wi ¼
ai

a0

: ðB:6Þ

Thus the wi set the mean of the distribution, while the a0

parameter has a key control on the variance.
The Dirichlet distribution is characterised by its very

strong independence properties. In particular it has the
property of complete neutrality, whereby each of the ele-

ments /̂i of the random vector f/̂1; /̂2; . . . /̂ng are indepen-
dent of the relative proportions of all the other elements.
The very strong independence properties of the Dirichlet
distribution are both a strength and a weakness (see Aitch-
ison, 1985 for a detailed discussion). A key limitation is that
any two components of the Dirichlet vector must covary
negatively (B.4): it cannot be used to model a situation with
positive covariance.

A special case of the Dirichlet distribution is the sym-
metric Dirichlet distribution in which all the wi are identical
(wi ¼ 1=n). Then, for a0 ¼ n, the distribution is uniform
with each possible composition having equal probability.
For a0 < n the distribution is concentrated at the extremes
of the simplex; for a0 > n the distribution is concentrated
near the mean.

The infinite dimensional generalisation of the Dirichlet
distribution is the Dirichlet process. Formally, the model
used here is based on the Dirichlet process, but has been
discretized by the splitting into discrete melt packets. The
discretized form is used here throughout because it is more
amenable to numerical computation.

B.1. Random Dirichlet means

The mixing scheme used in this work exploits weighted
sums of concentrations where the weights are generated
randomly from the Dirichlet distribution (random Dirichlet
means). It is thus useful to know the general properties of
sums with Dirichlet weights.

Let f/̂1; /̂2; . . . /̂ng � Dirða1; a2; . . . anÞ, and
fŷ1; ŷ2; . . . ŷng be a set of independent (but not necessarily
identically distributed) random variables. Assume that the
ŷi are independent of the /̂i. We are interested in the behav-
iour of the sum

bY ¼Xn

i¼1

/̂iŷi: ðB:7Þ

Using the expressions for the moments of the Dirichlet dis-
tribution given in (B.2), (B.3), and (B.4), it can be shown
that the moments of bY are given by

EðbY Þ ¼Xn

i¼1

wiEðŷiÞ; ðB:8Þ

varðbY Þ¼ 1

a0þ1

Xn

i¼1

wi EðŷiÞ�EðbY Þ� �2

þ
Xn

i¼1

wið1þa0wiÞvarðŷiÞ
 !

:

ðB:9Þ

Given two such sums
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bY ð1Þ ¼Xn

i¼1

/̂iŷ
ð1Þ
i ; bY ð2Þ ¼Xn

i¼1

/̂iŷ
ð2Þ
i ; ðB:10Þ

their covariance is given by

cov bY ð1Þ; bY ð2Þ� �
¼ 1

a0þ 1

Xn

i¼1

wi E ŷð1Þi

� �
�E bY ð1Þ� �� �

E ŷð2Þi

� �� 

�E bY ð2Þ� ��
þ
Xn

i¼1

wið1þ a0wiÞcov ŷð1Þi ; ŷð2Þi

� �!
:

ðB:11Þ

Further detailed discussion of random Dirichlet means can
be found in Hjort and Ongaro (2005), which includes
expressions for higher moments and a proof of asymptotic
normality for large a0.

B.2. Ratios of random Dirichlet means

We are also interested in the behaviour of ratios of sums,
e.g. when considering the distribution of an isotopic ratio.
Such ratios behave in a non-linear fashion, and their gen-
eral behaviour can be quite complicated (see discussion in
Rudge et al., 2005). However, in some circumstances the
behaviour of the ratio of sums can be linearised, and
asymptotic expressions for the moments can be derived
(see Appendix B of Rudge, 2006). Let

bY ¼Xn

i¼1

/̂iŷi; bZ ¼Xn

i¼1

/̂i ẑi; ðB:12Þ

and consider the ratio of sums

bR ¼ bYbZ : ðB:13Þ

When a0 � n, we can linearise the ratio expression as

bR � EðbY Þ
EðbZÞ þX

n

i¼1

/̂iŷH

i ðB:14Þ

where

ŷH

i ¼
1

EðbZÞ ŷi �
EðbY Þ
EðbZÞ ẑi

 !
: ðB:15Þ

Using the fact that

E
Xn

i¼1

/̂iŷH

i

 !
¼ 0; ðB:16Þ

and the expressions in (B.8) and (B.9), we have the follow-
ing asymptotic expressions for the moments of bR,

EðbRÞ � EðbY Þ
EðbZÞ ; ðB:17Þ

varðbRÞ � 1

a0 þ 1

Xn

i¼1

wi EðŷH

i Þ
� �2 þ

Xn

i¼1

wið1þ a0wiÞvarðŷH

i Þ
 !

:

ðB:18Þ

Similarly, from (B.11), the asymptotic covariance between
two such ratios of sums is
cov bRð1Þ; bRð2Þ� �
� 1

a0þ 1

Xn

i¼1

wiE ŷHð1Þ
i

� �
E ŷHð2Þ

i

� � 

þ
Xn

i¼1

wið1þ a0wiÞcov ŷHð1Þ
i ; ŷHð2Þ

i

� �!
: ðB:19Þ
APPENDIX C. MOMENTS OF THE SAMPLE

CONCENTRATIONS

We can use the general expressions for the moments of
random Dirichlet means given in the preceding section to
derive expressions for the moments of the sample distribu-
tion in our model. Given the discrete set of fractional melts
ci

j, i.e. the ith fractional melt from the jth lithology, the
composition of the samples is determined according to
the following scheme:

fq̂1
j ; . . . ; q̂nj

j g � Dir ðN� 1Þfj ~x1
j ; . . . ; ðN� 1Þfj ~xnj

j

� �
;

ðC:1Þ

Ĉj ¼
Xnj

i¼1

q̂i
jc

i
j; ðC:2Þ

fp̂1; . . . ; p̂mg � Dir ðN� 1Þf1; . . . ; ðN� 1Þfmð Þ; ðC:3Þ

bC ¼Xm

j¼1

p̂jĈj; ðC:4Þ

where N is the mixing parameter, fj is the expected propor-
tion of melt arising from each lithology (see (5)), and nj is
the number of discrete fractional melt packets produced
from each lithology. Ĉj represents the composition of the
melt produced from each lithology, whereas bC is the final
composition of the sample pooling melts from all the
lithologies.

The mixing scheme (C.1)–(C.4) can also be written more
concisely using a single set of Dirichlet weights r̂i

j ¼ p̂jq̂i
j as

fr̂1
1; . . . ; r̂n1

1 ; . . . ; r̂1
m; . . . r̂nm

m g
� Dir a1

1; . . . ; an1
1 ; . . . ; a1

m; . . . ; anm
m

� �
;

ai
j ¼ ðN� 1Þfj ~xi

j; ðC:5Þ

bC ¼Xm

j¼1

Xnj

i¼1

r̂i
jc

i
j: ðC:6Þ

The fractional melts for each lithology have moments in
discretized form as

Cj ¼
Xnj

i¼1

~xi
jc

i
j �

Z X max
j

0

~xjðX ÞcjðX ÞdX ; ðC:7Þ

r2
j ¼

Xnj

i¼1

~xi
j ci

j � Cj

� �2

�
Z X max

j

0

~xjðXÞ cjðXÞ � Cj

� �2
dX : ðC:8Þ

The moments of the sample composition have simple
expressions in terms of the above fractional melt moments.
The moments of Ĉj, the melt produced by each lithology,
are given by applying (B.8) and (B.9)–(B.19), (C.1), (C.2)
to yield
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EðĈjÞ ¼ Cj; ðC:9Þ

varðĈjÞ ¼
r2

j

ðN� 1Þfj þ 1
: ðC:10Þ

Combining the above expressions with (B.8), (B.9), and
(C.4), yields the expressions for the sample moments as

EðbCÞ ¼Xm

j¼1

fjCj ¼ C; ðC:11Þ

varðbCÞ ¼ 1

N

Xm

j¼1

fj Cj � C
� �2

þ
Xm

j¼1

fjr
2
j

 !
: ðC:12Þ

(C.11) demonstrates that the mean of the sample distri-
bution is simply the appropriate weighted mean of the melts
produced by each lithology. (C.12) shows that mixing re-
duces the variance by a factor of 1=N from that of the ori-
ginal fractional melt population, and divides the variance
into two sources: the first sum in (C.12) represents the var-
iance due to differences in the mean composition of melt be-

tween the different lithologies; the second sum represents
the variance due to differences in fractional melt composi-
tion within each lithology.

For two elements, the covariance of bC ð1Þ and bC ð2Þ is,
using (B.11),

covðbC ð1Þ; bC ð2ÞÞ
¼ 1

N

Xm

j¼1

fj Cð1Þj � Cð1Þ
� �

Cð2Þj � Cð2Þ
� �

þ
Xm

j¼1

fjr
ð1;2Þ
j

 !
;

ðC:13Þ

where

rð1;2Þj ¼
Xnj

i¼1

~xi
j cið1Þ

j � Cð1Þj

� �
cið2Þ

j � Cð2Þj

� �
ðC:14Þ

�
Z X max

j

0

~xjðX Þ cð1Þj ðX Þ � Cð1Þj

� �
cð2Þj ðX Þ � Cð2Þj

� �
dX ; ðC:15Þ

represents the covariance of the fractional melts produced
from lithology j. The expression in (C.13) can be used to
determine the expected correlation between different ele-
ments using

corðbC ð1Þ; bC ð2ÞÞ ¼ covðbC ð1Þ; bC ð2ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var bC ð1Þ� �

var bC ð2Þ� �r : ðC:16Þ

Importantly, this correlation will be independent of the
mixing parameter N . Such correlations have been discussed
in detail for the melting of a single lithology source by
Slater et al. (2001).

APPENDIX D. MOMENTS FOR A SIMPLE MELTING

MODEL

It is useful to examine the behaviour of a simple melting
model, for which analytical expressions for the moments in
the preceding section can be obtained. Consider the distri-
bution of fractional melts produced by modal fractional
melting with a constant partition coefficient,
cjðX jÞ ¼
C0

j

D
ð1� X jÞ1=D�1; ðD:1Þ

where C0
j is the source concentration, D is the constant par-

tition coefficient, and X j is the degree of melting. Assuming
a constant weight function (1D melting column), (C.7),
(C.8), and (C.15) become
Cj ¼
C0

j

X max
j

1� ð1� X max
j Þ

1=D
� �

; ðD:2Þ

r2
j ¼
ðC0

j Þ
2

X max
j

1� ð1� X max
j Þ

2=D�1

Dð2� DÞ �
1� ð1� X max

j Þ
1=D

� �2

X max
j

0B@
1CA;
ðD:3Þ

rð1;2Þj ¼
C0ð1Þ

j C0ð2Þ
j

X max
j

1� ð1� X max
j Þ

1=Dð1Þþ1=Dð2Þ�1

Dð1Þ þ Dð2Þ � Dð1ÞDð2Þ

 

�
1� ð1� X max

j Þ
1=Dð1Þ

� �
1� ð1� X max

j Þ
1=Dð2Þ

� �
X max

j

1A:
ðD:4Þ

These expressions for the moments are somewhat cum-
bersome. More insightful expressions are obtained when
it is assumed that the element in question is highly
incompatible, so that D� 1. Then (D.2), (D.3), and
(D.4) become

Cj �
C0

j

X max
j

; ðD:5Þ

r2
j �

ðC0
j Þ

2

2X max
j D

; ðD:6Þ

rð1;2Þj �
C0ð1Þ

j C0ð2Þ
j

X max
j Dð1Þ þ Dð2Þ
� � : ðD:7Þ

The correlation coefficient between two elements is given
by

rð1;2Þj ¼
rð1;2Þjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ð1Þ

j r2ð2Þ
j

q � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð1ÞDð2Þ
p

Dð1Þ þ Dð2Þ
¼

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð2Þ=Dð1Þ

q
1þ Dð2Þ=Dð1Þ

; ðD:8Þ

and depends only on the ratio of the two partition
coefficients, Dð2Þ=Dð1Þ. Two elements with the same par-
tition coefficient correlate perfectly (rð1;2Þj ¼ 1); the corre-
lation decreases as Dð2Þ=Dð1Þ increases or decreases away
from 1. The slope of the geometric regression line in a plot
of the concentration of one element against another is given
by

bð1;2Þj ¼

ffiffiffiffiffiffiffiffiffi
r2ð2Þ

j

r2ð1Þ
j

vuut �
C0ð2Þ

j

C0ð1Þ
j

ffiffiffiffiffiffiffiffi
Dð1Þ

Dð2Þ

s
; ðD:9Þ

and is similarly controlled by the ratio of the two partition
coefficients.
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APPENDIX E. ISOTOPE RATIO–ISOTOPE RATIO

PLOTS

The effect seen in Fig. 21, where a regression line
through model data in an isotope ratio-isotope ratio plot
does not go through the isotopic compositions of the
sources, is a general feature of mixing of fractional melts
and is not dependent on the two lithology nature of the
source. Here we provide a simple analytical derivation of
this effect assuming a single lithology source.

Let ŷi and ẑi represent the discrete fractional melt isoto-
pic compositions (e.g. y could be 143Nd and z could be
144Nd). We are interested in the behaviour of the ratio of
sums

bR ¼ bYbZ ¼
Xn

i¼1

q̂iŷi

Xn

i¼1

q̂iẑi

: ðE:1Þ

Recalling the results from B.2, the random variable bR has
an asymptotic mean of

EðbRÞ � y
z
; ðE:2Þ

where y ¼ EðbY Þ and z ¼ EðbZÞ, and an asymptotic variance

varðbRÞ � 1

N
EðŷH2Þ; ðE:3Þ

where

ŷH ¼ ẑ
z

ŷ
ẑ
� y

z

� �
: ðE:4Þ

Suppose we sample the fractional melts from a binary
source, where each source has a distinct but uniform isoto-
pic composition. Suppose we have a probability f of sam-
pling a melt from source a and a probability 1� f of
sampling a melt from source b. Then the isotopic ratio
ŷ=ẑ of the fractional melts will have a distribution

ŷ
ẑ
¼
ðy=zÞa; with probability f ;

ðy=zÞb; with probability 1� f ;

	
ðE:5Þ

where ðy=zÞa and ðy=zÞb are the isotopic ratios of the two
sources. Note that

E
ŷ
ẑ

� �
¼ f

y
z

� �
a
þ ð1� f Þ y

z

� �
b
: ðE:6Þ

We will assume that the concentrations ẑ are independent of
the isotopic ratios ŷ=ẑ. This assumption will not be valid in
general, particularly not for multiple lithology sources,
where isotopic ratios can correlate with source concentra-
tions, but for simplicity it is assumed here. With this inde-
pendence assumption we have that

y
z
¼ EðŷÞ

EðẑÞ ¼ E
ŷ
ẑ

� �
ðE:7Þ

and hence (E.5) may be rewritten using (E.6) and (E.7) as

ŷ
ẑ
� y

z
¼
ð1� f ÞD; with probability f ;

�f D; with probability 1� f ;

	
ðE:8Þ
where D represents the difference in isotopic ratios between
the two sources,

D ¼ y
z

� �
a
� y

z

� �
b
: ðE:9Þ

From (E.3), (E.4), and (E.8) it follows that

varðbRÞ � 1

N
EðŷH2Þ ¼ 1

N
E

ŷ
ẑ
� y

z

� �2
" #

E ẑ=zð Þ2
h i

¼ fð1� fÞD2

N
E ẑ=zð Þ2
h i

: ðE:10Þ

Consider a plot of an isotopic ratio bRð2Þ (e.g. 143Nd/144Nd)
against another isotopic ratio bRð1Þ (e.g. 87Sr/86Sr). The
asymptotic mean of the model data will lie on the line going
through the isotopic compositions of the two sources. How-
ever, the slope of the geometric regression line through the
model data is given by

b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðbRð2ÞÞ
varðbRð1ÞÞ

s
� Dð2Þ

Dð1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E ẑð2Þ=zð2Þð Þ2
h i

E ẑð1Þ=zð1Þð Þ2
h i

vuuut ðE:11Þ

and thus will not necessarily be the same as that of the
slope of line through the two sources, which has slope
Dð2Þ=Dð1Þ. The difference between the two slopes depends
on the factor

n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E ẑð2Þ=zð2Þð Þ2
h i

E ẑð1Þ=zð1Þð Þ2
h i

vuuut : ðE:12Þ

For the simple melting model of Section Appendix D, we
have from (D.5) and (D.6) that

Eððẑ=zÞ2Þ � X max

2D
: ðE:13Þ

and hence the factor n is given by the simple expression

n �

ffiffiffiffiffiffiffiffi
Dð1Þ

Dð2Þ

s
: ðE:14Þ

Thus the adjustment in slope is purely controlled by the
ratio of the partition coefficients of the two elements in
question. For example, if 87Sr/86Sr is on the x-axis and
143Nd/144Nd is on the y-axis, then, since DSr < DNd,
n < 1 and we expect the slope of the regression line to
be shallower than the line which goes through the source
compositions. A shallower slope for the regression line is
also what is observed in Fig. 21, although it should be
noted that Fig. 21 is for a two lithology case where the
independence assumption leading to (E.7) may not be
appropriate.

A simple expression can also be obtained for the corre-
lation coefficient rð1;2Þ in the isotope ratio-isotope ratio plot.
The asymptotic expression is
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rð1;2Þ � EðŷHð1ÞŷHð2ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EððŷHð1ÞÞ2ÞEððŷHð2ÞÞ2Þ

q
¼ sgnðDð1ÞDð2ÞÞ Eðẑð1Þẑð2ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eððẑð1ÞÞ2ÞEððẑð2ÞÞ2Þ
q : ðE:15Þ

For Dð1Þ;Dð2Þ � 1 the correlation coefficient takes the sim-
ple form

rð1;2Þ � sgnðDð1ÞDð2ÞÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDð1Þ=Dð2ÞÞ

q
ð1þ ðDð1Þ=Dð2ÞÞÞ

: ðE:16Þ

Thus, up to a sign, the correlation in a isotope ratio - iso-
tope ratio plot is expected to be the same as that for the cor-
responding trace element - trace element plot (e.g. Nd
against Sr). When the partition coefficients for both ele-
ments are the same, the regression line slope is the same
as the line through the sources, i.e. n ¼ 1, and the data cor-
relates perfectly, i.e. rð1;2Þ ¼ 1. As Dð1Þ=Dð2Þ decreases, the
slope becomes shallower and the correlation becomes
worse. For example, if Dð1Þ=Dð2Þ ¼ 1=2, the slope is reduced
by a factor n ¼ 1=

ffiffiffi
2
p
� 0:71 and the correlation coefficient

has modulus j rð1;2Þ j¼ 2
ffiffiffi
2
p

=3 � 0:94.

APPENDIX F. THE MIXING SCHEME OF RUDGE

ET AL. (2005)

In Rudge et al., 2005 and Rudge, 2006 an alternative
method of modelling mixing was proposed based on draw-
ing a discrete number N of samples from a given distribu-
tion and then averaging. This mixing scheme is illustrated
in Fig. 24 for an underlying distribution of three compo-
N = 1

N = 2

N = 16

N = ∞

Fig. 24. An illustration of the discrete mixing scheme used by
Rudge et al., 2005 to be compared with the continuous Dirichlet
mixing scheme used in this work. As in Fig. 7, the underlying
distribution is taken to have just three components for illustrative
purposes. The relative mixing proportions have a Multinomial
ðN ; ½1=3; 1=3; 1=3�Þ distribution. The discrete nature of this
scheme is particularly notable for the case of N ¼ 2, where each
sample must be a 50-50 mixture of the three possible components.
nents, similar to the Dirichlet distribution illustration of
Fig. 7. In the Rudge et al., 2005 mixing scheme the random
weights ŵi are given by the relative frequencies of a multi-
nomial distribution,

m̂1; m̂2; . . . ; m̂nf g �Multinomial N ; w1;w2; . . . ; wn½ �ð Þ;
ðF:1Þ

ŵi ¼
m̂i

N
: ðF:2Þ

N determines the number of discrete samples that are
drawn to produce the mixture and the w1;w2; . . . ; wn½ �
determine the probabilities of sampling each of the n com-
ponents in the underlying distribution (

Pn
i¼1wi ¼ 1;

wi P 0).
The continuous Dirichlet mixing scheme of this work

and the discrete mixing scheme of Rudge et al. (2005) are
closely related, as the continuous Dirichlet distribution is
known to be an approximation of the discrete multinomial
distribution (Johnson, 1960). Consider the first and second
moments of the multinomial proportions:

EðŵiÞ ¼ wi; ðF:3Þ

varðŵiÞ ¼
wi � w2

i

N
; ðF:4Þ

covðŵi; ŵjÞ ¼
�wiwj

N
; ði–jÞ: ðF:5Þ

These moments are identical to those of the Dirichlet
distribution ((B.2)–(B.4)) with a0 ¼ N� 1. Hence any of
the results which are based purely on the first and second
moments (the means and covariances) will be exactly the
same for the two mixing schemes. This includes all the
results from the previous appendices. Differences between
the two schemes arise in the higher moments (such as the
skewness and kurtosis), which are different between the
Dirichlet and multinomial distributions.
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