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SUMMARY4

Inner core convection, and the corresponding variations ingrain size and alignment, has5

been proposed to explain the complex seismic structure of the inner core, including its6

anisotropy, lateral variations and the F-layer at the base of the outer core. We develop a7

parameterised convection model to investigate the possibility of convection in the inner8

core, focusing on the dominance of the plume mode of convection versus the translation9

mode. We investigate thermal and compositional convectionseparately so as to study10

the end-members of the system. In the thermal case the dominant mode of convection is11

strongly dependent on the viscosity of the inner core, the magnitude of which is poorly12

constrained. Furthermore recent estimates of a large core thermal conductivity result in13

stable thermal stratification, hindering convection. However, an unstable density strat-14

ification may arise due to the pressure dependant partition coefficient of certain light15

elements. We show that this unstable stratification leads tocompositionally driven con-16

vection, and that inner core translation is likely to be the dominant convective mode due17

to the low compositional diffusivity. The style of convection resulting from a combina-18

tion of both thermal and compositional effects is not easy tounderstand. For reasonable19
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parameter estimates, the stabilising thermal buoyancy is greater than the destabilising1

compositional buoyancy. However we anticipate complex double diffusive processes to2

occur given the very different thermal and compositional diffusivities.3

Key words: Core, outer core and inner core; Numerical approximations and analysis; Com-4

position of the core5

1 INTRODUCTION6

The inner core plays an important role in the dynamics of Earth’s interior and understanding its7

dynamical state provides new and unique insights into the overall thermal and dynamical evolution8

of the Earth. As the Earth cools, the inner core grows by solidification of the surrounding fluid9

outer core (Jacobs 1953), releasing latent heat and light elements that provide a driving force for10

the geodynamo (Lister & Buffett 1995). The thermal and compositional structure of the inner core11

resulting from its gradual solidification may lead to internal convection (Jeanloz & Wenk 1988;12

Gubbins et al. 2013). Different modes of convection have been proposed to explain some of the13

seismically observed features of the inner core (Jeanloz & Wenk 1988; Buffett 2009; Alboussière14

et al. 2010; Monnereau et al. 2010).15

Seismology, being the only method available to directly study the inner core, has revealed the16

existence of anisotropy (Morelli et al. 1986; Woodhouse et al. 1986) and significant degree 1 lateral17

variations (Tanaka & Hamaguchi 1997). In particular, the upper inner core is seismically isotropic18

and has a western hemisphere with an approximately 1% slower isotropic P-wave velocity and19

greater attenuation than in the east (Niu & Wen 2001; Cao & Romanowicz 2004; Waszek et al.20

2011). Cylindrical anisotropy – with compressional waves travelling fastest along Earth’s rotation21

axis and slowest along the equatorial plane – appears from a depth of around 100 km below the22

inner core boundary (ICB) and is concentrated in a region in thewestern hemisphere (Tanaka &23

Hamaguchi 1997; Garcia & Souriau 2000; Creager 2000; Deuss etal. 2010; Irving & Deuss 2011;24

Lythgoe et al. 2014). The eastern region remains isotropic throughout the inner core (Lythgoe et al.25

2014).26

The dominant phase of iron at inner core conditions is most likely the hexagonal close packed27
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(hcp) structure (Tateno et al. 2010; Stixrude 2012), which is strongly anisotropic (Stixrude &1

Cohen 1995; Martorell et al. 2013). It has been suggested thatalignment of hcp crystals with2

Earth’s rotation axis may explain the seismically observedcylindrical anisotropy (Stixrude & Co-3

hen 1995), thus a mechanism is needed to align crystals.4

The idea that thermal convection in the inner core aligns crystals through dislocation glide was5

first proposed by Jeanloz & Wenk (1988) and has been extensively studied since. Deguen & Cardin6

(2011) and Cottaar & Buffett (2012) used numerical thermochemical convection models to inves-7

tigate the likelihood of high-Rayleigh number, plume style convection in a growing inner core.8

Both studies conclude that the inner core is more likely to thermally convect early in its history,9

but this result is dependent on several poorly constrained parameters, such as the heat flux at the10

core mantle boundary (CMB) and the core thermal conductivity.Buffett (2009) investigated the11

pattern of the flow as convection shuts down and showed that centrifugal acceleration may favour12

a final convective mode with a degree one pattern aligned withEarth’s rotation axis. However the13

simulations of Deguen & Cardin (2011) suggest that there is insufficient stress associated with the14

last convective mode to produce an observable texture. Deguen et al. (2013) extended the model15

of Deguen & Cardin (2011) to include the effects of the phase change at the inner core boundary16

(ICB).17

Recently, translation of the inner core – a convective mode whereby the whole inner core18

moves to the east due to enhanced solidification in the western hemisphere and melting in the19

east – was proposed to explain the seismic observations (Alboussìere et al. 2010; Monnereau20

et al. 2010). The seismically observed hemispherical variations in isotropic velocity and attenu-21

ation in the upper inner core were explained by the grain growth associated with translation of22

inner core material (Monnereau et al. 2010; Geballe et al. 2013). Translation may also explain the23

anomalously low velocity layer at the base of the outer core,known as the F-layer (Souriau &24

Poupinet 1991; Song & Helmberger 1995; Yu et al. 2005; Zou et al. 2008), as a region of dense25

melt (Alboussìere et al. 2010; Deguen et al. 2014). It is more difficult to explain lateral anisotropic26

variations since translation causes little or no deformation, but this may be explained by coexisting27

modes of translation and plume convection (Mizzon & Monnereau 2013).28
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However since thermally driven inner core convection was originally proposed, it has been1

suggested both experimentally and theoretically, that thethermal conductivity of the core is signif-2

icantly higher than previously thought (Sha & Cohen 2011; de Koker et al. 2012; Pozzo et al. 2012;3

Gomi et al. 2013; Pozzo et al. 2014). Such high thermal conductivity values imply that thermal4

convection of the inner core is unlikely. However, the possibility remains that convection could be5

driven by compositional variations.6

Compositional convection requires radial variations in thecomposition of the inner core. The7

core mainly consists of iron, but Birch (1952) showed that theouter core also contains a substan-8

tial amount of light elements. There is growing support for an outer core containing silicon (Georg9

et al. 2007; Fitoussi et al. 2009; Zieglera et al. 2010) and oxygen, (Badro et al. 2014) with the10

presence of elements such as sulphur, carbon or hydrogen remaining controversial (Hirose et al.11

2013). Although light elements preferentially partition into the outer core (Alf̀e et al. 2002), a12

small amount of light elements must remain in the inner core to explain the observed density13

deficit (Jephcoat & Olson 1987). Gubbins et al. (2013) showedthat, due to the temperature de-14

pendence of the partition coefficient of certain light elements, the inner core may become un-15

stably stratified during its growth, thereby providing a possible mechanism for inner core con-16

vection. Labrosse (2014) also showed that compositional variations in the inner core can lead to17

unstable stratification, although his exact compositionalprofiles differ from those of Gubbins et al.18

(2013).19

Previous studies of inner core thermal convection (Buffett 2009; Deguen & Cardin 2011; Cot-20

taar & Buffett 2012; Deguen et al. 2013) used low values of thermal conductivity and assumed21

that compositional effects were stabilising. Given the uncertainty in physical properties, it remains22

unclear whether compositional or thermal convection in theinner core is possible and what the23

corresponding convective style might be.24

In this paper we develop a parameterised model to investigate the possibility of thermal or1

compositional convection in the inner core. The model allows us to explore the dominance of the2

plume mode of convection with cold plumes sinking from the ICBand a passive return flow, versus3

the translation mode. Thermal and compositional convection are presented separately so as to4
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study the end-members of the system. Section 2 outlines the inner core growth model used, which5

is based on global heat conservation. The parameterised thermal convection model is presented6

in section 3 and the method is adapted for compositional convection in section 4. We discuss the7

possible effects due to a combination of both thermal and compositional buoyancy in section 5.8

2 GROWTH OF THE INNER CORE9

As the core cools, the intersection of the adiabatic temperature with the liquidus temperature oc-10

curs at lower pressures, causing the inner core to grow (Figure 1). We model the growth of the11

inner core using the simple core thermal evolution model of Buffett et al. (1996), which is based12

on global heat conservation. Similar treatments are found in Roberts et al. (2003), Labrosse (2003)13

and Nimmo (2009). An energy budget for inner core growth equates the heat lost from the core at14

the core mantle boundary (CMB) to the total energy released in the outer and inner core,15

QCMB = QS +QL +QG, (1)

where QCMB is the total heat flow across the CMB, QS is the heat released by secular cooling16

of the core, QL represents latent heat released due to solidification of theinner core and QG is17

the change in gravitational energy associated with the exclusion of light elements at the ICB. Each18

energy term depends on the rate of inner core growth,dc/dt, wherec is the radius of the inner core19

andt is time, as described in detail in Table 1. We assume for simplicity that QCMB is constant. It20

has been suggested that radioactive elements, particularly potassium, reside in the core (Murthy &21

Hall 1970; Roberts et al. 2003), but there is sufficient uncertainty regarding their availability that1

we neglect any energy contribution from internal heating. We also exclude the effect of a varying2

core composition on the liquidus, since the uncertainty in the value of CMB heat flux overwhelms3

this error.4

The corresponding growth model for the inner core radius is5

dc

dt

1

R

(

2c+
3c2

b
(G + L)

)

= 1 (2)

(Buffett et al. 1996), expressed in terms of three parameters, R, G, L, and the outer core radius,6
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b. The parameter7

R =
QCMB

4π
3
ρCpbΘ0

(3)

is expressed as a function ofΘ0,8

Θ0 =
2πGρ2b2

3

(

∂TL

∂P
− ∂Ta

∂P

)

, (4)

which represents the expected temperature drop on solidifying the entire core, whereρ is the9

average inner core density,Cp is the specific heat capacity,G is the gravitational constant and10

∂TL/∂P and∂Ta/∂P are the liquidus and adiabatic gradients respectively, which we assume to11

be constant in the inner core. The dimensionless quantities12

G =
2

5

Gb2∆ρ

CpΘ0

, (5)

13

L =
L

CpΘ0

, (6)

represent the effects of gravitational energy release due to compositional buoyancy and latent heat14

release respectively, where∆ρ is the density jump due to compositional change across the ICB15

andL is latent heat. Using parameter values in Table 2,L = 0.73 ,G = 0.22 andR = 6.47× 10−5
16

m2s−1.17

Values for QCMB have been estimated from seismic observations of the D” discontinuity and18

the Clapeyron slope of the post-perovskite transition (Hernlund et al. 2005) or from the buoyancy19

flux of thermal plumes (Mittelstaedt & Tackley 2006), leading to a range from 7 to 15 TW. Solving20

(2) for the inner core radius as a function of time for this range of QCMB estimates, results in a broad21

range of values for the age of the inner core, between 0.5 and 1.5 Byr (Figure 2). Recently, Gomi1

et al. (2013) have advocated for the CMB heat flux to be greater than 10 TW in order to power the2

dynamo with a high core thermal conductivity, resulting in an inner core that is less than 1 Byr old.3

This range of parameter estimates not only leads to variability in estimates of the growth history4

of the inner core, but also to uncertainty in estimates of itsdynamic evolution.5
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3 THERMAL CONVECTION6

3.1 Energy balance7

For thermal convection to occur in the inner core, its internal temperature gradient must exceed the8

adiabatic gradient, i.e. it must be superadiabatic (Figure1). During convection the internal tem-9

perature then evolves toward an adiabatic gradient. Changesover time in the internal temperature10

are governed by energy conservation – the total change in heat equals the heat gained from new11

material crystallising as the inner core grows, plus heat lost by conduction and thermal convection,12

written together as a single radial heat flux,q, such that13

d

dt

∫

V

ρCpT dV =

∫

S

dc

dt
ρCpTL dS −

∫

S

q dS, (7)

whereT is the internal inner core temperature,V andS are the volume and surface area of the14

inner core respectively, andTL is the liquidus temperature at the ICB. We write (7) as1

d

dt

(

4π

3
ρCpc

3T̄ (t)

)

= 4πc2
dc

dt
ρCpTL − 4πc2q̄, (8)

whereT̄ andq̄ are the volume averaged internal temperature and surface averaged radial heat flux2

respectively,3

T̄ (t) =
1

4π
3
c3

∫

V

T dV, q̄ =
1

4πc2

∫

S

q dS. (9)

Deviations from the adiabatic thermal profile drive the resulting dynamical response, and so we4

define a potential temperature,5

Θ(x, t) = T (x, t)− Ta(r, t), (10)

as the difference between the temperature and the adiabatictemperature,Ta, such that the internal6

temperature is superadiabatic whenΘ is positive. Note that at the ICBΘ = 0. The mean potential7

temperature,8

Θ̄(t) =
1

4π
3
c3

∫

V

Θ(x, t) dV = T̄ (t)− T̄a(t), (11)
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is the volume average of the potential temperature. In orderto write the energy balance (8) in terms9

of the mean potential temperature, we first note that10

d

dt

(

4π

3
ρCpc

3T̄a(t)

)

=
d

dt

(

4πρCp

∫ c(t)

0

r2Ta(r, t) dr

)

= 4πρCpc
2dc

dt
Ta(c(t), t) + 4πρCp

∫ c(t)

0

r2
∂Ta

∂t
dr. (12)

Using (11) and (12), the energy balance (8) is therefore11

d

dt

(

4π

3
ρCpc

3Θ̄(t)

)

= −4πρCp

∫ c(t)

0

r2
∂Ta

∂t
dr − 4πc2q̄. (13)

Since the adiabat and liquidus intersect at the ICB,T a(c(t), t) = TL(c(t)), thus12

∂Ta

∂t
+

∂Ta

∂r

∣

∣

∣

∣

r=c

dc

dt
=

∂TL

∂r

∣

∣

∣

∣

r=c

dc

dt
, (14)

assuming that∂TL/∂t = 0. We may therefore write the evolution of the adiabatic temperature as13

∂Ta

∂t
=

(

∂TL

∂r

∣

∣

∣

∣

r=c

− ∂Ta

∂r

∣

∣

∣

∣

r=c

)

dc

dt
=

∂P

∂r

∣

∣

∣

∣

r=c

(

∂TL

∂P
− ∂Ta

∂P

)

dc

dt
. (15)

Finally noting that14

∂P

∂r
= −ρg(r) = −ρg′r, (16)

whereg′ = 4π
3
Gρ, the energy balance may be written as15

d

dt

(

4π

3
ρCpc

3Θ̄(t)

)

=
4π

3
ρ2Cpg

′c4
dc

dt

(

∂TL

∂P
− ∂Ta

∂P

)

− 4πc2q̄, (17)

assuming that∂Ta/∂P and∂TL/∂P are uniform in the inner core. We use (17) to investigate the16

evolution of the mean potential temperature,Θ̄, as the inner core grows. The inner core growth17

rate,dc/dt, is determined from the growth model in section 2. The mean potential temperature18

evolves, as the inner core grows, according to the conductive or convective regime determining19

the radial heat flux,̄q, as discussed in section 3.2.20

3.2 Modes of heat transfer21

The radial heat flux may be primarily conductive, plume convective, or given by the translational22

mode. Here we examine a simplified, and parametrised, model of the radial heat flux. Our param-23
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eterised model is similar to that of Cottaar & Buffett (2012), but includes the effect of inner core24

translation and we do not assume compositional effects to bestabilising.1

Conduction down the adiabatic gradient provides a significant proportion of the radial heat2

flux. Therefore we parametrise the total heat flux into two parts: a heat flux due to conduction3

down the adiabatic gradient (qadiabat), and a flux from the additional heat transfer that occurs due4

to the actual temperature gradient being sub- or super-adiabatic (̃q),5

q̄ = qadiabat + q̃. (18)

In order to parametrise the additional heat loss due to the departure of the internal temperature from6

the adiabatic profile, we first derive asymptotic expressions for the heat flux assuming only one7

form of heat transport is occurring, deriving separate expressions for the additional heat transport8

by conduction (qdiff ), heat transport by plume convection (qplume), and heat transport by inner9

core translation (qtrans). We then approximate the total heat flux due to a combinationof these10

mechanisms as the direct sum of the three asymptotic expressions,11

q̃ = qdiff + qplume + qtrans. (19)

The result is a single, simple parametrisation of the heat flux that provides a good approximation of12

the radial heat flux in parameter regimes in which there is a single dominant mode of heat transport.13

In the transition regions between different modes of heat transport the approximation above will be14

less accurate (see Appendix A for discussion on the accuracyof this approximation), but we will15

show that it provides a straightforward method for assessing the dynamical regime to sufficient16

accuracy, particularly given uncertainties in the material parameters.17

In order to rigorously determine the dominant mode of convection, either the stability of each18

mode with respect to perturbations should be studied, or thefull dynamical problem solved nu-19

merically. However our approach is to use a simple method, whereby we calculate (19) in order20

to ascertain the dominant mode of heat transport. This dominant, or largest contributing mode, is21

interpreted as the mode most likely to be observed in that region of parameter space. For example,1

we infer that translation is the dominant convective mode ifqtrans is greater than bothqplume and2

qdiff (see Table 3). This is a relatively crude method to determinethe likely mode of heat transport,3
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but produces the correct order of magnitude behaviour, as isshown in section 3.3.2 by comparison4

of our parameterised model to the detailed analysis of Deguen et al. (2013) which solves the full5

set of governing equations. Therefore we verify posteriorithat the inner core system is close to6

optimising heat transport and thus the convective mode thatis most efficient is that which is most7

likely to be observed.8

3.2.1 Conduction9

The heat lost from conduction is given by the sum of the heat lost along the adiabat,qadiabat, and10

the extra heat lost due to departure of the internal temperature from adiabatic equilibrium,qdiff ,11

qcond = qadiabat + qdiff , (20)

and may be evaluated from the temperature gradient at the ICB,12

qcond = −k
∂T

∂r

∣

∣

∣

∣

r=c

= −k
∂P

∂r

∣

∣

∣

∣

r=c

∂T

∂P

∣

∣

∣

∣

ICB

= kρg′c
∂T

∂P

∣

∣

∣

∣

ICB

, (21)

where we assume13

P = P0 −
ρg′

2
r2, (22)

whereP0 is a reference pressure at the centre of the Earth.14

For parameters relevant to the inner core the conductive temperature and adiabat are approxi-15

mately linear functions of pressure (Buffett 2000), and hence16

Θ = T − Ta =

(

∂T

∂P
− ∂Ta

∂P

)

(P − Picb). (23)

By averaging (23) over the inner core and combining with (22),we find that the internal tempera-1

ture gradient is given by2

∂T

∂P
=

∂Ta

∂P
+

5Θ̄

ρg′c2
. (24)

Thus the conductive heat flux,qcond, may be expressed in terms of the adiabat and the potential3

temperature4

qcond = kρg′c
∂T

∂P
= kρg′c

∂Ta

∂P
+ 5k

Θ̄

c
, (25)
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where we define the heat lost by diffusion along the adiabat as5

qadiabat = kρg′c
∂Ta

∂P
(26)

and the heat lost by diffusion due to the departure of the internal temperature from the adiabat as6

qdiff = 5k
Θ̄

c
. (27)

3.2.2 Plume convection7

We next derive an expression for the heat flux from vigorous, plume convection,qplume (see Deguen8

& Cardin (2011) and Cottaar & Buffett (2012)). The convective flux, qplume, is parameterised fol-9

lowing conventional scaling arguments that relate the Nusselt number,10

Nu =
qplume

qdiff
, (28)

which is a non-dimensional measure of the convective flux, tothe Rayleigh number,11

Ra =
αg(c)Θ̄(c)c3

κν
. (29)

Hereα is the coefficient of thermal expansion,g(c) is the gravitational acceleration at the ICB,κ12

is the thermal diffusivity andν is the kinematic viscosity. ForRa ≫ Rac we use the conventional13

scaling relationshipNu ∼ Ra
1

3 , whereRac is the critical Rayleigh number, above which convec-14

tion occurs. This scaling relationship is based on the assumption that the timescale for convective15

overturn is small compared to any other timescales in the problem. In this highRa regime the16

convective plume flux may be approximated as17

qplume = Bk

(

g′α

νκ

)1/3

c1/3Θ̄4/3, (30)

whereqplume = 0 whenΘ̄ < 0 andB = 0.48 is a constant that is taken from the scaling laws18

derived from the numerical calculations of Deguen et al. (2013). This is similar to the value of19

B = 0.49 found from the numerical simulations of Cottaar & Buffett (2012).20

3.2.3 Translation1

Finally we derive the average radial heat flux due to inner core translation,qtrans. Translation,2

where the whole inner core moves at a uniform velocity, was first described by Alboussière et al.3
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(2010) and Monnereau et al. (2010). The inner core is displaced from its equilibrium position4

such that the ICB temperature does not correspond to the solidus and becomes unstable, resulting5

in melting on one side and crystallisation on the opposite side of the inner core. Topography is6

removed by phase change and restored by isostatic adjustment towards gravitational equilibrium.7

We express the heat lost from translation using the analytical model of Alboussìere et al.8

(2010), derived from a global force balance on the inner core. Thermal translation requires that the9

inner core has a global superadiabatic profile that is linearin the translation direction10

∂Θ

∂x
= A, (31)

wherex is aligned with the axis of translation andA is a constant. At the ICBΘ = 0 (ignoring a11

thin boundary layer on the melting side), so forx < 012

Θ = A
(

r cos θ +
√

c2 − r2 sin2 θ
)

, (32)

whereθ is the angle between thex−axis and the point on the ICB. The mean potential temperature13

may now be written as14

Θ̄ =
3A

4πc3

∫ c

r=0

∫ π

θ=0

∫ 2π

φ=0

(

r cos θ +
√

c2 − r2 sin2 θ
)

r2 sinθ dr dθ dφ =
3Ac

4
, (33)

hence,15

∂Θ

∂x
=

4Θ̄

3c
. (34)

The translation velocity governs the rate of crystallisation or melting and so the heat flux due16

to translation,17

qtrans = ρCpΘV i, (35)

is proportional to the translational velocity,V , whereqtrans is the heat flux andi is a unit vector in1

the translation direction. The total heat loss from translation over the surface,S, of the inner core2

is therefore3

Qtrans =

∫

S

qtrans · n dS =

∫

V

∇ · qtrans dV, (36)

wheren is the unit normal to the surface. Combining (34–36), the total heat loss over the surface4
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of the inner core is therefore5

Qtrans = ρCpV

∫

∂Θ

∂x
dV =

16π

9
ρCpV c2Θ̄, (37)

and the corresponding average radial heat flux is6

qtrans =
4

9
ρCpV Θ̄. (38)

We follow the derivation of Alboussière et al. (2010) to find an expression for the translation7

velocity. The displacement,δ, of the inner core from an equilibrium position of uniform density8

can be expressed as a function of the thermal gradient,∂Θ/∂x,9

δ =
αρc2

5∆ρ

∂Θ

∂x
. (39)

This displacement causes a temperature difference,δT , between the liquidus and the adiabat along10

the ICB11

δT = ρlg(c)δ cos θ

(

∂TL

∂P
− ∂Ta

∂P

)

(40)

whereρl is the density of the outer core. The temperature change,δT , creates a thermal boundary12

layer in the outer core, with heat transfer proportional toucpδT , whereu ≃ 10−4 m/s (Bloxham13

& Jackson 1991) is the outer core fluid velocity near the ICB (assumed to be the same order of14

magnitude as the fluid velocity at the CMB). The heat transfer isaccommodated by latent heat15

associated with the phase change along the boundary16

LV cos θ = uCpδT. (41)

Combining (39 – 41), the translation velocity is given by17

V =
4πG

15

uCpρlρ
2

L∆ρ
αc3

∂Θ

∂x

(

∂TL

∂P
− ∂Ta

∂P

)

. (42)

Using (4) and (34), we rewrite the velocity as18

V =
8

15

uCpρlαΘ0

L∆ρ
Θ̄
(c

b

)2

, (43)

and substituting (43) into (38), the average radial heat fluxdue to translation is written19

qtrans =
32

135

uρC2
pρlαΘ0

L∆ρ

(c

b

)2

Θ̄2 (44)

whereqtrans = 0 whenΘ̄ < 0. This expression for the translation velocity is strictly only valid20
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in the limit of a rigid inner core since it does not account forisostatic adjustment made via a1

secondary flow that acts to redistribute degree 1 density anomalies if the viscosity of the inner2

core is sufficiently low (Deguen et al. 2013). The effect of this on the transition from translation to3

plume convection is discussed in Appendix A.4

3.3 Summary of governing equations5

We have developed expressions for all contributions to the radial heat flux from the ICB and now6

summarise the governing equations. We re-arrange the global energy balance of (17)7

d

dt

(

4π

3
ρCpc

3Θ̄(t)

)

=
4π

3
ρCpc

3S − 4πc2q̃ (45)

such that conduction down the adiabat,qadiabat, is written as part of the source function,S,8

S = ρg′c
dc

dt

(

∂TL

∂P
− ∂Ta

∂P

)

− 3κρg′
∂Ta

∂P
, (46)

as defined by Deguen et al. (2013). The radial flux,q̃, defined in (19), only contains terms that9

depend on the mean potential temperature,Θ̄, with the diffusive, plume and translational fluxes10

given by (27), (30), and (44) respectively, with the limitq̃ = 0 whenΘ̄ = 0. We solve the global11

energy balance of (45) for̄Θ by making it dimensionless and combining with the growth model of12

(2) (Appendix B).13

3.3.1 Quasi-steady state approximation14

Lastly, by assuming that convection within the inner core isvigorous we can derive expressions15

that allow comparison of our results to previous work. With this assumption, the time scale of16

thermal relaxation due to convection (i.e. the time taken for a convective system to return to thermal17

equilibrium after any changes to the heat flux) is fast compared to the time scale of inner core18

growth, so the system is in a quasi-steady state. In this limit the dominant energy balance in (45)1

is between terms4π
3
ρCpc

3S and4πc2q̃, thus2

q̃ ∼ ρCpcS
3

. (47)
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If plume convection is dominant, we useqplume in (47) to writeΘ̄ analytically3

Θ̄ ∼
(

1

3B

)
3

4

(

νc2S3

κ2g′α

)
1

4

. (48)

This expression is compared to the scaling laws derived fromthe numerical models of Deguen4

et al. (2013) (Table 3, Deguen et al. (2013)) in order to determine the value ofB that is used in5

(30). Alternatively if translation is dominant we can compare our results to that of Alboussière6

et al. (2010). Assuming translation is dominant we useqtrans in (47) to write7

Θ̄ ∼
(

135

96

S
c

b2L∆ρ

CpuρlαΘ0

)
1

2

. (49)

Substituting this approximate expression forΘ̄ in the translation velocity (43), we get8

V 2 ∼ 4π

15

GuCpαρ
2ρl

L∆ρ

(

∂TL

∂P
− ∂Ta

∂P

)

Sc3 (50)

which matches the expression for translation velocity given by Alboussìere et al. (2010).9

3.3.2 Comparison to full solution of governing equations10

We use the quasi-steady state approximation above to find expressions for when each mode of11

heat transport is dominant in order to plot a regime diagram at a particular instance in time. Our12

regime diagram is compared to the regime diagram calculatedby solving the full system of gov-13

erning equations from Deguen et al. (2013), to allow us to understand the accuracy of our simple,14

parametrised model. In order to compare our models, we first non-dimensionalise each heat flux15

term, as detailed in Appendix C. Figure 3 shows our regime diagram, alongside that from Deguen16

et al. (2013), plotted for the Rayleigh number defined by Deguen et al. (2013),Rad, as17

Rad =
αg′c6S
6κ2ν

, (51)

versus the dimensionless ‘phase change’ parameter,P, defined by Deguen et al. (2013) as18

P =
L∆ρg′b2c

2ρνΘ0uCP

. (52)

The dimensionless parameterP is the ratio of topographic production through solidification melt-19

ing to viscous relaxation of induced topography. HenceP governs the type of convection that is20
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dominant, with translation being dominant for low values ofP, while plume convection is domi-21

nant for high values ofP andRad (Figure 3).22

We define one mode of heat transfer to be dominant when its flux has the largest contribution23

to the total heat flux (Table 3), defined by the solid line in Figure 3a. We also show when one mode24

of heat transfer is equal to the sum of the other two modes (dashed lines, Figure 3a) in order to25

highlight the transition region between modes. Within the transition regions our parametrisation26

results in an over estimate of the total heat flux, as explained in Appendix A by comparison to nu-27

merical experiments. Outside of the transition regions, a single mode of heat transport is dominant1

and so our asymptotic solutions capture the dynamics well inthese regions of parameter space.2

Our regime diagram approximately matches that obtained from the model of Deguen et al.3

(2013) (Figure 3b). We approximately match the critical values at which convection transitions4

between different modes in the asymptotic limits. For example we find the critical Rayleigh num-5

ber to transition from the diffusion to plume mode to be 5.6×103, while Deguen et al. (2013)6

obtain 1.5×103, and our estimate of the transition from diffusion to translation isRad ≃ 211P,7

while Deguen et al. (2013) obtainRad ≃ 88P.8

Interestingly, we also find a weak dependence of the transition from the plume mode to the9

translation mode on the Rayleigh number, with a scaling ofRad ≃ 7.87P2 in the asymptotic limit.10

It is unclear if this dependence was also found in the study ofDeguen et al. (2013) since they found11

a broad region where translation was important (up toP ∼ 1000). Additionally their study used12

Rayleigh numbers less than107 only, therefore to confirm this dependence their analysis would13

need to be extended to higher values ofRad. The different scalings may be due to different defini-14

tions of the transition from translation to plume dominant convection, between our parameterised15

model and the numerical model of Deguen et al. (2013). Deguenet al. (2013) define the transition16

from translation to plume modes to be the point at which smallscale convective flow first emerges,17

which they interpret as being due to negative feedback of secondary flow on the translation mode.18

However, our definition is based on heat flux, and the transition from translation to plume modes19

occurs when the heat flux from plume convection is the largestcontribution to the total flux, with20

the heat flux following the scaling in (30). This transition is discussed more fully in Appendix A.21
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3.4 Thermal results22

We now use the theory derived above to study the different modes of thermal convection in the23

inner core. For comparison with previous studies, Figure 4 shows the thermal evolution of the24

inner core for a low thermal conductivity value of 36 W/m/K (Stacey & Davis 2008), calculated25

by solving the energy balance (45) for the mean potential temperature,̄Θ. For aQCMB = 11 TW26

and a viscosity ofµ = 1018 Pa s,Θ̄ is positive at all times, increasing as the size of the inner27

core grows, then decreasing as the rate of inner core growth slows (Figure 4a). A lower value of1

CMB heat flux (e.g.QCMB = 7 TW, dotted line, Figure 4a) allows more time for heat to dissipate2

from the inner core, causinḡΘ → 0 and any convection to stop at an earlier stage of inner core3

evolution, in agreement with Deguen & Cardin (2011) and Cottaar & Buffett (2012).4

To investigate the dominant mode of convection, the averageradial heat flux from the inner5

core is calculated for each convective mode, using equations (27), (30) and (44). The average6

radial heat flux follows a similar pattern to the mean potential temperature, first rising then de-7

creasing. Translation is the dominant mode, except when theinner core is very young when dif-8

fusion dominates (Figure 4b). The corresponding translation velocity is on the order of 10−10 m9

s−1 (Figure 4c), around three times greater than the inner core growth rate, which is the minimum10

velocity at which seismic observations can be explained by translation (Monnereau et al. 2010).11

We also show the translation velocity calculated in the quasi-steady state approximation (dashed12

line, Figure 4c), which was used in the study by Alboussière et al. (2010). The quasi-steady state13

approximation causes an overestimation of the translationvelocity compared to our model which14

does not require this approximation. We therefore use our solution in the remaining calculations.15

We have used a representative CMB heat flux value of 11 TW, whichfits within recent con-16

straints (Lay et al. 2008; Gomi et al. 2013). Thermal convection does not occur for aQCMB less17

than approximately 6 TW, assuming a thermal conductivity of36 W/m/K. For thermal convection18

to occur for higher thermal conductivity values, greater values ofQCMB are required. For example19

a thermal conductivity of 200 W/m/K requires QCMB ≥ 32 TW for the inner core to be thermally20

unstable (̄Θ > 0) and convect.21

An important parameter is the viscosity of the inner core which is poorly determined with22
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published values ranging from 1011 Pa s (Van Orman 2004) to 1022 Pa s (Reaman et al. 2011).23

Thermal conductivity estimates have also changed significantly, from around 36 W/m/K (Stacey24

& Davis 2008) to over 200 W/m/K (de Koker et al. 2012; Pozzo et al. 2012). Therefore Figure 5a25

shows the dominant convective style for a range of inner coreviscosity and thermal conductivity26

values, estimated by comparing the radial heat flux for each convective mode. The strength of27

plume convection (qplume) versus translation (qtrans) is strongly dependent on the viscosity of1

the inner core (Figure 5b-d), with translation being dominant for viscosities above approximately2

1018 Pa s, in agreement with Alboussière et al. (2010) and Deguen et al. (2013). Greater thermal3

conductivities cause convection to shut off at smaller inner core radii since the inner core becomes4

subadiabatic (Figure 5e), until thermal convection cannotoccur for thermal conductivities greater5

than 68 W/m/K (Figure 5a). Given that the most recent estimates for core thermal conductivity6

are between approximately 150 and 240 W/m/K (Sha & Cohen 2011; de Koker et al. 2012; Gomi7

et al. 2013; Pozzo et al. 2012, 2014), thermal convection will not have occurred at any point in8

the inner core’s lifetime. However, as we will show in section 4, compositional stratification may9

provide an alternative driving force for inner core convection.10

4 COMPOSITIONAL CONVECTION11

The seismically observed density jump at the ICB is too large to be explained solely by the density12

difference between the solid and liquid phase transition ofiron and therefore requires enrichment13

of light elements in the fluid outer core relative to the solidinner core (Alf̀e et al. 2002). Jephcoat14

& Olson (1987) first showed that the inner core must also contain light elements due to the density15

deficit of the inner core with respect to the density of pure iron, with the main candidate light16

elements thought to be oxygen, sulphur and silicon (Hirose et al. 2013). Alf̀e et al. (2002) use ab17

initio calculations to examine the partitioning of sulphur, oxygen and silicon between solid and liq-18

uid at core conditions, estimating the light element concentration needed to match the seismically19

constrained ICB density jump. Their calculations show that oxygen partitions strongly from solid20

to liquid, while slightly more sulphur partitions into the liquid than the solid and silicon partitions21

equally between both phases.22
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In view of the fact that thermal convection in the inner core is unlikely for large estimates of1

the thermal conductivity, it is important to investigate the possibility of compositionally driven2

convection. It has previously been assumed that compositional variations in the inner core are3

stably stratified, hindering convection (Deguen & Cardin 2011; Cottaar & Buffett 2012). The stable4

stratification is the result of a constant partition coefficient over time, such that more light elements5

solidify in the inner core as the outer core concentration increases over time. However, Gubbins6

et al. (2013) recently showed that the light element concentration in the inner core may actually7

decrease as the inner core grows, because the partition coefficient is temperature dependent. In the8

case of sulphur and oxygen, this may result in a decreasing light element concentration with inner9

core radius, causing unstable stratification (Gubbins et al. 2013). Since silicon partitions equally10

between solid and liquid, its concentration does not changewith time.11

We first define the chemical potential,µ, of a phase in a multi-component system follow-12

ing Alf è et al. (2002),13

µ = µ0 + λχ+ kBT lnχ, (53)

whereµ0 andλ are constants obtained from ab initio calculations, and represent a reference chem-14

ical potential and a linear correction from ab initio calculations respectively (Alf̀e et al. 2002),15

kB is Boltzmann’s constant, andχ is the molar ratio. Equilibrium at the solidification interface16

requires that the solid and liquid chemical potentials are equal,µs = µl, thus17

µ0
l + λlχ

i
l(c) + kBTL(c)lnχ

i
l(c) = µ0

s + λsχ
i
s(c) + kBTL(c)lnχ

i
s(c), (54)

whereχi is the molar ratio at the solidification interface, denoted by superscripti and subscriptss18

andl represent solid and liquid respectively. The partition coefficient,Psl, is the ratio of solid and19

liquid mole ratios at the ICB,20

Psl =
χi
s(c)

χi
l(c)

= exp

(

µ0
l + λlχ

i
l(c)− µ0

s − λsχ
i
s(c)

kBTL(c)

)

, (55)

which is non-linear inχi
l andχi

s. The smaller the partition coefficient, the less light elements1

crystallise into the inner core. Due to the dependence of thepartition coefficient on the liquidus,2

TL, which is in turn dependent on pressure, the composition of material added to the inner core3

changes as the inner core grows. As in (23) we assume that the temperature gradient with pressure4
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is constant and so express the liquidus at the ICB,TL(c), as a function of core radius by5

TL(c) = TL(c0) +
1

2

dTL

dP
ρg′(c20 − c2), (56)

wherec0 is the present day inner core radius. We neglect the effect ofcomposition on the liquidus,6

since Labrosse (2014) showed this to be small.7

We solve for the solid composition at the ICB,χi
s(c), by first assuming that the outer core8

is well mixed, such that the mean liquid composition,χ̄l, equals the liquid composition at the9

solidification interface10

χ̄l(c) = χi
l(c), (57)

and so write the solid composition at the ICB explicitly in terms of the mean liquid concentration11

by re-arranging (55),12

χi
s(c) =

kBTL(c)

λs

W
[

χ̄l(c)λs

kBTL(c)
exp

(

λlχ̄l(c) + µ0
l − µ0

s

kBTL(c)

)]

, (58)

whereW is the Lambert W function, defined byz = W(z)expW(z).13

The average light element concentration in the inner and outer core,χ̄s(c) andχ̄l(c) respec-14

tively, are constrained by mass conservation, and fixed by the initial core concentration before15

inner core nucleation,χ0. This implies16

4π

3
b3χ0 =

4π

3
(b3 − c3)χ̄l(c) +

4π

3
c3χ̄s(c), (59)

whereχ0 is calculated from present day inner and outer core concentrations obtained from seis-17

mology (Table 4).18

The validity of our assumption of a well-mixed outer core is somewhat uncertain, although if19

the seismically observed F-layer is a global, density-stratified layer, the analysis will hold assum-20

ing partitioning occurs over a layer of fluid (Gubbins et al. 2013).1

4.1 Mass balance2

We now construct a mass balance for light elements using an analogous approach to that used for3

heat in section 3.1. Equating the change in total moles of light element in the inner core with moles4
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added at the ICB minus moles lost by diffusion and convection we obtain5

d

dt

(

4π

3
c3

ρ

M
χ̄s

)

= 4πc2
dc

dt
χi
s(t)

ρ

M
− 4πc2qm, (60)

whereqm is the molar flux andM is the average molar mass of the inner core.6

Likewise, we now define a potential composition,7

φ(x, t) = χs(x, t)− χi
s(t), (61)

as the difference between the light element composition in the inner core,χs, and the composition8

added at the ICB,χi
s, in a manner analogous to the potential temperature, such that φ > 0 for9

convection to occur. The mean potential composition is defined as the volume average10

φ̄(t) =
1

4π
3
c3

∫

V

φ(r, t) dV = χ̄s(t)− χi
s(t). (62)

Writing the mass conservation (60) in terms of the mean potential composition,11

d

dt

(

4π

3
c3

ρ

M
φ̄

)

=
4π

3
c3

ρ

M
Sc − 4πc2qm, (63)

we obtain an equation which is analogous to the thermal energy balance in (45), using the source12

function from Deguen et al. (2013),13

Sc = −dχi
s

dt
, (64)

which represents the change in composition of material added to the inner core as it grows.14

Since the source term, (64), depends on the concentration inthe outer core, we solve for the15

composition at the ICB,χi
s, and the potential composition,φ, simultaneously. This is done by mak-16

ing the mass conservation equation (63) dimensionless, andapplying the non-dimensional growth1

model (Appendix D1). The dimensionless equation (D.1) is then solved together with (58), (59)2

and (62) as a system of differential algebraic equations (Appendix D2). A comparable treatment3

is performed by Labrosse (2014). Gubbins et al. (2013) simplify the problem by assuming that4

changes in the internal composition,χ̄s, are small, allowing variations in the liquid concentration,5

χ̄l, hence variations in the concentration added to the inner core,χi
s, to be calculated analytically6

(using (59) and (58) respectively). Before solving forχi
s andφ̄ we derive expressions for the radial7

molar flux,qm, from the inner core as detailed below.8
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4.2 Modes of molar flux9

We again approximate the radial flux to be the sum of contributions from compositional diffusion10

(qdiff ), plume convection (qplume) and translation (qtrans),11

qm = qdiff + qplume + qtrans, (65)

whereqm corresponds to molar flux. We find expressions for each molar flux term independently12

as a function of mean potential compositional, in a directlyanalogous manner to the thermal case13

discussed in section 3.2.14

4.2.1 Diffusion15

The diffusive radial flux is now parameterised using Fick’s law for compositional diffusion, so that16

the compositional diffusive flux is17

qdiff = −D
∂Φ

∂r

∣

∣

∣

∣

r=c

=
5DΦ

c
, (66)

in analogy to (27), whereD is the solid diffusivity andΦ is the average potential molar concentra-18

tion19

Φ =
φ̄ρ

M
. (67)

4.2.2 Plume convection20

For the plume mode of convection a compositional Rayleigh number,21

Racomp =
αcg(c)φ̄(c)c

3

Dν
, (68)

may be defined, whereαc is the compositional expansion coefficient. We assume the same high22

Ra scaling,Nucomp ∼ Racomp

1

3 , and so express the convective flux from plume convection as23

qplume = BD
ρ

M

(

g′αc

νD

)1/3

c1/3φ̄4/3, (69)

where we useB = 0.48 as before.24
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4.2.3 Translation1

The analysis for the translation model based on potential temperature can be adapted for compo-2

sitional effects (Deguen et al. 2013). In this instance density variations in the inner core arise from3

differences in the composition of the melting and crystallising sides of the inner core, causing a dis-4

placement in its centre of mass. Following the analysis for potential temperature in section 3.2.3,5

the molar flux from translation is6

qtrans =
4

9

ρ

M
V φ̄. (70)

The rate of translation remains limited by the ability of theouter core to remove heat at the ICB7

and so the translation velocity is expressed8

V =
8

15

uCpρlαcΘ0

L∆ρ
φ̄

(

c2

b2

)

. (71)

4.3 Compositional results9

We now use the theory above to study the different modes of compositional convection. We show10

results for sulphur and oxygen separately due to the uncertainty in core composition and since11

they may be considered as end members of a more complex Fe-O-S-Si system. We use present12

day core concentrations calculated for the ICB density jump obtained from the radially symmetric13

PREM model (Dziewonski & Anderson 1981). Calculations have also been performed for the14

model of Masters & Gubbins (2003), however we show only PREM values since we are interested15

in compositional variations over time and the PREM density jump is consistent with other Earth16

models (Kennett & Engdahl 1991; Kennett et al. 1995).17

Figures 6 and 7 show the evolution and convective influence ofsulphur and oxygen in the core18

respectively. The concentration of sulphur in the outer core increases as the inner core grows since19

the partition coefficient is less than 1 (Figure 6a). Howeverthe increasing liquid concentration20

trades off with the decrease in the partition coefficient as the ICB moves to lower pressures, causing21

the concentration of sulphur added at the ICB to decrease initially. The sulphur concentration22

begins to increase when the inner core has a radius of around 550 km (Figure 6b). The initial23

decrease ofχi
s creates a positive potential composition (Figure 6c), which then decreases until it24
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becomes negative at a radius of around 650 km. If there is no inner core convection (qplume =25

qtrans = 0) the potential composition is slightly greater and becomes negative at a later time26

(dashed line, Figure 6c). Figure 6d shows that while the potential composition is positive, the27

inner core is convecting, with translation being the dominant mode with a translation velocity on1

the order of10−11 m/s (Figure 6e).2

The oxygen concentration also increases in the outer core asthe inner core grows (Figure 7a).3

However unlike sulphur, the oxygen concentration added at the ICB continuously decreases (Fig-4

ure 7b), resulting in a positive potential composition and an inner core that is still convecting today5

(Figures 7c, 7d). The dominant convective mode is translation, with a translation velocity on the6

order of10−10 m/s (Figure 7e), which is similar to the rate of thermally driven translation.7

Gubbins et al. (2013) and Labrosse (2014) also solved for theinner core interface composition,8

but their studies found differing solutions for a seeminglyunresolved reason (Labrosse 2014). We9

match the results of Labrosse (2014), however find we can alsomatch the results of Gubbins et al.10

(2013) by changing the treatment of the chemical potential at the solidification interface (dotted11

line, Figures 6b and 7b). Gubbins et al. (2013) assume present day compositions when calculating12

the partition coefficient (see (55)), while Labrosse (2014)update the interface composition as the13

system evolves, which is the correct treatment. In the case of oxygen, Gubbins et al. (2013) also14

neglected the linear ab initio corrections.15

The solid diffusivity of sulphur and oxygen at core conditions is uncertain, with values likely to16

be less than that of the liquid (around 10−9 m2s−1 Gubbins et al. (2013)). Figures 8 and 9 show the17

model space for a range of mass diffusivity and inner core viscosity values, for sulphur and oxygen18

respectively. It is clear that translation is the dominant mode, except if the inner core viscosity is19

low and the diffusivity is high when plume convection dominates while the inner core is young.20

5 COMBINED THERMAL AND COMPOSITIONAL EFFECTS21

The convection resulting from solely thermal or compositional effects is now well understood, with22

our analysis showing that translation is likely to be the dominant convective style, particularly for23
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compositional convection. However it is not trivial to understand the style of convection arising24

from a combination of both thermal and compositional diffusion.25

Labrosse (2014) argues that the total buoyancy can be approximated from the sum of all1

thermal and compositional effects,2

δρ

ρICB

= αΘ̄ + αo
cφ̄

o + αs
cφ̄

s, (72)

where superscriptss and o correspond to sulphur and oxygen respectively andδρ/ρICB is the3

density anomaly relative to an adiabatic reference state, such that the system is unstable while4

δρ/ρICB > 0. We calculate this density anomaly for several thermal conductivity values and a5

combination of thermal and compositional effects using results from our end-member simulations,6

as shown in Figure 10. The density anomaly is primarily controlled by the thermal instability and7

is always negative for a thermal conductivity of 75 W/m/K or greater, independent of the inclusion8

of compositional effects.9

However, we note that even if the net density gradient is stabilising, convection may occur10

through double diffusive convection (convection driven bytwo components with different rates of11

diffusion, see Huppert & Turner (1981)) since the rates of thermal and compositional diffusion12

differ by approximately106. For instance, if the thermal conductivity is very large, any tempera-13

ture anomalies will rapidly dissipate leading to a uniform thermal field, leaving only the possibility14

of compositionally driven convection remaining. Therefore it is possible that compositional con-15

vection may play the dominant role, particularly given the uncertainty in thermal conductivity16

estimates for the inner core.17

6 DISCUSSION18

We have shown that thermal convection occurs in the inner core for a thermal conductivity less than19

approximately 68 W/m/K (assuming parameters from Table 2). However this value depends on20

the assumed value of CMB heat flux and is also sensitive to uncertainties in outer core properties,21

significantly the difference between the Clapeyron and adiabatic gradients. For thermal convection22

to occur for higher thermal conductivity values requires the CMB heat flux to be greater than23
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30 TW, which is significantly higher than recent estimates. In the case of thermal convection,24

translation is the dominant mode for an inner core with a highviscosity, approximately greater25

than1018 Pa s (Figure 5).26

A wide range of values for the viscosity of the inner core havebeen estimated, ranging from27

1011 to 1022 Pa s (Van Orman 2004; Dumberry & Bloxham 2002; Reaman et al. 2011). The most28

recent estimates of 1017 Pa s and 1015 – 1018 Pa s come from length of day variations (Davies et al.1

2014) and from mineral physics experiments (Gleason & Mao 2013) respectively. The uncertainty2

in the viscosity of the inner core causes uncertainty in the type of convection occurring in the inner3

core, particularly for thermal convection.4

We have also shown that compositional stratification can provide another driving force for5

convection in the inner core. Oxygen always generates an unstable density profile (Figure 6), while6

sulphur generates an unstable profile until the inner core reaches a radius of approximately 6507

km, when it becomes stabilising (Figure 7). For both oxygen and sulphur, translation is the likely8

mode of convection, although there is a weak dependence on viscosity and diffusivity (Figures 89

and 9).10

The value of the solid diffusivity of sulphur and oxygen at core conditions is uncertain, al-11

though it is likely to be less than the liquid diffusivity. This low diffusivity favours translation of12

the inner core and so uncertainty in the inner core viscosityis less important for compositional13

convection (Figures 8 and 9) than for thermal convection.14

The translation velocity, for translation driven by variations in temperature and oxygen compo-15

sition, is sufficient to explain the seismic structure of theupper inner core according to the model16

of Monnereau et al. (2010). However, since the rate of translation is primarily controlled by the17

ability of the outer core to extract or provide heat at the ICB, achange in the outer core fluid veloc-18

ity also changes the translation velocity by the same amount. Thus if the outer core fluid velocity19

at the ICB is one order of magnitude less than that at the CMB (theestimate that is currently used),20

then the rate of translation will be too slow to explain the lateral variations in the upper inner core.21

The composition of the core is still controversial and we consider only the model of Alf̀e22

et al. (2002), based on the average Earth model of PREM (Dziewonski & Anderson 1981) in this23
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work, since all relevant parameters are given. This choice was sufficient for our study since our24

primary aim was to demonstrate that compositional variations in the inner core over time may25

drive inner core convection. However better knowledge of the composition of the core is needed1

before definitive conclusions regarding inner core convection can be drawn.2

There is also large uncertainty in the remaining core parameters, significantly in the CMB heat3

flux, which controls the rate at which the core cools and the inner core grows. In order to narrow4

the parameter space, better constraints on these importantparameters are needed.5

Lastly, even if translation is occurring in the inner core, an explanation for lateral anisotropy6

variations still remains elusive. The most likely explanation for cylindrical anisotropy is the bulk7

alignment of intrinsically anisotropic crystals, thus a mechanism is needed to generate crystal8

alignment in the western ‘hemisphere’, with random bulk crystal alignment in the remaining inner9

core. Since very little deformation accompanies translation of the inner core, it is unlikely that10

translation will generate crystal alignment. It is possible that translation could be accompanied11

by another mechanism that orientates crystals, such as preferred equatorial solidification (Yoshida12

et al. 1996), or deformation due to Maxwell stresses (Karato1999; Buffett & Wenk 2001). How-13

ever any accompanying deformation mechanisms would need towork in an inner core with a high14

viscosity, since this is required for inner core translation.15

7 CONCLUSIONS16

The parameterised convection model we present approximates the total heat or compositional flux17

from the inner core as the sum of the heat or composition lost through conduction, plume convec-18

tion and translation. We use our parameterised model to study the likelihood of either thermal or19

compositional convection in the inner core and assume the dominant convective mode to be the20

greatest contribution to the total flux. We find that thermal convection is unlikely to occur for the21

most recent estimates of core thermal conductivity unless the CMB heat flux is unreasonably large.22

However a translating convective mode may be driven in the inner core by compositional varia-23

tions. By simply linearly combining the thermal and compositional buoyancy it appears that the24

inner core is stably stratified, unless the thermal conductivity is small. We suggest that future work25
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might profitably focus on the possible double diffusive effects, that are often complex and unex-26

pected (Huppert & Turner 1981), arising from a combination of both thermal and compositional27

buoyancy, potentially still making inner core convection feasible.28
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Table 1.Principal energy sources affecting core growth. Parameters are listedin Table 2.

Contribution Expression

Secular Cooling QS ≈4π
3 b3Cpρ

∂Ta

∂t = 8π
3 ρCpbΘ0c

dc
dt

Latent Heat QL ≈4πc2ρLdc
dt

Gravitational Energy QG ≈8π2

5 Gρ∆ρb2c2 dcdt
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Figure 1. a) Temperature profile in the present-day inner core. The liquidus (TL) and adiabatic (Ta) profiles

intersect at the inner core boundary (ICB). As the core loses heat, theadiabatic profile decreases (Ta(t+δt))

and so the liquidus and adiabat intersect at a lower pressure, hence theinner core grows. b) Schematic of

potential temperature,Θ, in the inner core for superadiabatic conduction (dashed line) and vigorous plume

convection (dotted line), where a thin boundary layer develops below the ICB.
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Figure 3. Regime diagrams plotted for the Rayleigh number,Rad, versus the parameter,P, defined

by Deguen et al. (2013). a) Regime diagram for this study calculated usingthe quasi-steady state approx-

imation detailed in Appendix C. Dashed lines show when one mode of heat flux isequal to the sum of

other two modes - i.e. dashed yellow line indicates when flux from translation is equal to the sum of the

plume and diffusive fluxes. Solid lines indicate when one mode is greater thanthe other two (Table 3) b)

Regime diagram from Deguen et al. (2013) calculated for the full set of governing equations (see Figure

13a, Deguen et al. (2013)).
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Table 2. Inner core parameter values.

Parameter Units Value Source

CMB heat flow QCMB W 11× 1012 Gomi et al. (2013); Hernlund et al. (2005)

ICB temperature TL K 5700 Alfè et al. (2002)

Density ρ kg m−3 12900 Dziewonski & Anderson (1981)

Specific heat Cp J kg−1 K−1 840 Nimmo (2009)

Latent heat L kJ kg−1 660 Labrosse (2003)

Thermal expansivity α K−1 1.1× 10−5 Vocadlo (2007)

Grüneisen parameter γ 1.4 Vocadlo et al. (2003)

Isothermal bulk modulus KT Pa 1.2× 1012 Vocadlo et al. (2003)

Liquidus gradient ∂TL

∂P K Pa−1 1× 10−8 2(γ − 1
3)

TL

KT
(Lindemann’s law)

Adiabatic gradient ∂Ta

∂P K Pa−1 6.3× 10−9 αTL

ρCp

Thermal conductivity k W m−1 K−1 36 – 200 Stacey & Davis (2008); de Koker et al. (2012)

Thermal diffusivity κ m2 s−1 4.2× 10−6 k
ρCp

Dynamic viscosity η Pa s 1018 Dumberry & Bloxham (2002)

Kinematic viscosity ν m2 s−1 7.8× 1013 η
ρ

Outer core fluid velocity u m s−1 10−4 Bloxham & Jackson (1991)

Density jump at ICB ∆ρ kg m−3 600 Dziewonski & Anderson (1981)

Present inner core radiusc0 km 1221.5 Dziewonski & Anderson (1981)

Outer core radius b km 3480 Dziewonski & Anderson (1981)

Gravitational constant G m3 kg−1 s−2 6.674×10−11

Table 3.Heat flux ratios for each mode of convection.

Dominant mode Heat flux

Plume convection qplume > qtrans, qdiff

Translation qtrans > qplume, qdiff

No convection qdiff > qplume, qtrans
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Figure 4. Thermal evolution of the inner core for parameter values in Table 2, withk = 36 W/m/K and

QCMB = 11 TW. a) Mean potential temperature,Θ̄, calculated numerically (solid line), withQCMB = 7

TW (dotted line) for comparison, and using the quasi-steady state approximation (with QCMB = 11 TW,

dashed line). b) Heat flux lost by diffusion (cyan), plume convection (magenta) and translation (yellow).

c) Translation velocity calculated numerically (solid line) and using the quasi-steady state approximation

(dashed line).

Table 4. Inner core compositional parameter values. PREM values use the model of Dziewonski & Ander-

son (1981).

Parameter Units Value Source

Boltzmann’s constantkB eV/K 8.617× 10−5

Oxygen Sulphur

Molar compositional expansion coefficientαc 0.37 0.39 Gubbins et al. (2013)

Diffusivity in solid D m2/s 2× 10−12 10−12 Gubbins et al. (2013)

Ab initio linear correction, solidλs eV – 5.9± 0.2 Alfè et al. (2002)

Ab initio linear correction, liquidλl eV 3.25± 0.2 6.15± 0.04 Alfè et al. (2002)

Difference in solid and liquid

ab initio constantsµ0
l − µ0

s eV -2.6± 0.2 -0.25± 0.04 Alfè et al. (2002)

Liquid mole fraction (PREM)χ̄l mol/mol 0.08± 0.025 0.1± 0.025 Alfè et al. (2002)

Solid mole fraction (PREM)̄χs mol/mol 0 0.0802 Gubbins et al. (2013)
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Figure 5. a) Dominant convective mode for a range of estimated inner core viscosity and thermal conduc-

tivity values (usingQCMB = 11 TW) , with colours corresponding to the amount of time the inner core has

spent in each mode. Profiles for several thermal conductivity and viscosity values are shown for: b)k = 40

W/m/K, η = 1014 Pa s; c)k = 40 W/m/K,η = 1018 Pa s; d)k = 40 W/m/K,η = 1021 Pa s; e)k = 60 W/m/K,

η = 1018 Pa s.



38 Karen H. Lythgoe, John F. Rudge, Jerome A. Neufeld and Arwen Deuss

400 800 1200

0.0992

0.0994

0.0996

0.0998

0.1

c (km)

χ̄
l
(m

o
l/
m
o
l)

a) b) c)

400 800 1200

0.08

0.0801

0.0802

0.0803

0.0804

0.0805

c (km)

χ
i s
(m

o
l/
m
o
l)

Gubbins 2013

this work

400 800 1200
0

0.2

0.4

0.6

0.8

1
x 10

−5

c (km)

φ̄
(m

o
l/
m
o
l)

convection

no convection

400 800 1200
0

1

2

3

4

5

x 10
−11

c (km)

q
m
(m

o
lm

−
2
s−

1
)

d) e)

diffusion
plume
translation

400 800 1200
0

2

4

6

x 10
−11

c (km)

T
ra
n
sl
a
ti
o
n
ve
lo
ci
ty

(m
/
s)

Figure 6. Evolution of sulphur with increasing radius of the inner core with parameter values from Tables 2

and 4. a) Outer core composition,χ̄l. b) Solid composition at the ICB,χi
s, from (58) (solid line) and using

the approximations of Gubbins et al. (2013) (dashed line). c) Potential composition in the inner core,̄φ,

with (solid line) and without (dashed line) inner core convection. d) Flux from diffusion (cyan), plume

convection (magenta) and translation (yellow). e) Translation velocity.
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Figure 7. Evolution of oxygen with increasing radius of the inner core with parameter values from Tables 2

and 4. a) Outer core composition,χ̄l. b) Solid composition at the ICB,χi
s, from (58) (solid line) and using

the approximations of Gubbins et al. (2013) (dashed line). c) Potential composition in the inner core,̄φ,

with (solid line) and without (dashed line) inner core convection. d) Flux from diffusion (cyan), plume

convection (magenta) and translation (yellow). e) Translation velocity.
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Figure 8. a) Dominant convective mode for a range of estimated inner core viscosity and sulphur solid

diffusivity values, with colours corresponding to the amount of time the innercore has spent in each mode.

Profiles for several diffusivity and viscosity values are shown for b)Ds = 10−9 m2/s,η = 1011 Pa s and c)

Ds = 5× 10−13 m2/s,η = 1020 Pa s.
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Figure 9. a) Dominant convective mode for a range of estimated inner core viscosity and oxygen solid

diffusivity values, with colours corresponding to the amount of time the innercore has spent in each mode.

Profiles for several diffusivity and viscosity values are shown for b)Do = 10−9 m2/s,η = 1011 Pa s and c)

Do = 5× 10−13 m2/s,η = 1020 Pa s.
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Figure 10.Density anomaly relative to an adiabatic reference state approximated from (72) for two values

of inner core conductivity and a combination of thermal and compositional effects.
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APPENDIX A: VALIDITY OF THE HEAT FLUX PARAMETRISATION1

In this work we have chosen to parametrise the heat flux as a direct sum of terms representing2

heat flux due to conduction, plume convection and translation. Each of these terms are given by3

asymptotic expressions which formally only apply when a single mode of heat transport dom-4

inates. Consequently, our direct sum heat flux parametrisation will accurately estimate the heat5

flux in the parameter regimes where a single mode of heat transport dominates, but may be a poor6

approximation in the transition regions between modes.7

Figure A1 shows an example of the potential benefits and shortcomings of our approach. The8

observed Nusselt number–Rayleigh number relationship for aseries of 2D numerical simulations9

of plume convection by McKenzie et al. (1974) is plotted in red. In these simulations the Nusselt10

number,Nu, is 1 until the critical Rayleigh number (Rac) is reached (the onset of convection),11

at which point the Nusselt number steadily increases with increasing Rayleigh number as con-12

vection becomes more vigorous. At large Rayleigh numbers there is an asymptotic scaling of1

Nu ∼ BRa
1

3 with B = 0.23. The Nusselt number–Rayleigh number relationship given by our2

direct sum parametrisation of the heat flux is plotted in blue, which yieldsNu = 1 + BRa
1

3 . In3

this case our approximation overestimates the heat flux by upto a factor of 3, with the approxima-4

tion being poorest near the critical Rayleigh number and bestat the extremes of large and small5

Rayleigh number.6

We use the direct sum approximation to determine the dominant mode of heat transport, by7

assuming that the form of heat transport with the largest contribution to the total heat flux is that8

which is dominant. In the context of Figure A1, this means that any regime withNu > 2 is9

considered plume-convection-dominated, and anything with Nu < 2 is diffusion-dominated. This10

transition happens at a particular critical Rayleigh numberRac ∼ 100 shown in blue, slightly less11

than the true critical Rayleigh number for convectionRac ∼ 657 shown in red. It is important12

to note that the transition between conduction and convection is controlled by the correct dimen-13

sionless parameter (the Rayleigh number), and only the numerical value of the transition point14

differs. Thus our direct sum parametrisation is likely to bea good guide to the true behaviour of15

the system, at the very least in an order-of-magnitude sense.16
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Figure A1. Nusselt number,Nu, versus the Rayleigh number,Ra, for the 2D numerical convection experi-

ment of McKenzie et al. (1974) (red).Nu equals 1, untilRa reaches a critical value (Rac), when the system

begins to convect and the profile tends to the scaling ofNu ∼ BRa
1

3 for Ra ≫ Rac, where B is 0.23

in this case. We approximate the Nusselt number–Rayleigh number scaling to beNu = 1 + BRa
1

3 (blue

line). Our approximation leads to a slightly different critical Rayleigh number,Rac (blue), and results in an

over-estimate of the heat flux in this intermediate area. However our approximation matches the true scaling

for high and low Rayleigh numbers.

We also investigate the accuracy of our direct sum parametrisation by looking at the transi-17

tion from translation to plume dominated convection. The numerical simulations of Deguen et al.18

(2013) show that this transition is governed by the emergence of secondary flow and smaller scale19

convection. The secondary flow redistributes the hemispherical density anomalies associated with20

translation, decreasing the strength of translation untilthe translation mode disappears.21

Figure A2 shows the variation of normalised translation velocity versus the phase change pa-22

rameter,P, from (52). We define the normalised translation velocity,Vtr/V0,23

Vtr

V0

=
8√
30

√

Ra

P Θ′, (A.1)

whereVtr is the translation rate from (43) andV0 is the quasi-steady state translation rate from (50).24

We calculate (A.1) usingΘ′ obtained assuming the vigorous convection approximation in (C.9)25

for given values ofRad andP (Figure A2 is plotted forRad/P = 105). As Figure A2a shows, the1

rate of translation slows asP increases, since the plume mode of convection emerges (bluedots).2

Also plotted is theO(P) analytical solution of Deguen et al. (2013) (black line), which again3
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shows a decrease in the translation rate with increasingP, but with a much sharper drop off. This4

is because our parameterised model does not account for secondary flow which is an intermediate5

regime occurring in the transition between translation andplume convection and this results in an6

over-estimate of the strength of translation at largeP.7

Figure A2b shows the average radial heat flux due to translation, divided by the total radial8

heat flux due to translation and plume convection. This decreases asP increases, since translation9

becomes less vigorous. We define the transition from translation to plume dominated convection10

to be when the heat flux from translation is greater than a combination of other modes, i.e. when11

qtrans/(qtrans+qplume) = 0.5. This transition occurs whenP ≃ 104 for Rad/P = 105 (blue dashed12

line, Figure A2b), although the critical value ofP changes withRad/P. In contrast Deguen et al.13

(2013) find the transition from translation to plume modes tobe independent ofRad and so occurs14

at approximatelyP ≃ 29. Deguen et al. (2013)’s value is when the mean degree of kinetic energy15

becomes greater than 1, i.e. when smaller scale convective modes first appear. This definition of1

the transition from translation to plume modes is differentfrom ours, which is based on heat flux.2

We define the transition to be the point at which plume convection is dominant and obeys the3

asymptotic scaling relationshipNu ∼ Ra
1

3 ; Deguen et al. (2013) define the transition is terms of4

the shape of internal flow and is when the first small scale modes emerge.5

A more accurate parametrisation of the heat flux that more closely resembles the heat flux6

relationships seen in numerical solutions to the full set ofgoverning equations (such as those7

by Deguen et al. (2013)) would be favourable. However, constructing such a parametrisation is8

non-trivial and is a topic for future work. Nevertheless, weexpect that the simple direct sum9

parametrisation we use here has captured the leading-order-behaviour of the system, which is10

most important given the large uncertainties in parameter values.11
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Figure A2. a) Normalised translation velocity given by (A.1) as a function of the phase change parameter,

P, for our parameterised model (blue dots) and for theO(P) analytical solution of Deguen et al. (2013)

(black line), calculated forRad/P = 105. b) Average radial heat flux due to translation,qtrans, divided by

the total radial heat flux due to plume convection and translation,qplume + qtrans (blue line). The transition

from translation to plume dominated convection occurs in our model whenP ≃ 104 (blue dashed line),

where as the numerical simulations of Deguen et al. (2013) find a transition whenP ≃ 29 (grey dashed

line).

APPENDIX B: NON-DIMENSIONAL GROWTH AND THERMAL MODEL12

We solve our model as a system of non-dimensional equations as outlined below, using the thermal13

scalings given in Table A1. We non-dimensionalise (2) to express the inner core growth model as14

1

η

dt′

dη
= M[2 + 3η(G + L)]. (B.1)
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Table A1. Non-dimensional scalings.

Non-dimensional parameters

η = c
b

Θ̄′ = Θ̄
Θ0

Thermal Compositional

t′ = tκ
b2

t′ = tD
b2

q′ = qb
kΘ0

q′ = qb
D

M = R

κ Mc =
R

D

We non-dimensionalise the governing equation (45) and combine with the growth model (B.1),1

such that it becomes2

dΘ̄′

dη
= S ′ − 3Θ̄′

η
− 3q′M[2 + 3η(G + L)] (B.2)

where3

S ′ = 2

(

η − 3
∂Ta

∂P
∂TL

∂P
− ∂Ta

∂P

dt′

dη

)

. (B.3)

q̃′ is the heat flux due to diffusion, plume convection and translation4

q̃′ = q′diff + q′plume + q′trans (B.4)

where5

q′diff =
5Θ̄′

η
, (B.5)

6

q′plume = B Ra0
1/3η1/3Θ̄′4/3, (B.6)

7

q′trans =
32

135
H0 Θ̄

′ 2 η2, (B.7)

and8

Ra0 =
g′αb4Θ0

νκ
, H0 =

uCpρlαbΘ
2
0

L∆ρκ
. (B.8)

The translation velocity, (42), becomes9

V ′ =
8

15
H0η

2Θ̄′. (B.9)
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APPENDIX C: DOMINANT REGIMES IN THE QUASI-STEADY STATE10

APPROXIMATION11

Following from section 3.3.1, assuming that convection in the inner core is vigorous, we write a12

quasi-steady state approximation as13

q ∼ ρCpcS
3

. (C.1)

We non-dimensionalise our model, using the scalings definedbelow, in order to compare it to the14

model of Deguen et al. (2013). First, we defineqr as15

qr = ρCpcS =
kΘr

c
(C.2)

and soΘr is defined by16

Θr =
ρCpc

2S
k

. (C.3)

We useqr andΘr to non-dimensionalise the heat flux,q, and the mean potential temperature,Θ̄,17

respectively18

q̃ =
q

qr
=

q

ρCpcS
=

ρCpcS
3ρCpcS

=
1

3
(C.4)

and19

Θ′ =
Θ̄

Θr

. (C.5)

We now non-dimensionalise each heat flux term independentlyusing the scalingqr. The expression1

for diffusion flux becomes2

q̃diff =
qdiff
qr

= 5Θ′. (C.6)

Plume flux is expressed3

q̃plume =
qplume

qr
= B6

1

3Rad
1

3Θ′
4

3 , (C.7)

whereRad is the Rayleigh number defined in (51). Lastly the heat flux fromtranslation is ex-4

pressed,5

q̃trans =
qtrans
qr

=
32

45

(

Rad
P

)

Θ′2 (C.8)
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whereP is the dimensionless ‘phase change’ parameter from Deguen et al. (2013), defined in (52).6

From C.4, we know that7

q̃ = q̃diff + q̃plume + q̃trans =
1

3
. (C.9)

The boundaries between the 3 regimes are defined as8

q̃diff = q̃plume, (C.10)
9

q̃diff = q̃trans and (C.11)
10

q̃plume = q̃trans. (C.12)

In order to highlight the transition areas between regimes,we also calculated the boundaries when11

one mode is equal to the sum of the remaining 2 modes, i.e.12

q̃diff = q̃plume + q̃trans =
1

6
(C.13)

852

q̃plume = q̃diff + q̃trans =
1

6
, and (C.14)

853

q̃trans = q̃diff + q̃plume =
1

6
. (C.15)

We solve for the regime boundaries numerically to plot the regime diagram, ofRa versus854

P in Figure 3. To calculate the regime boundaries (solid lines, Figure 3a) we solve for (C.9)855

together with one of (C.10), (C.11) or (C.12) depending on the boundary of interest. To calculate856

the boundaries when one mode becomes dominant (when the modeis equal to the sum of the857

remaining modes, dashed lines, Figure 3a), we first solve forΘ′ using a given value ofRa and858

either one of (C.6), (C.7) or (C.8) depending on the regime we areinterested in. The critical value859

of P is then calculated from one of (C.13), (C.14) or (C.15).860

APPENDIX D: NON-DIMENSIONAL COMPOSITIONAL MODEL861

D1 Compositional convection862

As for the thermal model, we non-dimensionalise the governing equation, (63), this time using the863

compositional scalings in Table A1 and we combine with the growth model in (B.1), such that the864
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governing equation becomes865

dφ̄

dη
= −Sc −

3φ̄

η
− 3q′mMc(2 + 3η(G + L)). (D.1)

q′m is the molar flux due to diffusion, plume convection and translation866

q′m = q′diff + q′plume + q′trans (D.2)

where867

q′diff =
5φ̄

η
, (D.3)

868

q′plume = BRac
1

3 φ̄
4

3η
1

3 , (D.4)
869

q′trans =
32

135
Hcη

2φ̄2 (D.5)

and870

Rac =
g′b4αc

νD
,Hc =

uCpρlαcbΘ0

L∆ρD
. (D.6)

The non-dimensional translation velocity is871

V ′ =
8

15
Hcη

2φ̄. (D.7)

D2 Solution to compositional convection872

We solve the governing compositional convection equationsas a system of differential algebraic873

equations. Firstly we substitute (62) – re-arranged for theaverage inner core composition,χ̄s – into874

(59) such that the mean liquid composition,χ̄l, is a function of the mean potential composition,φ̄,875

i.e.876

χ̄l =
χ0 − η3χ̄s

1− η3
=

χ0 − η3(φ̄+ χi
s)

1− η3
. (D.8)

This expression for̄χl is now substituted into (58) in order to remove the dependence ofχi
s on χ̄l877

χi
s(c) =

kBTL(c)

λs

W
(

χ0 − η3(φ̄+ χi
s)λs

kBTL(c)(1− η3)
exp

(

λl
χ0−η3(φ̄+χi

s)
1−η3

+ µ0
l − µ0

s

kBTL(c)

))

. (D.9)

Finally we re-write the governing equation (D.1) as878

dφ̄

dη
+

dχi
s

dη
= −3φ̄

η
− 3q′Mc(2 + 3η(G + L)) (D.10)
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in order to solve forφ̄ andχi
s by casting (D.9) and (D.10) as a system of differential algebraic879

equations.880


