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SUMMARY

Inner core convection, and the corresponding variations irgrain size and alignment, has
been proposed to explain the complex seismic structure of éhinner core, including its
anisotropy, lateral variations and the F-layer at the base bthe outer core. We develop a
parameterised convection model to investigate the possily of convection in the inner
core, focusing on the dominance of the plume mode of convegti versus the translation
mode. We investigate thermal and compositional convectioseparately so as to study
the end-members of the system. In the thermal case the dominamode of convection is
strongly dependent on the viscosity of the inner core, the ngnitude of which is poorly
constrained. Furthermore recent estimates of a large coreiermal conductivity result in
stable thermal stratification, hindering convection. However, an unstable density strat-
ification may arise due to the pressure dependant partition cefficient of certain light
elements. We show that this unstable stratification leads toompositionally driven con-
vection, and that inner core translation is likely to be the dominant convective mode due
to the low compositional diffusivity. The style of convection resulting from a combina-

tion of both thermal and compositional effects is not easy toinderstand. For reasonable



6

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

2 Karen H. Lythgoe, John F. Rudge, Jerome A. Neufeld and ArwensDeus
parameter estimates, the stabilising thermal buoyancy isrgater than the destabilising
compositional buoyancy. However we anticipate complex ddue diffusive processes to

occur given the very different thermal and compositional dffusivities.

Key words: Core, outer core and inner core; Numerical approximatiowisaaralysis; Com-

position of the core

1 INTRODUCTION

The inner core plays an important role in the dynamics oftZarhterior and understanding its
dynamical state provides new and unique insights into tleeatMhermal and dynamical evolution
of the Earth. As the Earth cools, the inner core grows by smation of the surrounding fluid
outer core (Jacobs 1953), releasing latent heat and lightezits that provide a driving force for
the geodynamo (Lister & Buffett 1995). The thermal and contfmrsal structure of the inner core
resulting from its gradual solidification may lead to int@reonvection (Jeanloz & Wenk 1988;
Gubbins et al. 2013). Different modes of convection havenleposed to explain some of the
seismically observed features of the inner core (JeanlozetRNM 988; Buffett 2009; Alboussie
et al. 2010; Monnereau et al. 2010).

Seismology, being the only method available to directlggtthe inner core, has revealed the
existence of anisotropy (Morelli et al. 1986; Woodhousd.€t286) and significant degree 1 lateral
variations (Tanaka & Hamaguchi 1997). In particular, thpamnner core is seismically isotropic
and has a western hemisphere with an approximatélyslower isotropic P-wave velocity and
greater attenuation than in the east (Niu & Wen 2001; Cao & Romanz 2004; Waszek et al.
2011). Cylindrical anisotropy — with compressional waveseétling fastest along Earth’s rotation
axis and slowest along the equatorial plane — appears froepth @f around 100 km below the
inner core boundary (ICB) and is concentrated in a region imistern hemisphere (Tanaka &
Hamaguchi 1997; Garcia & Souriau 2000; Creager 2000; Dewds2210; Irving & Deuss 2011,
Lythgoe et al. 2014). The eastern region remains isotréparighout the inner core (Lythgoe et al.
2014).

The dominant phase of iron at inner core conditions is mkshjithe hexagonal close packed
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Thermal and compositional convection in Earth’s inner core3
(hcp) structure (Tateno et al. 2010; Stixrude 2012), whglstrongly anisotropic (Stixrude &
Cohen 1995; Martorell et al. 2013). It has been suggestedatitatment of hcp crystals with
Earth’s rotation axis may explain the seismically obsemsdohdrical anisotropy (Stixrude & Co-
hen 1995), thus a mechanism is needed to align crystals.

The idea that thermal convection in the inner core alignstaty through dislocation glide was
first proposed by Jeanloz & Wenk (1988) and has been extéynsivelied since. Deguen & Cardin
(2011) and Cottaar & Buffett (2012) used numerical thermocbaheonvection models to inves-
tigate the likelihood of high-Rayleigh number, plume styteneection in a growing inner core.
Both studies conclude that the inner core is more likely torttadly convect early in its history,
but this result is dependent on several poorly constrairedrpeters, such as the heat flux at the
core mantle boundary (CMB) and the core thermal conducti@tiffett (2009) investigated the
pattern of the flow as convection shuts down and showed tindtiftgyal acceleration may favour
a final convective mode with a degree one pattern alignedkatith’s rotation axis. However the
simulations of Deguen & Cardin (2011) suggest that theresisfiitient stress associated with the
last convective mode to produce an observable texture. &egual. (2013) extended the model
of Deguen & Cardin (2011) to include the effects of the phasegk at the inner core boundary
(ICB).

Recently, translation of the inner core — a convective moderelty the whole inner core
moves to the east due to enhanced solidification in the wesiemisphere and melting in the
east — was proposed to explain the seismic observation®a#iere et al. 2010; Monnereau
et al. 2010). The seismically observed hemispherical tiana in isotropic velocity and attenu-
ation in the upper inner core were explained by the grain gragsociated with translation of
inner core material (Monnereau et al. 2010; Geballe et dl3R0rranslation may also explain the
anomalously low velocity layer at the base of the outer cknewn as the F-layer (Souriau &
Poupinet 1991; Song & Helmberger 1995; Yu et al. 2005; ZoU.€2Q08), as a region of dense
melt (Alboussere et al. 2010; Deguen et al. 2014). It is more difficult tolakplateral anisotropic
variations since translation causes little or no deforamtibut this may be explained by coexisting

modes of translation and plume convection (Mizzon & Monaer2013).
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However since thermally driven inner core convection wagioally proposed, it has been
suggested both experimentally and theoretically, thatitbemal conductivity of the core is signif-
icantly higher than previously thought (Sha & Cohen 2011; dkdf et al. 2012; Pozzo et al. 2012;
Gomi et al. 2013; Pozzo et al. 2014). Such high thermal camdiycvalues imply that thermal
convection of the inner core is unlikely. However, the pogity remains that convection could be
driven by compositional variations.

Compositional convection requires radial variations ingcbmposition of the inner core. The
core mainly consists of iron, but Birch (1952) showed thatdteer core also contains a substan-
tial amount of light elements. There is growing support fooater core containing silicon (Georg
et al. 2007; Fitoussi et al. 2009; Zieglera et al. 2010) angber, (Badro et al. 2014) with the
presence of elements such as sulphur, carbon or hydrogemnieg controversial (Hirose et al.
2013). Although light elements preferentially partitiarta the outer core (A et al. 2002), a
small amount of light elements must remain in the inner corexplain the observed density
deficit (Jephcoat & Olson 1987). Gubbins et al. (2013) shothet, due to the temperature de-
pendence of the partition coefficient of certain light eletse the inner core may become un-
stably stratified during its growth, thereby providing a bk mechanism for inner core con-
vection. Labrosse (2014) also showed that compositior@tuans in the inner core can lead to
unstable stratification, although his exact compositipnafiles differ from those of Gubbins et al.
(2013).

Previous studies of inner core thermal convection (Buff@@® Deguen & Cardin 2011; Cot-
taar & Buffett 2012; Deguen et al. 2013) used low values ofrttaérconductivity and assumed
that compositional effects were stabilising. Given theartainty in physical properties, it remains
unclear whether compositional or thermal convection initimer core is possible and what the
corresponding convective style might be.

In this paper we develop a parameterised model to investitpt possibility of thermal or
compositional convection in the inner core. The model alow to explore the dominance of the
plume mode of convection with cold plumes sinking from the k18l a passive return flow, versus

the translation mode. Thermal and compositional convecti® presented separately so as to
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Thermal and compositional convection in Earth’s inner coreb
study the end-members of the system. Section 2 outlinesittee core growth model used, which
is based on global heat conservation. The parameterisesidheonvection model is presented
in section 3 and the method is adapted for compositionalexdion in section 4. We discuss the

possible effects due to a combination of both thermal andoomitional buoyancy in section 5.

2 GROWTH OF THE INNER CORE

As the core cools, the intersection of the adiabatic tempegavith the liquidus temperature oc-
curs at lower pressures, causing the inner core to grow (Eifjy We model the growth of the
inner core using the simple core thermal evolution model dfduet al. (1996), which is based
on global heat conservation. Similar treatments are fonriRbberts et al. (2003), Labrosse (2003)
and Nimmo (2009). An energy budget for inner core growth éegithe heat lost from the core at

the core mantle boundary (CMB) to the total energy releasdukeimtiter and inner core,

Qcme = Qs + Qu + Qa, (1)

where Qg Is the total heat flow across the CMBg @ the heat released by secular cooling
of the core, @ represents latent heat released due to solidification ointer core and Q is
the change in gravitational energy associated with theusian of light elements at the ICB. Each
energy term depends on the rate of inner core grawth]¢, wherec is the radius of the inner core
andt is time, as described in detail in Table 1. We assume for saitythat Q- iS constant. It
has been suggested that radioactive elements, particptadssium, reside in the core (Murthy &
Hall 1970; Roberts et al. 2003), but there is sufficient uraety regarding their availability that
we neglect any energy contribution from internal heating. Mo exclude the effect of a varying
core composition on the liquidus, since the uncertainth@malue of CMB heat flux overwhelms
this error.

The corresponding growth model for the inner core radius is

de 1 3c?

(Buffett et al. 1996), expressed in terms of three parameferg, £, and the outer core radius,
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b. The parameter

QCMB
_ > 3
o= ,C,b0), 3)

is expressed as a function 6f,

O

272
_ 277G p?b <3TL B GTQ> ’ @

3 oP oP
which represents the expected temperature drop on satidifyre entire core, wherg is the
average inner core density,, is the specific heat capacitg is the gravitational constant and
JT, /0P andO0T, /0P are the liquidus and adiabatic gradients respectivelyclviie assume to

be constant in the inner core. The dimensionless quantities

2 Gb*Ap
g - 5 Cp@() ) (5)
L
- 6
‘C Cp@(]? ( )

represent the effects of gravitational energy releaseauaerhpositional buoyancy and latent heat
release respectively, wherkep is the density jump due to compositional change across the ICB
andL is latent heat. Using parameter values in Tabl€ 2,0.73 ,G = 0.22 andR = 6.47 x 1075
m?s~1,

Values for Qg have been estimated from seismic observations of the Dbdtswity and
the Clapeyron slope of the post-perovskite transition (Hewhet al. 2005) or from the buoyancy
flux of thermal plumes (Mittelstaedt & Tackley 2006), leaglto a range from 7 to 15 TW. Solving
(2) for the inner core radius as a function of time for thisganf Q-\;z estimates, results in a broad
range of values for the age of the inner core, between 0.5 &nByt (Figure 2). Recently, Gomi
et al. (2013) have advocated for the CMB heat flux to be grelaser 10 TW in order to power the
dynamo with a high core thermal conductivity, resultingmi@ner core that is less than 1 Byr old.
This range of parameter estimates not only leads to vaitiabil estimates of the growth history

of the inner core, but also to uncertainty in estimates adytsamic evolution.
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3 THERMAL CONVECTION
3.1 Energy balance

For thermal convection to occur in the inner core, its indétemperature gradient must exceed the
adiabatic gradient, i.e. it must be superadiabatic (Figyréuring convection the internal tem-
perature then evolves toward an adiabatic gradient. Changegime in the internal temperature
are governed by energy conservation — the total change inclgeals the heat gained from new
material crystallising as the inner core grows, plus hesitldg conduction and thermal convection,

written together as a single radial heat flgxsuch that

d de

— TdV = [ —pC, Ty dS — d 7

G [y /Sdtpcp L ds /Sq s, (7)
whereT is the internal inner core temperatuté,and S are the volume and surface area of the

inner core respectively, arid, is the liquidus temperature at the ICB. We write (7) as

d [4r = de
pn (?PCPCST(t)) = 4762&901071 — dmcq, (8)

whereT andg are the volume averaged internal temperature and surfacagad radial heat flux

respectively,

_ 1 1

3
Deviations from the adiabatic thermal profile drive the t&sg dynamical response, and so we

define a potential temperature,
O(x,t) = T(x,t) — Tu(r, 1), (10)

as the difference between the temperature and the adiadamperature’,,, such that the internal
temperature is superadiabatic wheims positive. Note that at the ICB = 0. The mean potential

temperature,

(:)(1t):4_7r1 /@(x,t)dV:T(t)— (1), (11)



10

11

12

13

14

15

16

17

18

19

20

21

22

23

8 Karen H. Lythgoe, John F. Rudge, Jerome A. Neufeld and ArwensDeus
is the volume average of the potential temperature. In doderite the energy balance (8) in terms

of the mean potential temperature, we first note that

d (4, - d «®,
T (?pC’pc Ta(t)) =3 (47rp0p/0 rTy(r,t) dr

c(t)
= 47rpCpc2%Ta(c(t), t)+ 47rpCp/ r? L dr. (12)
dt o Ot
Using (11) and (12), the energy balance (8) is therefore
d [4r , 4~ 0, 0T, )
— (= =4 —4 : 1
i ( 3 pCyC @(t)) ﬂpCp/O v dr — 4wc*q (13)
Since the adiabat and liquidus intersect at the ICB¢(¢),t) = T'1(c(t)), thus
or, 0JT, de 077 de
= — 14
ot~ or|_ dt or|_ (14)

assuming tha®7;, /0t = 0. We may therefore write the evolution of the adiabatic terapege as

8Ta o 6TL o 8Ta de o 8P 6TL B 8Ta de (15)
ot \ or|._, or|_J)dt  or|_ \oP 09oP)dt
Finally noting that
%—]: = —py(r) = —pg'r, (16)
whereg’ = %’TG,O, the energy balance may be written as
d [4r 3= dr o, 4dc (0T,  OT, 9
— (= - — (== - —4 17

assuming thad7,, /0P and0T /0P are uniform in the inner core. We use (17) to investigate the
evolution of the mean potential temperatugg,as the inner core grows. The inner core growth
rate,dc/dt, is determined from the growth model in section 2. The meaeniial temperature
evolves, as the inner core grows, according to the conducticonvective regime determining

the radial heat fluxg, as discussed in section 3.2.

3.2 Modes of heat transfer

The radial heat flux may be primarily conductive, plume cative, or given by the translational

mode. Here we examine a simplified, and parametrised, mddet oadial heat flux. Our param-
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Thermal and compositional convection in Earth’s inner cored
eterised model is similar to that of Cottaar & Buffett (2012)t mcludes the effect of inner core
translation and we do not assume compositional effects staimlising.

Conduction down the adiabatic gradient provides a signifipaoportion of the radial heat
flux. Therefore we parametrise the total heat flux into twagaa heat flux due to conduction
down the adiabatic gradieni,(:.,.:), and a flux from the additional heat transfer that occurs due

to the actual temperature gradient being sub- or supebaticay),
qd = Yadiabat 1 q (18)

In order to parametrise the additional heat loss due to thartigre of the internal temperature from
the adiabatic profile, we first derive asymptotic expressin the heat flux assuming only one
form of heat transport is occurring, deriving separate esgions for the additional heat transport
by conduction 4,;), heat transport by plume convectiog),(..), and heat transport by inner

core translationd...;). We then approximate the total heat flux due to a combinaifaiese

mechanisms as the direct sum of the three asymptotic expngss

Cj = qdiff + Qplume + Qtrans- (19)

The resultis a single, simple parametrisation of the heatfflat provides a good approximation of
the radial heat flux in parameter regimes in which there isglsidominant mode of heat transport.
In the transition regions between different modes of heaisport the approximation above will be
less accurate (see Appendix A for discussion on the accufattys approximation), but we will
show that it provides a straightforward method for assgstie dynamical regime to sufficient
accuracy, particularly given uncertainties in the matgramameters.

In order to rigorously determine the dominant mode of cotigaceither the stability of each
mode with respect to perturbations should be studied, ofulhelynamical problem solved nu-
merically. However our approach is to use a simple methorelsy we calculate (19) in order
to ascertain the dominant mode of heat transport. This damjor largest contributing mode, is
interpreted as the mode most likely to be observed in thadmexnf parameter space. For example,
we infer that translation is the dominant convective modg, if, is greater than bott,;,... and

qair s (See Table 3). This is a relatively crude method to deterithiedikely mode of heat transport,
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but produces the correct order of magnitude behaviour,stso&n in section 3.3.2 by comparison
of our parameterised model to the detailed analysis of Degtial. (2013) which solves the full
set of governing equations. Therefore we verify postetiwai the inner core system is close to
optimising heat transport and thus the convective modedhabst efficient is that which is most

likely to be observed.

3.2.1 Conduction

The heat lost from conduction is given by the sum of the hesttdtong the adiabad,;q.:, and

the extra heat lost due to departure of the internal temperfitom adiabatic equilibriun; s,

Gcond = Gadiabat T qdif f, (20)

and may be evaluated from the temperature gradient at the ICB,

orT oP or orT
cond = —k —— =~k — - = kpg'c — , 21
E ! 37“ r=c 87" r=c aP ICB P aP ICB ( )
where we assume
!
P=p -, (22)

wherePF, is a reference pressure at the centre of the Earth.
For parameters relevant to the inner core the conductivpeesture and adiabat are approxi-
mately linear functions of pressure (Buffett 2000), and leenc

or T,
O=T-T, = (8_]3_ aP)(P—Bd,). (23)

By averaging (23) over the inner core and combining with (@) find that the internal tempera-

ture gradient is given by

or oL, 50
oP 0P = pg'c?

(24)

Thus the conductive heat fluy,,,.q, may be expressed in terms of the adiabat and the potential

temperature
or oT, S
= o = ! a —
Geond = kpg Cap kpg Cap + 5k c ) (25)
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where we define the heat lost by diffusion along the adiabat as

oT,
oP

Gadiabat = k’ﬂg/c (26)

and the heat lost by diffusion due to the departure of thenatdemperature from the adiabat as

©
qdiff = 5]{3; (27)

3.2.2 Plume convection

We next derive an expression for the heat flux from vigorolusng convectiong,.... (see Deguen
& Cardin (2011) and Cottaar & Buffett (2012)). The convective flgg,,.., Is parameterised fol-

lowing conventional scaling arguments that relate the Blissimber,

Nu = Jetume. (28)
qdiff

which is a non-dimensional measure of the convective fluihedRayleigh number,

Ra — M. (29)

RV
Here« is the coefficient of thermal expansiay{c) is the gravitational acceleration at the IGB,
is the thermal diffusivity and is the kinematic viscosity. Fdta > Ra, we use the conventional
scaling relationshiNu ~ Ras, whereRa, is the critical Rayleigh number, above which convec-
tion occurs. This scaling relationship is based on the apsomthat the timescale for convective
overturn is small compared to any other timescales in theleno. In this highRa regime the

convective plume flux may be approximated as

g/a 1/3 B
QPlume = Bk (_) 01/364/3’ (30)

VKR
whereg,iyme = 0 when© < 0 andB = 0.48 is a constant that is taken from the scaling laws
derived from the numerical calculations of Deguen et al1@0This is similar to the value of

B = 0.49 found from the numerical simulations of Cottaar & Buffett (201

3.2.3 Translation

Finally we derive the average radial heat flux due to innee ¢oanslationy,,...s. Translation,

where the whole inner core moves at a uniform velocity, was fiescribed by Alboussie et al.
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(2010) and Monnereau et al. (2010). The inner core is displdmom its equilibrium position
such that the ICB temperature does not correspond to theusaild becomes unstable, resulting
in melting on one side and crystallisation on the opposite sif the inner core. Topography is
removed by phase change and restored by isostatic adjudiomends gravitational equilibrium.
We express the heat lost from translation using the analytiwdel of Alboussire et al.
(2010), derived from a global force balance on the inner.cbinermal translation requires that the
inner core has a global superadiabatic profile that is limetre translation direction

00

o= A, (31)

wherez is aligned with the axis of translation andis a constant. At the ICB® = 0 (ignoring a

thin boundary layer on the melting side), so fox 0
@zA(rcosQ—F Ve — r2sin? 0) , (32)

wheref is the angle between the-axis and the point on the ICB. The mean potential temperature

may now be written as

c T 2T
o= 27 (oot s Vo) tsmsaranas =2 ey
r=0J0=0/ =0 4

4’

hence,
00 _ 46
or 3¢’

The translation velocity governs the rate of crystallsator melting and so the heat flux due

(34)

to translation,
Qtrans = PC,OV, (35)
is proportional to the translational velocity, whereqi.ans iS the heat flux andlis a unit vector in

the translation direction. The total heat loss from tratsteover the surfacey, of the inner core

is therefore

thns = /qtrans ndS = /v * Qtrans dV, (36)
S v

wheren is the unit normal to the surface. Combining (34-36), thel te¢at loss over the surface
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of the inner core is therefore

00 167 ~
Qtrans - PCpV /%dv = TpCpVCQG, (37)

and the corresponding average radial heat flux is
4 _
Qtrans = §pCPV® (38)

We follow the derivation of Alboussére et al. (2010) to find an expression for the translation
velocity. The displacemend, of the inner core from an equilibrium position of uniformndgy
can be expressed as a function of the thermal gradiéntoz,

2
apc” 00

§= —. 39

5Ap Ox (39)

This displacement causes a temperature differevicdyetween the liquidus and the adiabat along

the ICB

or, 07, ) (40)

0T = prg(c)d cos b (8_]3 ~ 9P
wherep;, is the density of the outer core. The temperature chargesreates a thermal boundary
layer in the outer core, with heat transfer proportionakt¢g7’, whereu ~ 10~* m/s (Bloxham
& Jackson 1991) is the outer core fluid velocity near the ICB\a®ed to be the same order of
magnitude as the fluid velocity at the CMB). The heat transfacsommodated by latent heat

associated with the phase change along the boundary
LV cos 0 = uC),oT. (41)

Combining (39 — 41), the translation velocity is given by

drGuCypp* 00 (0T, IT,
15 LAy Car \op  aP (42)
Using (4) and (34), we rewrite the velocity as
8 uCypa®y 4 [c\?
=5 1a, 00) @)
and substituting (43) into (38), the average radial heatdluto translation is written
32 upCipa©qg reN?
= P 44
drans = 135 LAp (b) © (44)

whereg,...s = 0 when©® < 0. This expression for the translation velocity is strictiylyvalid



10

11

12

13

14

15

16

17

18

14  Karen H. Lythgoe, John F. Rudge, Jerome A. Neufeld and ArwensDeus

in the limit of a rigid inner core since it does not account i@ostatic adjustment made via a
secondary flow that acts to redistribute degree 1 densitynaties if the viscosity of the inner

core is sufficiently low (Deguen et al. 2013). The effect 6 thn the transition from translation to

plume convection is discussed in Appendix A.

3.3 Summary of governing equations

We have developed expressions for all contributions todldef heat flux from the ICB and now

summarise the governing equations. We re-arrange thelglabegy balance of (17)

4 - 4
% (?ﬂpC’pcS@(t)) = ng’pc?’S — 47 (45)

such that conduction down the adiabat;...:, is written as part of the source functia$,

’ de (0TL 8Ta) ,aTa

SngCE 5P 9P — 3Kpg 5P (46)

as defined by Deguen et al. (2013). The radial flyxdefined in (19), only contains terms that
depend on the mean potential temperat@ewith the diffusive, plume and translational fluxes
given by (27), (30), and (44) respectively, with the limjit= 0 when® = 0. We solve the global
energy balance of (45) f&@ by making it dimensionless and combining with the growth elad

(2) (Appendix B).

3.3.1 Quasi-steady state approximation

Lastly, by assuming that convection within the inner coreigorous we can derive expressions
that allow comparison of our results to previous work. Whistassumption, the time scale of
thermal relaxation due to convection (i.e. the time takemfoonvective system to return to thermal
equilibrium after any changes to the heat flux) is fast combdo the time scale of inner core
growth, so the system is in a quasi-steady state. In this threidominant energy balance in (45)
is between terms? pC,,c3S and4nc?q, thus

. C,cS
g~ e

: (47)
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If plume convection is dominant, we ugg,... in (47) to write© analytically

~ 1 i vctS3 i
o~ (ss) () “

This expression is compared to the scaling laws derived fiteemmumerical models of Deguen

et al. (2013) (Table 3, Deguen et al. (2013)) in order to deitee the value of3 that is used in
(30). Alternatively if translation is dominant we can compaur results to that of Alboussie

et al. (2010). Assuming translation is dominant we ¢sg, in (47) to write

/1358 BLAp \?
O~ | ———F—— . 49
(96 c Cpuploc@o> (49)
Substituting this approximate expression &in the translation velocity (43), we get
47 GuChap®p, (0T,  OT,
2 =0 P . a 3
Vi~ Ia, \ap ap)°° (50)

which matches the expression for translation velocity g Alboussere et al. (2010).

3.3.2 Comparison to full solution of governing equations

We use the quasi-steady state approximation above to finegssipns for when each mode of
heat transport is dominant in order to plot a regime diagramarticular instance in time. Our
regime diagram is compared to the regime diagram calculatesblving the full system of gov-
erning equations from Deguen et al. (2013), to allow us tcewstdnd the accuracy of our simple,
parametrised model. In order to compare our models, we finstdimensionalise each heat flux
term, as detailed in Appendix C. Figure 3 shows our regimerdragalongside that from Deguen
et al. (2013), plotted for the Rayleigh number defined by Dageial. (2013)Ray, as

ag'’S
6k2v

Rad = (5 1)

versus the dimensionless ‘phase change’ paranféielefined by Deguen et al. (2013) as

LApg'b*c

= 2
2pvOouCp (52)

The dimensionless paramet@ris the ratio of topographic production through solidificatmelt-

ing to viscous relaxation of induced topography. Heftgoverns the type of convection that is
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dominant, with translation being dominant for low valuesfwhile plume convection is domi-
nant for high values oP andRa, (Figure 3).

We define one mode of heat transfer to be dominant when its #8axtre largest contribution
to the total heat flux (Table 3), defined by the solid line inkF&g3a. We also show when one mode
of heat transfer is equal to the sum of the other two modeshé&ihbnes, Figure 3a) in order to
highlight the transition region between modes. Within tfasition regions our parametrisation
results in an over estimate of the total heat flux, as expthiméppendix A by comparison to nu-
merical experiments. Outside of the transition regionggle mode of heat transport is dominant
and so our asymptotic solutions capture the dynamics wéfldese regions of parameter space.

Our regime diagram approximately matches that obtainem fitee model of Deguen et al.
(2013) (Figure 3b). We approximately match the criticaluesl at which convection transitions
between different modes in the asymptotic limits. For exie@we find the critical Rayleigh num-
ber to transition from the diffusion to plume mode to be %.60%, while Deguen et al. (2013)
obtain 1.5x102, and our estimate of the transition from diffusion to tramisin iSRay ~ 2117P,
while Deguen et al. (2013) obtalia, ~ 83P.

Interestingly, we also find a weak dependence of the tramsftom the plume mode to the
translation mode on the Rayleigh number, with a scaling=f ~ 7.87P? in the asymptotic limit.
Itis unclear if this dependence was also found in the studegfuen et al. (2013) since they found
a broad region where translation was important (ufPte- 1000). Additionally their study used
Rayleigh numbers less than” only, therefore to confirm this dependence their analysislavo
need to be extended to higher value®af;. The different scalings may be due to different defini-
tions of the transition from translation to plume dominamt\wection, between our parameterised
model and the numerical model of Deguen et al. (2013). Degtiah (2013) define the transition
from translation to plume modes to be the point at which sewalle convective flow first emerges,
which they interpret as being due to negative feedback afrstary flow on the translation mode.
However, our definition is based on heat flux, and the trasitiom translation to plume modes
occurs when the heat flux from plume convection is the largestribution to the total flux, with

the heat flux following the scaling in (30). This transitiediscussed more fully in Appendix A.
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3.4 Thermal results

We now use the theory derived above to study the differentesad thermal convection in the
inner core. For comparison with previous studies, Figuré@ws the thermal evolution of the
inner core for a low thermal conductivity value of 36 W/m/K 8¢y & Davis 2008), calculated
by solving the energy balance (45) for the mean potentiapteature®. For aQcyps = 11 TW
and a viscosity oft = 10'® Pa s,0 is positive at all times, increasing as the size of the inner
core grows, then decreasing as the rate of inner core grdals §Figure 4a). A lower value of
CMB heat flux (e.gQcvs = 7 TW, dotted line, Figure 4a) allows more time for heat to ipiste
from the inner core, causing — 0 and any convection to stop at an earlier stage of inner core
evolution, in agreement with Deguen & Cardin (2011) and CogaBuffett (2012).

To investigate the dominant mode of convection, the averad&l heat flux from the inner
core is calculated for each convective mode, using equati@n), (30) and (44). The average
radial heat flux follows a similar pattern to the mean potdritmperature, first rising then de-
creasing. Translation is the dominant mode, except whemtiex core is very young when dif-
fusion dominates (Figure 4b). The corresponding tramsiatelocity is on the order of 10° m
s~! (Figure 4c), around three times greater than the inner amneth rate, which is the minimum
velocity at which seismic observations can be explainedystation (Monnereau et al. 2010).
We also show the translation velocity calculated in the gsgsady state approximation (dashed
line, Figure 4c), which was used in the study by Alboassiet al. (2010). The quasi-steady state
approximation causes an overestimation of the translatocity compared to our model which
does not require this approximation. We therefore use dutisa in the remaining calculations.

We have used a representative CMB heat flux value of 11 TW, whtkvithin recent con-
straints (Lay et al. 2008; Gomi et al. 2013). Thermal coneactioes not occur for 8cvp less
than approximately 6 TW, assuming a thermal conductivit$®W/m/K. For thermal convection
to occur for higher thermal conductivity values, greatduga ofQc\s are required. For example
a thermal conductivity of 200 W/m/K requires:Qg > 32 TW for the inner core to be thermally
unstable © > 0) and convect.

An important parameter is the viscosity of the inner coreahs poorly determined with
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published values ranging from %0Pa s (Van Orman 2004) to ¥0Pa s (Reaman et al. 2011).
Thermal conductivity estimates have also changed significéfrom around 36 W/m/K (Stacey
& Davis 2008) to over 200 W/m/K (de Koker et al. 2012; Pozzo ep@ll2). Therefore Figure 5a
shows the dominant convective style for a range of inner em@sity and thermal conductivity
values, estimated by comparing the radial heat flux for eatclvective mode. The strength of
plume convection ¢,,».) versus translationg(..,s) is strongly dependent on the viscosity of
the inner core (Figure 5b-d), with translation being domirfar viscosities above approximately
10'® Pa s, in agreement with Albousse et al. (2010) and Deguen et al. (2013). Greater thermal
conductivities cause convection to shut off at smaller iruoee radii since the inner core becomes
subadiabatic (Figure 5e), until thermal convection camaour for thermal conductivities greater
than 68 W/m/K (Figure 5a). Given that the most recent estisnfie core thermal conductivity
are between approximately 150 and 240 W/m/K (Sha & Cohen 2@ Kp#ter et al. 2012; Gomi
et al. 2013; Pozzo et al. 2012, 2014), thermal convectiohneil have occurred at any point in
the inner core’s lifetime. However, as we will show in seotdy compositional stratification may

provide an alternative driving force for inner core coni@tt

4 COMPOSITIONAL CONVECTION

The seismically observed density jump at the ICB is too landeetexplained solely by the density
difference between the solid and liquid phase transitioinasf and therefore requires enrichment
of light elements in the fluid outer core relative to the satider core (Alg et al. 2002). Jephcoat
& Olson (1987) first showed that the inner core must also ¢otight elements due to the density
deficit of the inner core with respect to the density of puomjrwith the main candidate light
elements thought to be oxygen, sulphur and silicon (Hirose. 2013). Al et al. (2002) use ab
initio calculations to examine the partitioning of sulphoxygen and silicon between solid and lig-
uid at core conditions, estimating the light element cotre¢ion needed to match the seismically
constrained ICB density jump. Their calculations show thgigen partitions strongly from solid
to liquid, while slightly more sulphur partitions into thiguid than the solid and silicon partitions

equally between both phases.
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In view of the fact that thermal convection in the inner careinlikely for large estimates of
the thermal conductivity, it is important to investigate thossibility of compositionally driven
convection. It has previously been assumed that compnpaltizariations in the inner core are
stably stratified, hindering convection (Deguen & Cardin2@ottaar & Buffett 2012). The stable
stratification is the result of a constant partition coedfintiover time, such that more light elements
solidify in the inner core as the outer core concentratianaases over time. However, Gubbins
et al. (2013) recently showed that the light element comaéinoh in the inner core may actually
decrease as the inner core grows, because the partitidicerdfis temperature dependent. In the
case of sulphur and oxygen, this may result in a decreagihgdiement concentration with inner
core radius, causing unstable stratification (Gubbins.etGl3). Since silicon partitions equally
between solid and liquid, its concentration does not chavitietime.

We first define the chemical potential, of a phase in a multi-component system follow-

ing Alfe et al. (2002),

1= p° + Ax + kgTlny, (53)
wherey” and) are constants obtained from ab initio calculations, ancessmt a reference chem-
ical potential and a linear correction from ab initio caltions respectively (A# et al. 2002),

kg is Boltzmann’s constant, angd is the molar ratio. Equilibrium at the solidification intade

requires that the solid and liquid chemical potentials angaé 11, = 1, thus
'+ dixi(e) + kpTi(e)nxg(e) = pg + Ay (c) + kpTr(e)lny (o), (54)

wherey! is the molar ratio at the solidification interface, denotgdbperscript and subscripts
and/ represent solid and liquid respectively. The partitionfioient, Py, is the ratio of solid and

liquid mole ratios at the ICB,

_xll) (u? +Aixi(e) = 1 — Asxi(0)>
“ i) T EsTo(c) ’ 59)

sl

which is non-linear iny! and x'. The smaller the partition coefficient, the less light eletse
crystallise into the inner core. Due to the dependence opénttion coefficient on the liquidus,
Ty, which is in turn dependent on pressure, the compositionaieral added to the inner core

changes as the inner core grows. As in (23) we assume thartipetature gradient with pressure
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is constant and so express the liquidus at the I[CB¢), as a function of core radius by

1dT,
Tr(c) = Ti(co) + §d—PLPQ

/(Cg - C2)> (56)
wherec is the present day inner core radius. We neglect the efferimoposition on the liquidus,
since Labrosse (2014) showed this to be small.

We solve for the solid composition at the ICBi(c), by first assuming that the outer core
is well mixed, such that the mean liquid compositign, equals the liquid composition at the

solidification interface

Xi(e) = xi(e), (57)
and so write the solid composition at the ICB explicitly inntex of the mean liquid concentration

by re-arranging (55),

_ kBTL(C) Xl(c>>\s )\DZ[(C) + uo — Iug
Y {kBTL@) o ( FoTh ) )} | (58)

X5(¢)
where)V is the Lambert W function, defined by= W(z)exp"V®).
The average light element concentration in the inner andradre,y(c) andy;(c) respec-
tively, are constrained by mass conservation, and fixed byirtitial core concentration before
inner core nucleationy,. This implies

4 4 4
00 = 5 0 = xle) + 5 (). (59)

wherey, is calculated from present day inner and outer core corgtgonis obtained from seis-
mology (Table 4).

The validity of our assumption of a well-mixed outer coreasngwhat uncertain, although if
the seismically observed F-layer is a global, densitytifed layer, the analysis will hold assum-

ing partitioning occurs over a layer of fluid (Gubbins et #113).

4.1 Mass balance

We now construct a mass balance for light elements using @o@wus approach to that used for

heat in section 3.1. Equating the change in total moles bf Bggment in the inner core with moles
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added at the ICB minus moles lost by diffusion and convectierottain

d [4m 5 p _ de

i 4 2
CZBL o) =4Syl — g
i ( 3¢ MXS) e Xy — AT m, (60)

whereg,, is the molar flux and\/ is the average molar mass of the inner core.

Likewise, we now define a potential composition,

o(x,1) = xs(x, 1) = X4(1), (61)

as the difference between the light element compositiohenriner corey,, and the composition
added at the ICBy’, in a manner analogous to the potential temperature, sathpth- 0 for

convection to occur. The mean potential composition is @elfas the volume average

_ 1 .
50) =y [00:0) AV = .(0) ~ xi0) 62
3 \%
Writing the mass conservation (60) in terms of the mean petiesamposition,
d fdr 5 p o\ _ 4w 5p 2
dt(30M>_30MSC AT @, (63)

we obtain an equation which is analogous to the thermal griEtance in (45), using the source

function from Deguen et al. (2013),

5= % (64)
which represents the change in composition of material &tléhe inner core as it grows.

Since the source term, (64), depends on the concentratithe iouter core, we solve for the
composition at the ICBy?, and the potential compositiog, simultaneously. This is done by mak-
ing the mass conservation equation (63) dimensionlessagpigling the non-dimensional growth
model (Appendix D1). The dimensionless equation (D.1) entholved together with (58), (59)
and (62) as a system of differential algebraic equationgpéhpix D2). A comparable treatment
is performed by Labrosse (2014). Gubbins et al. (2013) sfynflie problem by assuming that
changes in the internal composition,, are small, allowing variations in the liquid concentratio
X1, hence variations in the concentration added to the inney, €9, to be calculated analytically

(using (59) and (58) respectively). Before solving fgrand¢ we derive expressions for the radial

molar flux,q,,, from the inner core as detailed below.
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4.2 Modes of molar flux

We again approximate the radial flux to be the sum of coniobstfrom compositional diffusion

(qaiss), plume convectiond,,,,.) and translationg,q,.),

dm = ddif f + Qplume T+ Qtrans; (65)

wheregq,, corresponds to molar flux. We find expressions for each malartérm independently
as a function of mean potential compositional, in a direattplogous manner to the thermal case

discussed in section 3.2.

4.2.1 Diffusion

The diffusive radial flux is now parameterised using Fickis for compositional diffusion, so that
the compositional diffusive flux is

0 5D
qaiff = —D > = , (66)

c c

in analogy to (27), wher® is the solid diffusivity andb is the average potential molar concentra-
tion

o= (67)

4.2.2 Plume convection

For the plume mode of convection a compositional Rayleighlremm

_ ag(d)e(e)c®
Racomp = — 5, (68)

may be defined, where, is the compositional expansion coefficient. We assume time sagh

. 1 . .
Ra scaling,Nucomp ~ Racomp?, and so express the convective flux from plume convection as

1/3
g ac -
Qplume = BD% (E) 01/39254/37 (69)

where we use3 = (.48 as before.
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4.2.3 Translation

The analysis for the translation model based on potentapézature can be adapted for compo-
sitional effects (Deguen et al. 2013). In this instance itgrariations in the inner core arise from

differences in the composition of the melting and crysaily sides of the inner core, causing a dis-
placement in its centre of mass. Following the analysis @teptial temperature in section 3.2.3,

the molar flux from translation is

4 p -
rans = =7V @ 70
qt 9 M ¢ (70)
The rate of translation remains limited by the ability of theer core to remove heat at the ICB

and so the translation velocity is expressed

8 uCypaOy - [
= 5 () @

4.3 Compositional results

We now use the theory above to study the different modes opositional convection. We show
results for sulphur and oxygen separately due to the unogyrtam core composition and since
they may be considered as end members of a more complex F&yStem. We use present
day core concentrations calculated for the ICB density jubbtpioed from the radially symmetric
PREM model (Dziewonski & Anderson 1981). Calculations hawo deen performed for the
model of Masters & Gubbins (2003), however we show only PREMe&since we are interested
in compositional variations over time and the PREM densitggus consistent with other Earth
models (Kennett & Engdahl 1991; Kennett et al. 1995).

Figures 6 and 7 show the evolution and convective influenselphur and oxygen in the core
respectively. The concentration of sulphur in the outeedocreases as the inner core grows since
the partition coefficient is less than 1 (Figure 6a). Howeawer increasing liquid concentration
trades off with the decrease in the partition coefficienhad©B moves to lower pressures, causing
the concentration of sulphur added at the ICB to decreasalinitThe sulphur concentration
begins to increase when the inner core has a radius of arcb@drd (Figure 6b). The initial

decrease of’ creates a positive potential composition (Figure 6c), Whiten decreases until it
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becomes negative at a radius of around 650 km. If there is merioore convectiongfy,m. =
girans = 0) the potential composition is slightly greater and becomegative at a later time
(dashed line, Figure 6c¢). Figure 6d shows that while themi@tiecomposition is positive, the
inner core is convecting, with translation being the domirraode with a translation velocity on
the order ofl0~!* m/s (Figure 6e).

The oxygen concentration also increases in the outer cdreeasner core grows (Figure 7a).
However unlike sulphur, the oxygen concentration addedeat@B continuously decreases (Fig-
ure 7b), resulting in a positive potential composition andrmer core that is still convecting today
(Figures 7c, 7d). The dominant convective mode is tramslatvith a translation velocity on the
order of1071° m/s (Figure 7e), which is similar to the rate of thermallyeén translation.

Gubbins et al. (2013) and Labrosse (2014) also solved fantiex core interface composition,
but their studies found differing solutions for a seemingfyesolved reason (Labrosse 2014). We
match the results of Labrosse (2014), however find we camaddgoh the results of Gubbins et al.
(2013) by changing the treatment of the chemical potentithi@ solidification interface (dotted
line, Figures 6b and 7b). Gubbins et al. (2013) assume pirdagrcompositions when calculating
the patrtition coefficient (see (55)), while Labrosse (201gdate the interface composition as the
system evolves, which is the correct treatment. In the casgygen, Gubbins et al. (2013) also
neglected the linear ab initio corrections.

The solid diffusivity of sulphur and oxygen at core condigas uncertain, with values likely to
be less than that of the liquid (around20n?s~! Gubbins et al. (2013)). Figures 8 and 9 show the
model space for a range of mass diffusivity and inner coreogity values, for sulphur and oxygen
respectively. It is clear that translation is the dominaonde except if the inner core viscosity is

low and the diffusivity is high when plume convection domesawhile the inner core is young.

5 COMBINED THERMAL AND COMPOSITIONAL EFFECTS

The convection resulting from solely thermal or compositileffects is now well understood, with

our analysis showing that translation is likely to be the @@mt convective style, particularly for
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compositional convection. However it is not trivial to umskand the style of convection arising
from a combination of both thermal and compositional ditbas

Labrosse (2014) argues that the total buoyancy can be appted from the sum of all

thermal and compositional effects,

5 _ _ _
P — 00+ a2¢° + ai¢’, (72)
PICB

where superscripts and o correspond to sulphur and oxygen respectively &nth;cp is the
density anomaly relative to an adiabatic reference staid) that the system is unstable while
dp/pice > 0. We calculate this density anomaly for several thermal ootidity values and a
combination of thermal and compositional effects usingltegrom our end-member simulations,
as shown in Figure 10. The density anomaly is primarily caled by the thermal instability and
is always negative for a thermal conductivity of 75 W/m/K oeater, independent of the inclusion
of compositional effects.

However, we note that even if the net density gradient isilggady, convection may occur
through double diffusive convection (convection driventlwp components with different rates of
diffusion, see Huppert & Turner (1981)) since the rates efrtial and compositional diffusion
differ by approximatelyl0°. For instance, if the thermal conductivity is very largey &&mpera-
ture anomalies will rapidly dissipate leading to a unifolmarimal field, leaving only the possibility
of compositionally driven convection remaining. Therefdris possible that compositional con-
vection may play the dominant role, particularly given thecertainty in thermal conductivity

estimates for the inner core.

6 DISCUSSION

We have shown that thermal convection occurs in the innerfoora thermal conductivity less than
approximately 68 W/m/K (assuming parameters from Table ®weéver this value depends on
the assumed value of CMB heat flux and is also sensitive to taioges in outer core properties,
significantly the difference between the Clapeyron and adielgradients. For thermal convection

to occur for higher thermal conductivity values requiree @MB heat flux to be greater than
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30 TW, which is significantly higher than recent estimatesthe case of thermal convection,
translation is the dominant mode for an inner core with a Migleosity, approximately greater
than10'® Pa s (Figure 5).

A wide range of values for the viscosity of the inner core hiagen estimated, ranging from
10" to 10”2 Pa s (Van Orman 2004; Dumberry & Bloxham 2002; Reaman et al.)20h& most
recent estimates of 10Pa s and 18 — 10'® Pa s come from length of day variations (Davies et al.
2014) and from mineral physics experiments (Gleason & MaB2@espectively. The uncertainty
in the viscosity of the inner core causes uncertainty inype df convection occurring in the inner
core, particularly for thermal convection.

We have also shown that compositional stratification cawigeoanother driving force for
convection in the inner core. Oxygen always generates aahieensity profile (Figure 6), while
sulphur generates an unstable profile until the inner caehes a radius of approximately 650
km, when it becomes stabilising (Figure 7). For both oxygeeh sulphur, translation is the likely
mode of convection, although there is a weak dependencesconsity and diffusivity (Figures 8
and 9).

The value of the solid diffusivity of sulphur and oxygen ateaconditions is uncertain, al-
though it is likely to be less than the liquid diffusivity. Brlow diffusivity favours translation of
the inner core and so uncertainty in the inner core viscasitgss important for compositional
convection (Figures 8 and 9) than for thermal convection.

The translation velocity, for translation driven by vaigais in temperature and oxygen compo-
sition, is sufficient to explain the seismic structure of tipper inner core according to the model
of Monnereau et al. (2010). However, since the rate of tediwgl is primarily controlled by the
ability of the outer core to extract or provide heat at the ICBhange in the outer core fluid veloc-
ity also changes the translation velocity by the same amdimis if the outer core fluid velocity
at the ICB is one order of magnitude less than that at the CMBe@himate that is currently used),
then the rate of translation will be too slow to explain thettal variations in the upper inner core.

The composition of the core is still controversial and we sider only the model of A

et al. (2002), based on the average Earth model of PREM (Dnigki& Anderson 1981) in this
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work, since all relevant parameters are given. This choias sufficient for our study since our
primary aim was to demonstrate that compositional vamatim the inner core over time may
drive inner core convection. However better knowledge efdbmposition of the core is needed
before definitive conclusions regarding inner core congaatan be drawn.

There is also large uncertainty in the remaining core patarsesignificantly in the CMB heat
flux, which controls the rate at which the core cools and tinerircore grows. In order to narrow
the parameter space, better constraints on these imppeearneters are needed.

Lastly, even if translation is occurring in the inner core,explanation for lateral anisotropy
variations still remains elusive. The most likely explaoatfor cylindrical anisotropy is the bulk
alignment of intrinsically anisotropic crystals, thus aahanism is needed to generate crystal
alignment in the western ‘hemisphere’, with random bulkstayalignment in the remaining inner
core. Since very little deformation accompanies transhatf the inner core, it is unlikely that
translation will generate crystal alignment. It is possithat translation could be accompanied
by another mechanism that orientates crystals, such asrprdfequatorial solidification (Yoshida
et al. 1996), or deformation due to Maxwell stresses (Kat&8@0; Buffett & Wenk 2001). How-
ever any accompanying deformation mechanisms would needroin an inner core with a high

viscosity, since this is required for inner core transkatio

7 CONCLUSIONS

The parameterised convection model we present approxsrttagdotal heat or compositional flux
from the inner core as the sum of the heat or composition hwstigh conduction, plume convec-
tion and translation. We use our parameterised model ty shallikelihood of either thermal or

compositional convection in the inner core and assume thardgmt convective mode to be the
greatest contribution to the total flux. We find that thern@ivection is unlikely to occur for the

most recent estimates of core thermal conductivity unles€£MB heat flux is unreasonably large.
However a translating convective mode may be driven in therirtore by compositional varia-
tions. By simply linearly combining the thermal and composial buoyancy it appears that the

inner core is stably stratified, unless the thermal conditigis small. We suggest that future work
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might profitably focus on the possible double diffusive efée that are often complex and unex-
pected (Huppert & Turner 1981), arising from a combinatibbath thermal and compositional

buoyancy, potentially still making inner core convectieasible.
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Table 1.Principal energy sources affecting core growth. Parameters areitisiatble 2.

Contribution Expression
Secular Cooling Qs A3 Cp%he = 87 pC,bO e
Latent Heat Qu ~dmc?pL %

Gravitational Energy Qg ~5%° G pApbc?de

a) b)
6000 T .
plume convection
5900
o 5800 ) ‘
= o | -7
N 7
5700 : t
. /&:&o
: Phd o
5600, L
7
7
< CMB ic Pressure centre ICB Pressure centre

Figure 1.a) Temperature profile in the present-day inner core. The liquititlsahd adiabatic®,) profiles
intersect at the inner core boundary (ICB). As the core loses heatdihleatic profile decreaseg,(t+dt))
and so the liquidus and adiabat intersect at a lower pressure, herioe¢heore grows. b) Schematic of
potential temperaturé), in the inner core for superadiabatic conduction (dashed line) andotiggiume

convection (dotted line), where a thin boundary layer develops belovCie |
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Figure 2. Growth of the inner core for an estimated range ef@ values (Lay et al. 2008), using parameter
values in Table 2. For a current inner core radius of 1221.5 km, thefdbe mner core ranges from 0.7 to

1.5 Byr.

a) This study b) Deguen et al. 2013
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Figure 3. Regime diagrams plotted for the Rayleigh numides,y, versus the parameteR, defined
by Deguen et al. (2013). a) Regime diagram for this study calculated thenguasi-steady state approx-
imation detailed in Appendix C. Dashed lines show when one mode of heat fequid to the sum of
other two modes - i.e. dashed yellow line indicates when flux from translatioquisl ¢o the sum of the
plume and diffusive fluxes. Solid lines indicate when one mode is greatethlasther two (Table 3) b)
Regime diagram from Deguen et al. (2013) calculated for the full sebeéming equations (see Figure
13a, Deguen et al. (2013)).
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Table 2.Inner core parameter values.

Parameter Units Value Source

CMB heat flow Qcvs W 11 x 10" Gomi et al. (2013); Hernlund et al. (2005)
ICB temperature 17 K 5700 Alfe et al. (2002)

Density p kg m—3 12900 Dziewonski & Anderson (1981)

Specific heat C, Jkg ' K~=! 840 Nimmo (2009)

Latent heat L kJ kg~! 660 Labrosse (2003)

Thermal expansivity a K1 1.1x 107>  Vocadlo (2007)

Gruneisen parameter v 1.4 Vocadlo et al. (2003)

Isothermal bulk modulus K Pa 1.2x 102 Vocadlo et al. (2003)

Liquidus gradient oL K Pa! 1x 1078 2(y — %)% (Lindemann’s law)

Adiabatic gradient o KPal 63x 1079 ok

Thermal conductivity k wm-tK-! 36-200 Stacey & Davis (2008); de Koker et al. (2012
Thermal diffusivity K m?s! 4.2x10°6 ﬁ

Dynamic viscosity n Pas 168 Dumberry & Bloxham (2002)

Kinematic viscosity v m? s—1 7.8x 10'3 7

Outer core fluid velocity ms! 1074 Bloxham & Jackson (1991)

Density jump at ICB Ap kgm—3 600 Dziewonski & Anderson (1981)

Present inner core radiuscy km 1221.5 Dziewonski & Anderson (1981)

Outer core radius b km 3480 Dziewonski & Anderson (1981)
Gravitational constant G m3kg~!'s? 6.674<10°!!

Table 3. Heat flux ratios for each mode of convection.

Dominant mode Heat flux

Plume convection quiume > Girans, qdiff

Translation Qtrans > Qplume, 4dif f

No convection qdif f > Qplumes Qtrans
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Figure 4. Thermal evolution of the inner core for parameter values in Table 2, kwith36 W/m/K and

Qcmp = 11 TW. a) Mean potential temperatuke, calculated numerically (solid line), withcyg = 7

TW (dotted line) for comparison, and using the quasi-steady state appt@anfaith Qcyp = 11 TW,

dashed line). b) Heat flux lost by diffusion (cyan), plume convectiongénta) and translation (yellow).

c¢) Translation velocity calculated numerically (solid line) and using the quesady state approximation

(dashed line).

Table 4. Inner core compositional parameter values. PREM values use the modekesidhski & Ander-

son (1981).
Parameter Units Value Source
Boltzmann’s constankts eV/K 8.617x 107°

Oxygen Sulphur

Molar compositional expansion coefficiemt 0.37 0.39 Gubbins et al. (2013)
Diffusivity in solid D m?/s 2x 10712 1012 Gubbins et al. (2013)
Ab initio linear correction, solid\, eV - 5.9+ 0.2 Alfe et al. (2002)
Ab initio linear correction, liquid\; eV 3.25+ 0.2 6.15+ 0.04 Alfe et al. (2002)
Difference in solid and liquid
ab initio constantg — 1.2 eV -2.6+0.2 -0.25+ 0.04 Alfe et al. (2002)
Liquid mole fraction (PREM)y; mol/mol 0.08+ 0.025 0.1+ 0.025 Alfe et al. (2002)
Solid mole fraction (PREM), mol/mol 0 0.0802 Gubbins et al. (2013)
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Figure 5. a) Dominant convective mode for a range of estimated inner core viscosittharmal conduc-
tivity values (usingQcnms = 11 TW) , with colours corresponding to the amount of time the inner core has
spent in each mode. Profiles for several thermal conductivity andsitgo@lues are shown for: &) = 40
W/m/K, n = 10" Pa's; c)k = 40 W/m/K,n = 10'® Pa s; dk = 40 W/m/K,n = 10?! Pa's; e} = 60 W/m/K,
n=10"%Pas.
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Figure 6. Evolution of sulphur with increasing radius of the inner core with parameteres from Tables 2
and 4. a) Outer core compositiog,. b) Solid composition at the ICB’, from (58) (solid line) and using
the approximations of Gubbins et al. (2013) (dashed line). c) Potentiapasition in the inner corep,

with (solid line) and without (dashed line) inner core convection. d) Floxfdiffusion (cyan), plume

convection (magenta) and translation (yellow). e) Translation velocity.
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Figure 7. Evolution of oxygen with increasing radius of the inner core with parameteres from Tables 2
and 4. a) Outer core compositiogy,. b) Solid composition at the ICB’, from (58) (solid line) and using
the approximations of Gubbins et al. (2013) (dashed line). c) Potentiapasition in the inner corep,

with (solid line) and without (dashed line) inner core convection. d) Floxfdiffusion (cyan), plume

convection (magenta) and translation (yellow). e) Translation velocity.
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Figure 8. a) Dominant convective mode for a range of estimated inner core viscaositgw@phur solid
diffusivity values, with colours corresponding to the amount of time the inoex has spent in each mode.
Profiles for several diffusivity and viscosity values are shown fobp) 10~? m?/s, = 10! Pa s and c)
Dy =5x 1073 m?/s,n = 10?° Pas.
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Figure 9. a) Dominant convective mode for a range of estimated inner core viscagitypxygen solid
diffusivity values, with colours corresponding to the amount of time the inoex has spent in each mode.
Profiles for several diffusivity and viscosity values are shown fobp) 10~? m?/s, = 10'' Pa s and c)

D,=5x 10713 m?/s,n =10 Pas.
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APPENDIX A: VALIDITY OF THE HEAT FLUX PARAMETRISATION

In this work we have chosen to parametrise the heat flux aseatdium of terms representing
heat flux due to conduction, plume convection and translati@ach of these terms are given by
asymptotic expressions which formally only apply when ayemmode of heat transport dom-
inates. Consequently, our direct sum heat flux parametisatill accurately estimate the heat
flux in the parameter regimes where a single mode of heatgoahdominates, but may be a poor
approximation in the transition regions between modes.

Figure Al shows an example of the potential benefits and @aihgs of our approach. The
observed Nusselt number—Rayleigh number relationship $erias of 2D numerical simulations
of plume convection by McKenzie et al. (1974) is plotted id.rin these simulations the Nusselt
number,Nu, is 1 until the critical Rayleigh numbeRé,.) is reached (the onset of convection),
at which point the Nusselt number steadily increases witheiasing Rayleigh number as con-
vection becomes more vigorous. At large Rayleigh numbenetiseean asymptotic scaling of
Nu ~ BRas with B = 0.23. The Nusselt number—Rayleigh number relationship givenusy o
direct sum parametrisation of the heat flux is plotted in peich yieldsNu = 1 + BRa3. In
this case our approximation overestimates the heat flux g agactor of 3, with the approxima-
tion being poorest near the critical Rayleigh number and aeite extremes of large and small
Rayleigh number.

We use the direct sum approximation to determine the dorhimaadle of heat transport, by
assuming that the form of heat transport with the largestritrtion to the total heat flux is that
which is dominant. In the context of Figure Al, this meand tay regime withNu > 2 is
considered plume-convection-dominated, and anythinig Wit < 2 is diffusion-dominated. This
transition happens at a particular critical Rayleigh nuniber~ 100 shown in blue, slightly less
than the true critical Rayleigh number for convectiea, ~ 657 shown in red. It is important
to note that the transition between conduction and corvedsi controlled by the correct dimen-
sionless parameter (the Rayleigh number), and only the ricahemlue of the transition point
differs. Thus our direct sum parametrisation is likely togbgood guide to the true behaviour of

the system, at the very least in an order-of-magnitude sense
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Figure Al. Nusselt numbeiNu, versus the Rayleigh numbéta, for the 2D numerical convection experi-
ment of McKenzie et al. (1974) (red)Yu equals 1, untiRa reaches a critical valu&g.), when the system
begins to convect and the profile tends to the scalindfof~ BRas for Ra > Rac, where B is 0.23
in this case. We approximate the Nusselt number—Rayleigh number scaling\to bel + BRas3 (blue
line). Our approximation leads to a slightly different critical Rayleigh numBey, (blue), and results in an
over-estimate of the heat flux in this intermediate area. However our dppatian matches the true scaling

for high and low Rayleigh numbers.

We also investigate the accuracy of our direct sum parasagion by looking at the transi-
tion from translation to plume dominated convection. Thenetical simulations of Deguen et al.
(2013) show that this transition is governed by the emergefhsecondary flow and smaller scale
convection. The secondary flow redistributes the hemisphledensity anomalies associated with
translation, decreasing the strength of translation timtiltranslation mode disappears.

Figure A2 shows the variation of normalised translatioroeay versus the phase change pa-
rameter,P, from (52). We define the normalised translation velodity/V;,

% _ %3_0 e, (A1)
whereV/,, is the translation rate from (43) amg is the quasi-steady state translation rate from (50).
We calculate (A.1) usin@’ obtained assuming the vigorous convection approximatofCi9)
for given values oRay andP (Figure A2 is plotted folRay/P = 10°). As Figure A2a shows, the
rate of translation slows &8 increases, since the plume mode of convection emergesdbtsi

Also plotted is theO(P) analytical solution of Deguen et al. (2013) (black line),iethagain
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shows a decrease in the translation rate with increaBiraut with a much sharper drop off. This
is because our parameterised model does not account fardaeydlow which is an intermediate
regime occurring in the transition between translation pladhe convection and this results in an
over-estimate of the strength of translation at lafge

Figure A2b shows the average radial heat flux due to translatlivided by the total radial
heat flux due to translation and plume convection. This dsaga® increases, since translation
becomes less vigorous. We define the transition from tréosl#o plume dominated convection
to be when the heat flux from translation is greater than a amatibn of other modes, i.e. when
Girans/ (Qirans T Qorume) = 0.5. This transition occurs wheR ~ 10* for Raq/P = 10° (blue dashed
line, Figure A2b), although the critical value Bfchanges wittRa,/P. In contrast Deguen et al.
(2013) find the transition from translation to plume modelsd¢andependent dRaq and so occurs
at approximatelyP? ~ 29. Deguen et al. (2013)’s value is when the mean degree ofikiapergy
becomes greater than 1, i.e. when smaller scale convectidesifirst appear. This definition of
the transition from translation to plume modes is diffefieom ours, which is based on heat flux.
We define the transition to be the point at which plume comeeadas dominant and obeys the
asymptotic scaling relationshigu ~ Ras; Deguen et al. (2013) define the transition is terms of
the shape of internal flow and is when the first small scale sed®erge.

A more accurate parametrisation of the heat flux that morsetyoresembles the heat flux
relationships seen in numerical solutions to the full seg@¥erning equations (such as those
by Deguen et al. (2013)) would be favourable. However, conthg such a parametrisation is
non-trivial and is a topic for future work. Nevertheless, @ect that the simple direct sum
parametrisation we use here has captured the leading-oeti@viour of the system, which is

most important given the large uncertainties in parametkres.
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Figure A2. a) Normalised translation velocity given b&.(l) as a function of the phase change parameter,
P, for our parameterised model (blue dots) and for @hg?) analytical solution of Deguen et al. (2013)
(black line), calculated foRay /P = 10°. b) Average radial heat flux due to translatigp...s, divided by

the total radial heat flux due to plume convection and transladigf,.. + girans (blue line). The transition
from translation to plume dominated convection occurs in our model When 10* (blue dashed line),
where as the numerical simulations of Deguen et al. (2013) find a transitien® ~ 29 (grey dashed

line).

» APPENDIX B: NON-DIMENSIONAL GROWTH AND THERMAL MODEL

s We solve our model as a system of non-dimensional equatsostaned below, using the thermal

» scalings given in Table A1. We non-dimensionalise (2) toregp the inner core growth model as

—— = M[2+3n(G + L)]. (B.1)
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Table Al. Non-dimensional scalings.

Non-dimensional parameters

_ C
=%
A ©
=3
Thermal Compositional
t tD
t/ — b% t/ — b72
b b
7 = 16, =%
M - % MC - %

We non-dimensionalise the governing equation (45) and awenbith the growth model (B.1),

such that it becomes

de’ 30
G =S =S MR 3G+ L) (B.2)
where
oT,
, a dt/
oP oP

¢ i1s the heat flux due to diffusion, plume convection and trainsh

Cj/ = qz,isz + qj/olume + qgrans (B4)
where
50/
Qugy = —, (B.5)
n
/ _ 1/3, 1/35/4/3
Qprume = B Rag/"n 707", (B.6)
32 ~
/ — 7 H @/ 2.2 B.7
Qtrans 135 0 77 ) ( )
and
'ab*© C,p1ab©?
Ray = gav o , 0=M~ (B.8)
VK LApk

The translation velocity, (42), becomes

W:Emﬁ@ (B.9)
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APPENDIX C: DOMINANT REGIMES IN THE QUASI-STEADY STATE
APPROXIMATION

Following from section 3.3.1, assuming that convectiorhia inner core is vigorous, we write a

guasi-steady state approximation as

pCpcS
—3

We non-dimensionalise our model, using the scalings defieéalv, in order to compare it to the

(C.1)

model of Deguen et al. (2013). First, we defipeas
kO,

qr = pCpcS = (C.2)

and s00, is defined by

_ pCp*S
=—=r—.

We useg,. and®, to non-dimensionalise the heat flux,and the mean potential temperatugg,

o, (C.3)

respectively
. q q pCpcS 1
= -— = pu— = - C_4
1 ¢ pCpcS  3pChcS 3 (C4)
and
S
=, C5
o=5 (C5)

We now non-dimensionalise each heat flux term independesithyg the scaling,.. The expression

for diffusion flux becomes

ddiff = qc;iff =50". (C.6)

T

Plume flux is expressed

qmume = Qplqume = B6%Rad%@/%7 (C?)

whereRaq is the Rayleigh number defined in (51). Lastly the heat flux ftoamslation is ex-

pressed,

~ rans 32 [ Ra,
Gtrans = th — 4_5 (?d) @/2 (C8)
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Thermal and compositional convection in Earth’s inner coret9
whereP is the dimensionless ‘phase change’ parameter from Dedun(2013), defined in (52).

From C.4, we know that

q = qaiff + Qpiume + Gtrans = % (C.9)
The boundaries between the 3 regimes are defined as
Qdiff = Qplume> (C.10)
Qdiff = Gtrans aNd (C.11)
Qpiume = Gtrans- (C.12)

In order to highlight the transition areas between regimesalso calculated the boundaries when

one mode is equal to the sum of the remaining 2 modes, i.e.

- - 5 1
qdiff = 9plume + Girans = 6 (C13)
- - . 1
Qplume = 4dif f + Qtrans = 67 and (C14)
- N . 1
Qtrans = qdiff + plume = 6 (C15)

We solve for the regime boundaries numerically to plot thggme diagram, ofRa versus
P in Figure 3. To calculate the regime boundaries (solid lifégure 3a) we solve for (C.9)
together with one of (C.10), (C.11) or (C.12) depending on thendary of interest. To calculate
the boundaries when one mode becomes dominant (when the imedeal to the sum of the
remaining modes, dashed lines, Figure 3a), we first solv®farsing a given value oRa and
either one of (C.6), (C.7) or (C.8) depending on the regime wénéeeested in. The critical value
of P is then calculated from one of (C.13), (C.14) or (C.15).

APPENDIX D: NON-DIMENSIONAL COMPOSITIONAL MODEL
D1 Compositional convection

As for the thermal model, we non-dimensionalise the goveyeiguation, (63), this time using the

compositional scalings in Table A1 and we combine with trengin model in (B.1), such that the
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governing equation becomes

do
dny

=S,

— — =3¢, M(2+3n(G +L)).

q,, is the molar flux due to diffusion, plume convection and ttatisn

where

and

U

Ra.

= qtlisz + qzl)lume + qzrans

, >
daisr = —
Q;)lume = BR& %QE% %
32 -
/ _ —HC 272
Qtrans 135 n ¢

g'b*a, - uCpp1a b0
vD ¢ LApD

The non-dimensional translation velocity is

8
V' = —H,
15 Herl"d-

D2 Solution to compositional convection

We solve the governing compositional convection equatasa system of differential algebraic

(D.1)

(D.2)

(D.3)
(D.4)

(D.5)

(D.6)

(D.7)

equations. Firstly we substitute (62) — re-arranged foatle¥age inner core compositiop, — into

(59) such that the mean liquid compositign, is a function of the mean potential compositian,

i.e.

__Xo—7"Xs _ Xo—1 (¢+Xs)

X1

1—n 1—n3

(D.8)

This expression fog; is now substituted into (58) in order to remove the depenel@fig’ on y;

Xo—T"

Xi(c) = kB§i<c)W (

kBTL<C)

Finally we re-write the governing equation (D.1) as

do
dn

dxi
dn

_ _3%5 — 3¢ M2+ 31(G + L))

(92_5+Xs) s exp )Xo 717(;5+x5)+u?
kpTp(c)(1 —n?)

)

(D.9)

(D.10)



Thermal and compositional convection in Earth’s inner cores1
= in order to solve forp and ' by casting (D.9) and (D.10) as a system of differential atgib

s0 €quations.



