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Abstract

Binary mixing is one of the most common ways of describing the relationships between
incompatible element concentrations and Sr-Nd-Pb isotopic ratios in oceanic basalts. Ap-
parent binary mixing trends are seen in a wide variety of data sets, both at a local-scale and
globally. Here we focus on data from Iceland where isotopic variations in whole-rock samples
and olivine-hosted melt inclusions demonstrate the presence of high-amplitude, short length-
scale mantle heterogeneity. Binary mixing models fail to provide an adequate fit to data
for moderately incompatible and compatible elements, which provides evidence that some
of the variation in melt compositions arises from the fractional melting process itself. To
explore the role of mixing in determining the geochemical systematics of oceanic basalts we
have developed a new model of the mixing of fractional melts from a bi-lithological mantle
source where small enriched fusible heterogeneities are embedded in a refractory depleted
matrix. This model is a statistical model, based on the Dirichlet distribution, that allows
us to determine the expected statistical distributions of melt compositions. The Icelandic
data appears to provide evidence that the mixing process is not uniform with depth, and
that the deepest melts appear to have undergone a greater degree of homogenisation than
the shallower melts. The model most closely resembles the data when all melts beneath a
depth corresponding to ∼5% melting of the refractory lithology are homogenised. We spec-
ulate that this depth marks the transition between diffuse and channelised melt flow. This
new statistical model of mixing challenges some of the conventional interpretations of trace
element-isotope systematics. Notably, picking mantle end-members from apparent binary
mixing arrays in isotope ratio plots is fraught with difficulty: in our models the apparent
binary mixing arrays do not point towards the isotopic compositions of their mantle sources
(with the exception of Pb-Pb).

1. Introduction1

Isotopic and trace element data from Mid-Ocean Ridge Basalt (MORB) and Ocean Is-2

land Basalt (OIB) samples are often interpreted in terms of binary mixing between two3

homogeneous materials. On the scale of individual ridge segments or ocean island volcanoes4
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such binary mixing models often provide good fits to the observed isotopic and incompatible5

trace element ratios (Abouchami et al., 2000, 2005; Tanaka et al., 2008; Blichert-Toft and6

Albarède, 2009; Hanano et al., 2010; Stracke et al., 2003b; Peate et al., 2009; Stracke et al.,7

1999). It has long been recognised that the end-members of these binary mixing arrays need8

not correspond to globally significant mantle components, and that mixing of three compo-9

nents can lead to pseudo-binary mixing arrays when two of the components mix fully before10

mixing with a third component (Hamelin et al., 1986; Douglass and Schilling, 2000). Such11

regional-scale mixing is, however, consistent with the widely accepted assumption that the12

isotopic compositions of the end-members of mixing arrays, or even the individual samples13

themselves, correspond to those of substantial masses of mantle underneath oceanic volca-14

noes. This approach has arisen naturally from a view of the mantle where short-lengthscale15

isotopic and mineralogical variations are unimportant. Melts from such a mantle would have16

an isotopic composition identical to that of large volumes of the solid from which they are17

produced.18

The study of small-scale variation in the compositions of the melts and mantle residues19

generated at spreading ridges has highlighted the importance of the melting process as an20

additional generator of geochemical diversity. The observation of substantial variation in the21

incompatible trace element contents and trace element ratios of olivine-hosted melt inclusions22

in individual MORB samples was accounted for by a model involving generation of extreme23

compositional variation during fractional melting (Sobolev and Shimizu, 1993). A similar24

model was used to account for the observation of residual clinopyroxene with depleted in-25

compatible trace element contents in abyssal peridotites (Johnson et al., 1990). These models26

are consistent with a range of compositional and physical arguments for the separation of27

melts from the mantle at low porosities followed by rapid channelised flow towards the surface28

(McKenzie, 1985; Kelemen et al., 1997). The observations of extreme small-lengthscale vari-29

ation in the trace element compositional record of mantle melts were believed to demonstrate30

that near-fractional melting was the primary cause of local-scale trace element variation, and31

provided evidence that the average trace element compositions of oceanic basalts is different32

from those of their mantle source regions (Sobolev and Shimizu, 1993; Johnson et al., 1990).33

These differences between melt and source extended even to the incompatible trace element34

ratios (Hofmann et al., 1986). A number of workers produced models of fractional melting35

of a single homogeneous mantle source composition, demonstrating the substantial range of36

trace element compositions that can be generated without any variation in the isotopic com-37

position of the basalts (Gast, 1968; Shaw, 1970; Slater et al., 2001; Maclennan et al., 2003b).38

Since these models did not involve the generation of isotopic variability, they provided no39

challenge to the assumption that MORB and OIB isotopic arrays could be used to identify40

the compositions of solid material in the mantle rising under oceanic volcanoes.41

More recent studies (Stracke et al., 2003b; Stracke and Bourdon, 2009; Peate et al., 2009;42

Cordier et al., 2010; Waters et al., 2011) have looked at a combination of trace element, major43

element, and isotopic data using samples from localities tightly constrained in space and time.44

These studies have found strong correlations in whole rock data between trace element ratios45

and isotopic ratios. Melt inclusion studies (Maclennan, 2008b) echo these strong correlations,46

at least for incompatible trace element concentrations and isotopes. The correlations suggest47

that heterogeneity in the mantle source has a key control on the observed trace element48

heterogeneity. Nevertheless, some part of the observed trace element heterogeneity must49
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be generated by the melting process itself, as reflected in the systematics of REE variation50

in olivine-hosted melt inclusions (Maclennan et al., 2003a). Furthermore, the presence of51

U-series disequilibrium in young basalts from Iceland demonstrate that highly incompatible52

elements can be fractionated from each other by the melting process (Condomines et al., 1981;53

Hémond et al., 1993; Stracke et al., 2003c; Kokfelt et al., 2006; Koornneef et al., 2012a).54

A further complication to understanding the isotopic systematics of oceanic basalts is55

that isotopic heterogeneity may be coupled with lithological heterogeneity and hence with56

fusibility (Hirschmann and Stolper, 1996; Stracke et al., 1999; Phipps Morgan, 2001; Stracke57

et al., 2003b,c; Katz and Rudge, 2011; Shorttle and Maclennan, 2011). For example, recycled58

crustal material, which is often thought to be the carrier of the isotopically enriched signa-59

ture, may be more pyroxenitic and thus more fusible than the rest of the depleted peridotitic60

mantle. The isotopic composition of a sample formed by melting of a multi-lithology source61

will be biased from that of the mean mantle source, and will be a function of the degree of62

melting. As a result, a number of studies have explained the correlations between isotopes63

and trace elements as arising naturally from varying degrees of melting of a lithologically het-64

erogeneous source (Phipps Morgan, 1999; Ito and Mahoney, 2005a,b; Stracke and Bourdon,65

2009; Ingle et al., 2010).66

The present manuscript seeks to address the following key question: Why do binary mix-67

ing models work so well if the generation of melt in the mantle is dominated by fractional68

melting? This question becomes even more pressing when it is understood that fractional69

melting of a heterogeneous mantle can fill a huge volume in isotope and trace-element com-70

positional space. We believe the answer lies in understanding precisely how the fractional71

melts are mixed to form the samples we see at the surface. To this end we have developed a72

new model of melting and the mixing of melts from a bi-lithological source, building on the73

previous studies by Stracke and Bourdon (2009) and Maclennan (2008b). The manuscript74

is organised as follows: the next section describes the main observational constraints, and is75

followed by a description of a new statistical model. Subsequent sections discuss the appli-76

cation of the model to trace element and isotopic data for whole rocks and melt inclusions.77

Detailed mathematical derivations are provided in an appendix at the end of the manuscript.78

The data used in the examples throughout this manuscript come from Iceland, but the79

modelling techniques and ideas we develop are relevant for understanding melt mixing more80

generally. Iceland provides one of the best windows into the melt mixing process: On Iceland81

it is possible to constrain the origin of basalts tightly in space and time; spatially because it is82

possible to make detailed maps of volcanic flows in the field; and temporally because one can83

distinguish easily between subglacial and postglacial eruptions through their geomorphology,84

and use tephrochronology to bracket the ages of postglacial flows (Sæmundsson, 1991). There85

is a large quantity of high quality data available from Iceland which has a wide spread of86

different geochemical measurements (majors, traces, and isotopes) made on exactly the same87

set of samples, both whole-rock samples and olivine-hosted melt inclusions. Having all the88

measurements on the same samples is particularly important for understanding melt mixing89

because of the information it provides on the correlations between different observables.90
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2. Observations91

2.1. Isotope – trace element systematics92

2.1.1. Apparent Binary Mixing93

[Figure 1 about here.]94

Detailed studies of geochemical variations of the eruptive products of individual volcanic95

systems on spreading ridges or ocean islands on the timescale of 103–105 years have revealed96

well-defined correlations between isotope ratios of incompatible elements, most commonly Sr,97

Nd and Pb. Isotope-isotope plots have been interpreted by many authors in terms of binary98

mixing between two end-member solids or two end-member melts. These interpretations have99

been supported by the strong correlation of these isotope ratios not only with incompatible100

trace element ratios (e.g. Nb/Y) but also with elemental concentrations in primitive basalts,101

such as La and Nb (Zindler et al., 1984; Stracke et al., 1999; McKenzie et al., 2004; Cordier102

et al., 2010; Waters et al., 2011). For example, the relationship between the isotope ratio103

208Pb/206Pb and both the Nb concentration and the La/Yb ratio of primitive olivine-hosted104

melt inclusions and whole-rock samples from the Reykjanes Peninsula in Iceland were shown105

by Maclennan (2008b) to be well matched by binary mixing between the extreme end-member106

melt compositions (Figure 1A,C).107

[Figure 2 about here.]108

Further evidence for the apparent success of binary mixing can be observed in the whole-109

rock data from the Theistareykir volcanic system plotted in Figure 2 (Stracke et al., 2003b;110

Slater et al., 2001). These Theistareykir samples are collected from a region ∼30 km in extent111

and are all from postglacial lava flows, less than ∼12 kyr old. The samples stretch along linear112

arrays on these plots of incompatible trace element and isotope ratios, with modest scatter113

partly reflecting uncertainty in the analyses. The Reykjanes Peninsula samples are from a114

slightly larger region, ∼50 km long, with the filled symbols in Figure 2 being postglacial115

samples. Samples from the last glaciation have compositions that either sit in the same116

range as postglacial samples or extend the arrays at the enriched end. On first inspection117

the Reykjanes whole-rock samples also appear to stretch along binary mixing arrays. Indeed,118

Thirlwall et al. (2004) has highlighted that the Sr-Nd-Pb isotopes systematics of localised119

sets of samples in Iceland are extremely well matched by binary mixing arrays, with the120

misfit of such binary mixing curves to the data being similar to the analytical uncertainty.121

This realisation lead Thirlwall et al. (2004) to suggest that mixing between a relatively small122

number of mantle components may account for the full range of isotopic variation seen on123

Iceland. They used plots such as Figure 2C to estimate the composition of mantle components124

under Iceland and their preferred compositions are shown as crosses on Figure 2C.125

2.1.2. Breakdown of Binary Mixing126

While many aspects of isotope-trace element systematics in localised sample suites can127

be accounted for by binary mixing, several key features of the data cannot be matched by128

such simple models. In the Reykjanes Peninsula data, there is significant scatter of the data129

away from binary mixing lines and Thirlwall et al. (2004) suggested that a third component130

was required to account for this spread. Such scatter away from binary mixing lines is a131
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feature of many OIB and MORB sample suites. An alternative cause of scatter on plots such132

as Figure 2C will be described later in this paper.133

Further evidence for the breakdown of binary mixing models can be obtained by inspection134

of Figure 1. The weaker correlations observed between isotope ratios and the concentrations135

of more compatible elements, such as Yb or Y, or their ratios, such as Sm/Yb, do not conform136

to simple binary mixing relationships (Figure 1B,D). This observation might be interpreted137

as an indication that more than two melt compositions are supplied from the mantle to the138

plumbing system of individual volcanoes. However, the poor resemblance to a binary mixing139

model results, in part, from the overprinting effect of fractional crystallisation on Yb and Y140

concentrations. Suites of melt inclusions hosted in forsteritic olivines may have variations of141

> 100 in the concentrations of some of the most incompatible elements such as Nb, while142

less compatible elements such as Y vary by a factor of ∼ 5. This difference in the range143

of highly and moderately incompatible elements is predicted for instantaneous fractional144

melt compositions of the mantle. The relatively modest variation in the Y concentration145

of mantle melts allows later processes, such as fractional crystallisation, to add significant146

noise to the mantle signal. A factor of 4 variation in Y is observed at nearly constant147

208Pb/206Pb in olivine-hosted melt inclusions from the Reykjanes Peninsula, but this variation148

is greater than can be produced by fractional crystallisation alone. A factor of 4 in Y requires149

approximately 75% crystallisation, whereas the limited range of forsterite contents of the150

host olivines (Fo84−91) are expected to be generated during the first 40% of crystallisation of151

Icelandic mantle melts (Maclennan et al., 2003a). Therefore, part of the range of Y at fixed152

208Pb/206Pb must reflect variation in mantle melts.153

Furthermore, the scatter observed in Sm/Yb at constant 208Pb/206Pb in Figure 1D is un-154

likely to result from fractional crystallisation and indicates that mantle melts with variable155

Sm/Yb are associated with the enriched 208Pb/206Pb isotopic composition. If this inter-156

pretation is correct, then binary mixing of two melts cannot account for the observations157

presented in Figure 1. An important concern in the interpretation of basaltic geochemistry158

from Iceland and elsewhere is that cross-plots of isotope ratios and highly incompatible el-159

ement ratios are often understood in terms of simple binary mixing. However, examination160

of the relationships of moderately incompatible elements reveals more complex behaviour,161

which means that the simplest interpretation of the isotope ratio plots may be misleading.162

2.2. Forsterite content – trace element systematics163

Additional evidence against the binary mixing model is provided by the relationship164

between the trace element variation of melt inclusions and their olivine hosts. The details165

of this relationship were first noted by Maclennan et al. (2003a) in a study of olivine-hosted166

melt inclusions from the Borgarhraun lava flow and used as evidence to support the origin167

of trace element variation in the melt inclusions from mixing of a range of instantaneous168

fractional melt compositions, as explained below.169

[Figure 3 about here.]170

Mixing between the melt inclusions with extreme La/Yb from Borgarhraun generate a171

steep array on Figure 3 which plots La against Yb. The field of melt compositions that can be172

generated by fractional crystallisation of the inclusions with extreme La/Yb is smaller than173
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the observed range of compositions, indicating that processes in addition to binary mixing174

of two mantle melts and fractional crystallisation are occurring.175

176

[Figure 4 about here.]177

Figure 4 plots La and Yb as a function of the composition of their olivine hosts. As noted178

by Maclennan et al. (2003a), the pattern of variation of La concentration with the forsterite179

content of the host olivines is different to that of Yb, and this cannot be explained by binary180

mixing (see Appendix A). In Figure 4A,B it can be seen that the mean La concentration of181

the melt inclusions increases with decreasing forsterite content of the olivine host, and that182

the variance in La of the inclusions remains elevated between Fo91 and Fo88, with a peak close183

to Fo88. In contrast, Figure 4C,D show that mean Yb concentrations fall with decreasing184

forsterite content between Fo91 and Fo85, and that the variance in Yb exhibits a strong peak185

at Fo90 and then falls with decreasing forsterite content.186

187

This decoupling of the behaviour of La and Yb is not expected from simple models of frac-188

tional crystallisation, because during the initial stages of cooling and crystallisation of mantle189

melts both La and Yb are expected to be incompatible and to exhibit coupled variations in190

their concentration in the melt. However, the characteristic decoupling of the variation of La191

and Yb as shown in Figure 4 can be accounted for by mixing of instantaneous fractional melts192

from a melting column of a single source (Maclennan et al., 2003a). Instantaneous fractional193

melts can generate the required pattern of primary melt compositions to account for the194

decoupling due to the differing compatibility of La and Yb during melting in the presence of195

garnet. Furthermore, the fact that the forsterite content of the olivines that would crystallise196

from the instantaneous fractional melts drops during the progression of decompression melt-197

ing allows the melting process to account for the decoupling of La and Yb across the olivine198

compositional interval from Fo88 to Fo92.199

200

[Figure 5 about here.]201

At the onset of melting in the garnet field, La is incompatible and Yb has a partition202

coefficient close to 1. Therefore, the first melts have the highest La of any predicted melts203

and are in equilibrium with the least forsteritic olivine, Fo85, of any of the predicted melts204

(Figure 5). However, the Yb content of these first melts is not extreme, due to the pres-205

ence of garnet. The Yb composition of these first melts is labelled as point 1 on the dashed206

curve in Figure 5. As melting proceeds, the La content of the instantaneous fractional melts207

drops monotonically towards zero, and the forsterite content of the equilibrium olivines rises208

towards Fo92. The behaviour of Yb is more complicated. At point 2 on the dashed curve209

in Figure 5 the Yb concentration starts to rise, corresponding to the arrival of spinel as a210

residual phase in the melting mantle at decreasing depth. Between point 1 and point 2 garnet211

is the stable aluminous phase in the peridotite, while between point 2 and 3 both garnet and212

spinel are present. The peak Yb concentration, at point 3, corresponds to the disappearance213

of garnet from the residue and where Yb becomes highly incompatible. The drop in Yb con-214

tents between points 3 and 4 corresponds to increasing extents of melting of spinel peridotite.215

216

6



One crucial observation from Figure 5 is that, in mantle melts, the full range of variation217

in Yb is established in melts that are in equilibrium with olivines between Fo92 and Fo90, while218

mantle melts with extreme La contents are in equilibrium with Fo92 and Fo85. Therefore, at219

forsterite contents greater than Fo90 mantle melting can contribute to variation in both Yb220

and La. Between Fo90 and Fo85 the mantle melts only add to variation in La and not in Yb.221

This difference in the behaviour of La and Yb during fractional melting of the mantle can222

therefore account for the observed difference in the evolution of the standard deviation of La223

and Yb with the host olivine composition (Figure 4). Addition of deep melts with extreme224

La can maintain variance in La in melt inclusions trapped in olivines between Fo90 and Fo88.225

However, the intermediate Yb contents of these deep melts provide insufficient variation to226

counter the ineluctable progression of concurrent mixing and crystallisation and therefore227

the observed variance in Yb drops rapidly between Fo90 and Fo88.228

While the models of mixing of instantaneous fractional melts from Maclennan et al.229

(2003a) can account for the decoupling of Yb and La variations in forsteritic olivine, these230

models are based on melting of a single source so cannot account for the observed relationship231

between the isotopic and trace element variation present in Icelandic whole-rock and melt232

inclusion datasets (Figure 1). It is therefore necessary to demonstrate that models of melt-233

ing of a compositionally heterogeneous source are also able to account for the observations234

presented in Figure 4.235

3. A statistical model of melt generation and mixing236

Whilst the isotopic variation in the Icelandic datasets indicates that high-amplitude and237

short lengthscale variation is present in the mantle source regions that contribute to individual238

volcanic systems, the melting process will also impart substantial compositional variability in239

the melts. This combination of source heterogeneity and fractional melting has the capacity to240

generate melts that fill a large compositional space and should not necessarily create strong241

correlations between elemental concentrations or ratios and isotope ratios. It is therefore242

necessary to develop a model of melt generation and mixing that can account not only for243

the apparent binary mixing relationships in incompatible element concentrations and ratios244

but also for the decoupling of elements of varying compatibility.245

The new statistical model introduced in this work consists of two key components: a246

melting model and a mixing scheme. The melting model determines the compositions of the247

fractional melts; the mixing scheme determines how the fractional melts are mixed together248

to produce the samples.249

3.1. Melting model250

We consider the melting of a two-lithology source consisting of peridotite and pyroxenite.251

The details of the choice of the composition of these lithologies do not strongly influence252

the most general conclusions regarding the importance of mixing of fractional melts from253

a heterogeneous mantle. The behaviours that we highlight are, however, dependent on the254

presence of trace element and isotopic heterogeneity in the mantle that is correlated to255

variation in the melting behaviour of the material. In order to aid the comparison of our256

model results with observations with Iceland, however, we choose mantle lithologies that are257

similar to those that have been suggested to be melting under the island.258
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3.1.1. Nature of lithological heterogeneities259

The peridotite composition is that estimated for depleted upper mantle, DMM, by Salters260

and Stracke (2004). Models were also run using the DMM composition of Workman and Hart261

(2005) in order to verify that the conclusions later drawn from the melting models are robust262

to variations in the details of the source compositions used. This DMM peridotite is more263

refractory and incompatible element depleted than the material chosen as the second lithol-264

ogy, which we refer to here as pyroxenite. The major element composition of this pyroxenite265

is set to that of the experimental material KG2, which was created by Kogiso et al. (1998)266

by mixing pyrolitic peridotite and average MORB compositions in 2:1 proportions. In detail,267

this composition lies just outside the pyroxenite field of Streckeisen (1976), but has a much268

higher pyroxene content than typical depleted mantle. It has recently been demonstrated269

that experimental batch melts of KG2 at pressures of 3 GPa have a similar major element270

composition to Icelandic basalts with enriched trace element and isotopic signatures (Short-271

tle and Maclennan, 2011). The trace element composition of the enriched source was set272

by mixing the depleted upper mantle composition of Salters and Stracke (2004) with the273

recycled MORB composition of Stracke et al. (2003a) in a 2:1 ratio, with the exception of274

the Pb concentration, which was set to 0.4 ppm.275

276

While the geometry of the lithological heterogeneity is not directly specified in the mod-277

els, it is assumed that there is no solid-state chemical interaction between the pyroxenite and278

the peridotite but that thermal equilibrium is maintained. This regime operates when the279

heterogeneities have a width within the range of 10s to 100s of metres (Sleep, 1984; Phipps280

Morgan, 2001; Kogiso et al., 2004; Katz and Rudge, 2011). These assumptions simplify the281

modelling of melt generation by adiabatic decompression of a lithologically variable mantle282

because both lithologies are melting along the same pressure-temperature path. In order to283

approximately match the mean composition of melts and the mean crustal thickness from284

the Theistareykir segment of northern Iceland (Maclennan et al., 2001b), and the major285

element constraints on the proportion of recycled basalt within the source regions of this286

segment (Shorttle and Maclennan, 2011), we set the DMM peridotite to 81% of the source287

by volume, with the remaining 19% of the source being KG2, which we refer to as pyroxenite.288

289

3.1.2. Advantages and disadvantages of pMELTS for modelling290

The pMELTS software was used to estimate the major and trace element composition of291

instantaneous fractional melts produced by adiabatic decompression of these two lithologies,292

specifically the most recent available version of the ALPHAMELTS front end available in293

June 2012 (Ghiorso et al., 2002; Smith and Asimow, 2005). While several parametrisations294

of peridotite melting are available, only a single mafic lithology, the G2 MORB composition,295

has been parametrised (Pertermann and Hirschmann, 2003). Use of pMELTS provides flexi-296

bility in terms of the provisional comparison of the melting behaviour of different lithologies.297

Furthermore, pMELTS tracks the residual mantle mineralogy during melting and calculates298

the trace element composition of instantaneous melts according to these shifts in mineralogy299

and the melting reaction. Such variations in mineralogy, such as the shift from garnet to300

spinel stability in the residue during decompression, or the disappearance of clinopyroxene301

from the residue, have important effects on the trace element contents of the instantaneous302
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fractional melts. These effects are crucial in controlling, for example, the differing behaviour303

of La and Yb which was noted in the melt inclusion observations. An advantage of pMELTS304

is that both the major and trace element composition of the instantaneous fractional melts305

can be predicted, meaning that the forsterite content of the first crystallising olivine for each306

primary melt packet can be calculated, allowing for comparison of model results with the307

observations of the covariation of trace element contents of melt inclusions with their host308

olivines. pMELTS also offers great flexibility in the specification of the pressure-temperature309

path followed by the mantle during melting. This flexibility allows us to consider the influ-310

ence of the thermal effects of melting of the dominant peridotite lithology on the melting311

behaviour of the pyroxenite.312

313

While the use of pMELTS provides flexibility in the melt modelling, there are some cru-314

cial aspects of the pMELTS results that must be treated with caution. These issues do not315

influence the general conclusions regarding the role of melt mixing, but certain aspects of the316

melting behaviour should not be regarded as robust features. The melts models are therefore317

largely used in an illustrative sense: development of accurate forward models of the melting318

of lithologically heterogeneous mantle is a long-term goal of igneous petrology that awaits319

improvement of the underlying thermodynamic models of the phases present during melting.320

The developers of pMELTS reported that for melting of peridotite lithologies the relationship321

between predicted melt fraction and temperature is offset from experimental results by up322

to 60◦C such that melt fractions predicted from pMELTS at a given temperature are lower323

than those observed in laboratory experiments (Ghiorso et al., 2002). This problem clearly324

limits the usefulness of pMELTS when attempting to estimate mantle potential tempera-325

tures from natural basalt compositions. These features are also linked to an overestimation326

of the proportion of clinopyroxene in the solid residue and predicted liquid MgO contents327

that are significantly higher than the experimental products at small melt fraction, by as328

much as 3 wt% absolute. Nevertheless the patterns of major and trace element evolution as329

a function of extent of melting, the signs of slopes and kinks in the experimental data, are330

well reproduced by pMELTS. The near-solidus behaviour of pMELTS is also complicated331

by problems associated with nature of incorporation of minor elements such as Cr, K, and332

P into solid phases and has lead several authors to limit the use of these elements in their333

comparison of pMELTS predictions with experimental results (Lambart et al., 2012). Imper-334

fections involved in the calculation of crystallisation paths of primitive basalt compositions335

by MELTS and pMELTS have been highlighted by Villiger et al. (2004). These authors336

demonstrated that pyroxenes are predicted as liquidus phases by MELTS and pMELTS un-337

der experimental conditions when olivine has been shown to be the liquidus phase. This338

overestimate of the proportion of pyroxene in the crystallising assemblage can drive the Si339

content of the predicted remaining liquid to values that are lower than those observed either340

in experimental studies or in natural basaltic suites.341

342

Given these considerations, we do not use pMELTS for any crystallisation models, and do343

not use pMELTS models of mantle melting to constrain potential temperature or other bulk344

physical or chemical properties of the mantle. Instead, we use pMELTS in an illustrative345

fashion, to show how trace element and major element compositions of fractional melts might346

be expected to vary during decompression melting of a bi-lithological mantle. The major con-347
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clusions reached from the modelling presented below are robust to the limitations of pMELTS.348

349

3.1.3. pMELTS modelling of melting of bi-lithological mantle350

The melt modelling had to be carried out in a number of stages because pMELTS does not351

yet explicitly include an option for bi-lithological melting. Furthermore, the recommended352

maximum pressure of pMELTS calculations is 4 GPa, a constraint that limits the style of353

calculation of deep melting of fusible lithologies at elevated mantle potential temperature.354

355

[Figure 6 about here.]356

First, the melting calculations for isentropic decompression of the depleted mantle com-357

position, DMM, were performed at a model potential temperature of 1512◦C. This high358

potential temperature reflects the fact that the models results are eventually compared with359

observations from Iceland. The calculated solidus intersection pressure was 3.3 GPa (106 km360

depth) in this model but because a residual porosity of 0.5% was used, melt was only ex-361

tracted from depths of 101 km and shallower (Figure 6). The maximum extent of melting362

was 30.3% at the top of the melting region at 1.0 GPa (25 km). The discontinuities in the363

gradient of the melt fraction against depth for DMM are related to the disappearance of solid364

phases from the residue: cpx-out at 78 km, garnet-out at 50 km and spinel-out at 38 km. The365

stability of garnet to such low pressures and the limited stability range of spinel partly reflects366

imperfections in the pMELTS garnet model, but also the fact that the DMM composition367

was limited to the system CFMAS-Mn, with the minor elements Na, K, P, Cr and Ni treated368

as trace elements (Smith and Asimow, 2005; Lambart et al., 2012). The disappearance of369

garnet from the solid assemblage leads to the peaks in the Y and Yb concentrations ob-370

served in the instantaneous fractional melts of DMM (Figure 6H,I). While it is likely that371

the depth of garnet-out and the peaks in heavy REEs and Y are deeper than 50 km under372

Iceland (Maclennan et al., 2003a), the crucial feature of the trace element distributions for373

the mixing models presented below is that the peak concentrations for the heavy REEs and374

Y occur shallower in the melting region, at higher extents of melting, than those for the light375

REEs. These REEs and other highly incompatible elements show their peak concentrations376

at the base of the melting region (Figure 6B-E).377

378

The next stage of the melting calculations was to examine the isentropic decompression379

of the enriched KG2 composition. This material is more fusible than DMM and intersects its380

solidus at greater depth. Even after restricting the KG2 composition by removing Na and381

K from the suite of major elements, the solidus depth of KG2 is poorly defined and at much382

higher pressures than the recommended 4 GPa limit for pMELTS calculations. Fortunately,383

the solid phase assemblage for KG2 bulk composition is predicted to change very little over384

the pressure range from 3–5 GPa or more. The initial stage of melting of KG2 is therefore ap-385

proximated by calculating the isobaric fractional melting behaviour at 3.3 GPa, the solidus386

pressure calculated for DMM on the adiabat corresponding to a potential temperature of387

1512◦C . The KG2 composition has melted by 19% at these solidus conditions for the DMM388

composition. The fractional melt compositions from this initial melting interval were then389
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stretched to depths between a KG2 solidus at 138 km and the DMM solidus at 106 km. The390

depth of the solidus of KG2 was set to occur at a pressure ∼1 GPa greater than that of391

DMM and the solidus productivity was fixed at 13%/GPa, broadly following the findings392

of Pertermann and Hirschmann (2003). With knowledge of the solidus depth, the solidus393

productivity and the extent of melting at 106 km, it was possible to calculate a quadratic394

melt fraction against depth relationship for the initial melting interval and stretch the melt395

compositions from the isobaric calculations to their corresponding melt fraction.396

397

The final melting calculation involved decompression melting of the solid residue of the398

isobaric melting of KG2. The decompression interval was from the solidus pressure of DMM399

to the lower pressure limit of pMELTS at 1 GPa. As described previously, it was assumed400

that the mass fraction of KG2 present in the melting mantle was small enough that the401

decompression path for both lithologies could be assumed to follow the melting isentrope of402

DMM. The melt fraction against depth curve for KG2 exhibits a number of steps in gra-403

dient not only as a result of the disappearance of solid phases from the KG2 residue but404

also in response to changes in gradient of the geotherm set from the DMM melting. The405

most important of these steps occurs at the solidus of DMM, where the productivity of406

KG2 drops significantly. This feature occurs because the onset of melting of the refractory407

DMM lithology draws latent heat from the mantle and causes an increase in the geothermal408

gradient. The predicted trace element behaviour of the KG2 melts shows a maximum for409

incompatibles at the base of the melting region and peaks in heavy REEs and Y at about410

60 km depth after the disappearance of garnet from the solid residue (Figure 6). The key411

differences between the distribution of instantaneous fractional melt compositions for KG2412

and DMM are first that the deeper onset of melting for KG2 means that the incompatible413

elements are transferred to the melt deeper and second that for most of the incompatible414

elements the concentrations from the first melts of KG2 are higher than those for DMM.415

The high concentrations of incompatible elements in the first melts of KG2 reflect the high416

concentrations in the KG2 source. These features, particularly the difference in the depth of417

transfer of the elements Pb, Sr and Nd for the KG2 and DMM lithologies, have important418

consequences for isotopic variation that is preserved during progressive melt mixing and for419

the interpretation of plots of isotopic data from individual volcanic systems or mid-ocean420

ridge segments. This crucial finding is explored in later sections.421

422

3.1.4. Partition coefficients423

The partition coefficients used in the trace element modelling are those dependent on424

pressure, temperature and composition, set as defaults in pMELTS (Smith and Asimow,425

2005; Wood and Blundy, 1997). One trace element that is worth particular attention is426

Pb, not only because its isotopes are used to trace source variability but also because its427

partitioning behaviour during mantle melting is relatively poorly understood (Blundy and428

Wood, 2003). The relative constancy of Pb/Ce in oceanic basalts has been used to argue429

that the effective partition coefficient of Pb during mantle melting under ridges is similar to430

that of Ce (Hofmann, 1988). However, experimental partitioning studies have found that Pb431

is significantly more incompatible than Ce during peridotite melting (Salters, 2002). These432

authors suggested that the presence of trace sulphides in the peridotitic mantle may ac-433
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count for the mismatch between the observed uniformity of Ce/Pb and the experimentally434

determined partition coefficients. Alternatively, more recent experimental studies of Pb parti-435

tioning indicate that it may be more compatible than Ce during pyroxenite melting (Klemme436

et al., 2002; Elkins et al., 2008), raising the possibility that the apparent similarity in Ce and437

Pb behaviour reflects a balance of peridotite and pyroxenite in the mantle source regions.438

We therefore set the partition coefficients of Pb during DMM melting to be equal to the439

pMELTS predicted partition coefficient for Ce, and for melting of KG2 we used Dcpx = 0.04,440

Dgt = 0.04, Dopx = 0.01 and Dol = 0.005.441

442

The target of this modelling is to use the model fractional melt compositions as a template443

for understanding the covariation of elements and isotopes in samples from single volcanic444

systems, rather than matching average observed compositions or crustal thicknesses from445

Iceland. Nevertheless, the overall melt production for a triangular sub-ridge melting region446

containing 19% KG2 in a matrix of DMM provides a good, if non-unique, fit to the observed447

volume-averaged REE compositions from Theistareykir, such that the predicted concentra-448

tions are within 25% of those observed for all REEs (Maclennan et al., 2001a). In addition,449

the predicted crustal thickness is approximately 22 km, in good agreement with the observed450

crustal thickness under Theistareykir of ∼20 km (Staples et al., 1997).451

452

3.1.5. Mean melt compositions453

For each lithology j, the melting model provides two key functions: Xj(z), the degree of454

melting at a depth z (as plotted in Figure 6), and cj(X), the concentration of the fractional455

melt produced at that depth. The pMELTS modelling described above provides cj(X) not456

only for a range of trace elements, but also for major elements including Mg and Fe, which457

are used to calculate the forsterite contents of olivines crystallising from the melts. The mean458

composition of the melt produced by lithology j is a weighted mean of the fractional melt459

compositions460

Cj =

∫ Xmax
j

0

ωj(X)cj(X) dX∫ Xmax
j

0

ωj(X) dX

, (1)

where ωj(X) is a weight function which differs depending on the style of melting considered:461

for a simple 1D melting column ωj(X) is constant; for a triangular melting region ωj(X) is462

the depth from the top of the melting region. Xmax
j is the maximum degree of melting. (1)463

can be written is terms of normalised weights ω̃j(X) as464

Cj =

∫ Xmax
j

0

ω̃j(X)cj(X) dX, (2)

where465

ω̃j(X) =
ωj(X)∫ Xmax

j

0

ωj(X) dX

. (3)
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The mean composition of the total melt produced from all of the lithologies is a weighted466

mean of the Cj,467

C =
m∑
j=1

fjCj, (4)

where m is the number of lithologies (m = 2 for the calculations here). If the source contains468

proportions {p1, . . . , pm} of the different lithologies, the proportions fj are given by469

fj =

pj

∫ Xmax
j

0

ωj(X) dX

m∑
k=1

pk

∫ Xmax
k

0

ωk(X) dX

. (5)

For computational convenience it is useful to divide the melting curve for each lithology470

into a discrete number of fractional melt “packets”, where cij is the concentration of the ith471

fractional melt packet produced by melting the jth lithology, i = 1, . . . , nj, j = 1, . . . ,m.472

nj is the number of discrete melt packets produced from lithology j. ∆Xj is the degree of473

melting associated with each melt packet, and X i
j = (i − 1)∆Xj is the discretized degree474

of melting (cij = cj(X
i
j)). The total degree of melting of each lithology is Xmax

j = nj∆Xj.475

∆Xj is chosen to be small (∆Xj = 0.01%) to provide an accurate approximation to the true476

fractional melt curve. In the limit that ∆Xj → 0 the continuous fractional melt distribution477

is recovered.478

The discrete analogue of (2) is479

Cj =

nj∑
i=1

ω̃ijc
i
j (6)

where the ω̃ij are normalised weights, ωij = ωj(X
i
j),480

ω̃ij =
ωij∑nj

i=1 ω
i
j

. (7)

The mean composition of the total melt is then481

C =
m∑
j=1

nj∑
i=1

fjω̃
i
jc
i
j, (8)

i.e. a weighted average over the compositions of the individual fractional melt packets.482

3.2. Mixing scheme483

The mixing scheme proposed here considers each sample to be a particular mixture of484

fractional melts. The composition of a sample is thus a weighted average of the compositions485

of the individual fractional melt packets,486

Ĉ =
m∑
j=1

nj∑
i=1

r̂ijc
i
j, (9)
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which is very similar to (8), except that the weights r̂ij are chosen randomly: the hats on r̂ij487

and Ĉ are used to signify that they are random variables. The probability distribution of488

the random weights r̂ij determines the amount and style of mixing. To be a valid mixture,489

the r̂ij must only take positive values and must satisfy the constant sum constraint,490

r̂ij ≥ 0,
m∑
j=1

nj∑
i=1

r̂ij = 1. (10)

An additional constraint to place on the random weights r̂ij is that they should produce491

compositions that agree with (8) in the mean, i.e. E(Ĉ) = C, where E denotes expected492

value. This can be achieved by demanding that493

E(r̂ij) = fjω̃
i
j. (11)

Within the restrictions placed by (10) and (11) there are a plethora of possible probability
distributions for the weights r̂ij. Amongst these possible distributions, there is one distri-
bution that is particularly special. This distribution is the Dirichlet distribution, which has
stronger independence properties amongst the weights r̂ij than all other possible distributions
(see Appendix B for a summary of the properties of the Dirichlet distribution). These inde-
pendence properties mean that all fractional melt packets are treated equally in the mixture,
and in particular there is no depth-dependence to the mixing process. To satisfy (11), the
weights r̂ij are formally distributed as a Dirichlet distribution with parameters αij given by

{r̂11, . . . , r̂
n1
1 , . . . , r̂

1
m, . . . r̂

nm
m } ∼ Dir

(
α1
1, . . . , α

n1
1 , . . . , α

1
m, . . . , α

nm
m

)
,

αij = (N − 1)fjω̃
i
j, (12)

Using a Dirichlet distribution, once the mean composition is set by (11) there is only one494

further parameter controlling the distribution of the weights. This parameter is given in (12)495

as N , which we will term the mixing parameter, and varies from 1 to ∞. N controls the496

amount of mixing between the different fractional melts, with N = 1 representing no mixing497

and N = ∞ representing complete mixing. The behaviour of the Dirichlet distribution is498

illustrated in Figure 7 for a simpler case of three components (rather than the formally infinite499

number of components produced by fractional melting). Full details of the mixing scheme500

can be found in Appendix C.501

[Figure 7 about here.]502

The mixing parameter N is the key controlling parameter in the mixing scheme. When503

N = 1, the samples from the distribution are simply the individual fractional melt packets.504

When N is large, all samples have very similar compositions, close to that of the mean505

composition of the melt produced. The role of the mixing parameter N is perhaps best506

understood in terms of the effect it has on the variance of the sample concentrations,507

var(Ĉ) ∝ 1

N
, (13)
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i.e. large N implies small variance, well mixed. N is related to the mixing parameter M508

used by Maclennan (2008a) by M = 1− 1/N (M = 0 is unmixed, M = 1 is well-mixed).509

The mixing parameterN used here is similar, but subtly different to, the mixing parameter510

N used in the work of Rudge et al. (2005) and Rudge (2006). In those papers, sampling is511

achieved by mixing together a discrete number N of independent identically distributed512

packets from a given distribution. The parameter N in Rudge et al. (2005) and Rudge513

(2006) is discrete, whereas the parameter N used in the Dirichlet mixing scheme proposed514

here is continuous (e.g. N = 2.5 is allowed). The mixing scheme of Rudge et al. (2005)515

and Rudge (2006) produces discrete distributions, as the proportions in which the different516

components are allowed to mix is discrete. The key advantage of the Dirichlet mixing scheme517

is that it produces continuous distributions. There are however strong similarities between518

the two mixing schemes: both have concentration variance ∝ 1/N , and both approach normal519

distributions for large N . A more detailed discussion of the relationship between the two520

schemes can be found in Appendix F.521

3.3. Homogenisation at depth522

[Figure 8 about here.]523

The Dirichlet distribution-based mixing scheme described above treats all fractional melt524

packets equally, independent of the depth at which they are generated. Thus as it stands525

the mixing scheme cannot be used to model depth-dependent mixing processes. To create a526

mixing scheme which includes some depth dependence in the mixing, in some model runs we527

include an additional process prior to applying the mixing scheme described above, namely528

a process of homogenisation at depth. We defer discussion of what physical mechanism may529

cause such a homogenisation to section 5. In the model runs with a homogenisation at530

depth the fractional melt distribution is altered before sampling so that all melts taken from531

below a certain prescribed depth are given a single composition equal to the appropriate532

weighted mean composition below that depth. An example of this process can be seen in533

Figure 8. The homogenisation at depth has the effect of removing a lot of the variability534

that is produced by the very first fractional melts that have the highest concentrations535

of incompatible elements. The fractional melts that are homogenised over have an equal536

contribution to every sample: an illustration of this can be seen in Figure 9, again for a537

simpler case of just three components.538

[Figure 9 about here.]539

3.4. Fractional crystallisation and concurrent mixing540

In one of the model runs (Figure 13) a further process is included: fractional crystallisation541

and concurrent mixing. This is particularly important when considering the forsterite content542

of the olivines that host the melt inclusions, as fractional crystallisation then exerts a strong543

control. It is thought that samples that have undergone a greater degree of crystallisation544

are also likely to be more well mixed (Maclennan et al., 2003a). To model this, a standard545

uniform random variable is introduced546

Û ∼ Uniform(0, 1) (14)
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and functions are proposed that relate both the degree of crystallisation χ̂ and the mixing
parameter N̂ to this standard uniform random variable,

χ̂ = χmaxÛ
2, (15)

N̂ = Nmin

(
Nmax

Nmin

)Û
. (16)

The functions above are somewhat ad hoc. They were chosen so that the degree of crys-547

tallisation varies from zero to some maximum value χmax (here χmax = 20%), and so that548

the mixing parameter varies from some minimum Nmin to some maximum value Nmax. Of549

course, many other functions can be concocted that satisfy these properties: the above are550

chosen simply to demonstrate the main effects of concurrent mixing and crystallisation.551

The compositions of the samples before crystallisation are generated just as before, except
that N̂ is now a random variable rather a parameter, and thus is different for each sample.
The crystallisation is modelled using

Ĉcryst-sample =
Ĉ

1− χ̂
, (17)

F̂ocryst-sample = F̂o− αχ̂. (18)

Equation (17) gives the concentration of the crystallised sample: for the purposes of this work552

it is assumed that La and Yb can be considered as perfectly incompatible when modelling553

crystallisation. Equation (18) states that the forsterite content of the crystallised sample554

decreases linearly with the degree of crystallisation. α is a parameter which governs this555

decrease (here α = 20). The true dependence of forsterite content on degree of crystallisa-556

tion is non-linear (see Maclennan et al. (2003a) for details), a linearisation is used here for557

simplicity.558

4. Model results559

4.1. Forsterite content – trace element systematics560

[Figure 10 about here.]561

[Figure 11 about here.]562

Figures 10 and 11 show plots from model runs with La and Yb of variably mixed melts563

plotted against the forsterite content of olivines in equilibrium with these melts for different564

values of the mixing parameter N . Each point represents a random sample from the distribu-565

tion, and each sub-plot shows 2000 such samples. The samples are colour-coded according to566

proportion by mass in which each lithology contributes to the sample, with dark blue being567

a pure melt from the peridotite and dark red a pure melt from the pyroxenite. When N = 1568

each sample represents a single fractional melt, and lies on the curves expected for fractional569

melting (similar to Figure 5). For example, the first fractional melts of the peridotite will570

be highly concentrated in La (8 ppm) and be in equilibrium with ∼Fo90 olivines. Later571

fractional melts will be much more depleted in La (tending to zero concentration) and be in572
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equilibrium with more forsteritic olivines. The first fractional melts of the pyroxenite will573

have even higher concentrations of La (20 ppm) (as the pyroxenite is rich in incompatible574

elements) but will be in equilibrium with less forsteritic olivines (at around Fo84). Later575

fractional melts will be again more depleted in La, and again be in equilibrium with olivines576

with higher forsterite contents.577

From each sub-plot to the next N doubles, each sub-plot representing more mixing having578

taken place than in the previous sub-plot. As the variance in concentration scales with 1/N ,579

each sub-plot has a reduction in standard deviation of 1/
√

2 from the previous one. For large580

values of N the distributions appear elliptical on these plots as they approach the normal581

distribution behaviour expected from the central limit theorem. For large N , La shows a582

fairly strong negative correlation with forsterite content (correlation coefficient r = −0.57)583

whereas Yb is essentially uncorrelated (r = 0.16).584

[Figure 12 about here.]585

For comparison with the data shown in Figure 4, Figure 12 shows La and Yb of the mixed586

melts plotted against the forsterite content of the equilibrium olivine for a moderate value of587

the mixing parameter N = 12, alongside the standard deviation in La and Yb concentrations588

at fixed forsterite contents. Unlike the simple binary mixing models of Figure 23 there is now589

a distinct difference in behaviour between La and Yb, more in line with what is seen in the590

observations (Figure 4). As the forsterite content of the olivine decreases there is a distinct591

increase in the variance in La concentration of the equilibrium melts whereas the variance in592

Yb concentration of these melts decreases.593

[Figure 13 about here.]594

Figure 13 shows a model run that includes the effect of concurrent mixing and crystalli-595

sation, as discussed in section 2.2. The mixing parameter increases from N = 12 with no596

crystallisation to N = 108 at 20% crystallisation (a factor of 3 reduction in the concentration597

standard deviation). Figure 13 reproduces some of the key features seen in the observations598

of Figure 4: a peak in La variance around Fo89 and steady decline in Yb variance with de-599

creasing forsterite content. Hence models of melting a compositionally heterogeneous source600

can account for the main features of the observations presented in Figure 4, although it601

should be noted that they equally may well be explained by melting a homogeneous source602

(Maclennan et al., 2003a).603

4.2. Isotope – trace element systematics604

[Figure 14 about here.]605

The main motivation for studying the melting of a heterogeneous source is to examine the606

link between trace element and isotope systematics, which we turn to now. Figure 14 shows a607

plot of La/Nd against 143Nd/144Nd for model runs with different values of the mixing parame-608

ter N , to be compared with the data in Figure 2. The N = 1 case again shows the fractional609

melts. The peridotite source has a depleted isotopic signature (143Nd/144Nd=0.5133), the610

pyroxenite source an enriched signature (143Nd/144Nd=0.5129). Since the melting process611

does not fractionate 143Nd from 144Nd the fractional melts preserve the isotopic ratios of612
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their sources and thus appear as vertical lines in Figure 2. As in Figures 10 and 11, mixing613

reduces the variance and the distribution starts to resemble a bivariate normal distribution.614

A key difference should be noted between the model and the data: In the data shown in615

Figure 2 there is a strong negative correlation between La/Nd and 143Nd/144Nd, whereas the616

model shown in Figure 14 predicts very little correlation (r = 0.05). This is a general feature:617

real data often show much better correlations than would be expected from a straightforward618

mixing of the fractional melts.619

[Figure 15 about here.]620

One way of producing better correlations is by altering the way mixing takes place. This621

is achieved in the model by homogenising at a depth of 85 km before Dirichlet sampling622

(see description in subsection 3.3). The effect of homogenisation at depth is illustrated in623

Figure 15 which shows a plot of the correlation coefficients amongst different trace element624

concentrations and isotopic ratios with and without a homogenisation at depth. Unsurpris-625

ingly, Figure 15 shows that trace elements with similar compatibilities correlate well with one626

another. The correlation pattern amongst the trace elements is independent of the mixing627

parameter N , but is substantially altered by the homogenisation at depth. This is particu-628

larly noticeable amongst the more incompatible elements (Hf to U), and arises because the629

situation essentially resembles that of binary mixing: Deep melts which are homogenised630

over have uniform concentrations of highly incompatible elements, shallow melts have effec-631

tively zero concentrations of highly incompatible elements. The samples are simply a binary632

mixture between one effective end member with uniform concentrations and another with633

concentrations close to zero.634

[Figure 16 about here.]635

Figure 16 shows a plot similar to Figure 14 which includes homogenisation at a depth636

of 85 km. The effect of the homogenisation can most clearly be seen in the N = 1 sub-637

plot in Figure 16. The most extreme La/Nd ratios have disappeared from those seen in638

Figure 14 since they represent the deepest fractional melts. In their place is a single point639

at 143Nd/144Nd=0.5130, La/Nd=0.4 (circled) representing the homogenisation of the deep640

fractional melts below 85 km. The shallower fractional melts remain unhomogenised, having641

lower La/Nd ratios and the isotopic ratios of the original sources. Importantly, for large N642

there is now a stronger inverse correlation between La/Nd and 143Nd/144Nd (r = −0.87),643

more like that seen in the real data (Figure 2). Encouragingly, the scatter away from a single644

binary mixing line which is observed in the data is also reproduced by this model. It is im-645

portant to realise that such scatter away from the binary mixing trend is produced on these646

plots by a melt mixing model where only two source compositions are present. This model647

result indicates that observation of scatter on such trace element-isotope plots on MORB648

or OIB datasets need not require the presence of three or more source compositions in the649

associated mantle melting region.650

651

This strong inverse correlation can be thought of as a consequence of creating a pseudo-652

binary mixing situation. In the N = 1 sub-plot of Figure 16 there are effectively three end-653

members: the homogenised deep melts (the circled green point), the shallow melts from the654
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pyroxenite (dark red points), and the shallow melts from the peridotite (dark blue points,655

which have some spread in La/Nd). The shallow melts from the pyroxenite are formed656

after the pyroxenite has undergone a degree of melting of 20% (Figure 6) and will have657

next to no La and very small amounts of Nd. The shallow melts of the peridotite are658

formed after the peridotite has undergone a degree of melting of only 5% and thus will659

have greater concentrations of both La and Nd than the shallow melts of pyroxenite. The660

highest concentrations of La and Nd are in the homogenised deep melts. Since the shallow661

pyroxenitic melts have such limited concentrations of La and Nd, and since the source is662

mostly peridotite (more than 80%), the mixing array is dominated by pseudo-binary mixing663

between the homogenised deep melts and the shallow melts from the peridotite. Note also664

that binary mixing lines are linear on this plot due to the common denominator Nd (Vollmer,665

1976; Langmuir et al., 1978).666

[Figure 17 about here.]667

A homogenisation depth of 85 km is used throughout this work. We have experimented668

with this depth and found it to be a reasonable value for producing the desired pseudo-binary669

trends. The effect of varying the homogenisation depth can be seen in Figure 17. Setting670

the homogenisation depth below the onset of peridotite melting does not significantly change671

correlations from the unhomogenised case as a substantial proportion of the variance in trace672

element concentration is generated by fractional melting of the peridotite which is more than673

80% of the source (top panels of Figure 17). If the homogenisation depth is set much shallower674

than 85 km then the shallow peridotite melts become too depleted in incompatible elements675

to have much influence, and the correlations seen in plots such as Figure 16 become worse676

(bottom panels of Figure 17). Given the limitations of the pMELTS modelling, as described677

in section 3.1.2, our preferred homogenisation depth of 85 km is not likely to have physical678

significance in melt generation and mixing under Iceland. A more robust conclusion is that679

the strength of correlations found in the observations are matched when all melts produced680

at depths greater than the point where the peridotite matrix has undergone ∼5% melting681

are mixed before extraction. As discussed in later sections, this feature of the model results682

is likely to have significance for understanding the physics of melt extraction under Iceland.683

684

[Figure 18 about here.]685

[Figure 19 about here.]686

Figures 18 and 19 show plots similar to Figures 14 and 16 for La/Yb plotted against687

143Nd/144Nd. There is a similar change in the correlation structure on homogenisation at688

depth: going from essentially zero correlation without homogenisation at depth to moderate689

negative correlation (r = −0.31) with. Interestingly, the model data show a triangular690

structure for intermediate values of N (Figure 19), with greater variance in La/Yb at low691

values of 143Nd/144Nd than at high values. This triangular structure is a feature also seen in692

the real data (Figure 2) although not a perfect match. The difference between the plots of693

La/Nd in Figure 16 and La/Yb in Figure 19 lies in the fact that Yb is much more compatible694

than Nd. As a result the shallow melts of the pyroxenite have significant concentrations of Yb695
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and the resulting mixing is more pseudo-ternary than pseudo-binary with the shallow melts696

of the pyroxenite having an influence. Mixtures with significant amounts of the pyroxenitic697

shallow melts will be pulled down to low values of La/Yb but their 143Nd/144Nd values will698

be largely set by the Nd-bearing homogenised deep melts and peridotitic shallow melts.699

[Figure 20 about here.]700

A further model run is shown in Figure 20 that plots Nb, Y, La/Yb and Sm/Yb against701

208Pb/206Pb for N = 5 and a homogenisation depth of 85 km, to be compared with the702

real data in Figure 1. As can be seen in Figure 15, after homogenisation at depth, the lead703

isotopes show a reasonable correlation with Nb and other highly incompatible elements, but704

correlate less well with the more compatible elements such as Y. The Nb versus 208Pb/206Pb705

plot in Figure 20 bears some similarity with the data shown in Figure 1, although is not a706

perfect match. A notable similarity between model and data is that at low 208Pb/206Pb there707

is more variance in Nb concentrations than at high 208Pb/206Pb. The curved nature of the708

array is somewhat also similar to a hyperbolic binary mixing line, and may explain why a709

binary mixing model works so well for the real data (Figure 1). Like the real data, the plots710

of Y and Sm/Yb against 208Pb/206Pb are more diffuse.711

The Nb against 208Pb/206Pb plot (Figure 20A) can be understood in terms of mixing712

between the three effective end members of the homogenised deep melts, the shallow melts713

from the pyroxenite, and the shallow melts from the peridotite. The homogenised deep melts714

have high Nb concentrations (4 ppm) and 208Pb/206Pb=2.02. The shallow melts from the715

peridotite have less Nb (< 1 ppm) and 208Pb/206Pb=2.28. Mixing between homogenised deep716

melts and the shallow peridotitic melts must lie on hyperbolic mixing lines between the two717

points with curvature controlled by the relative concentrations of Pb: The homogenised deep718

melts have Pb concentrations more than a factor of 10 greater than the shallow peridotitic719

melts, leading to a series of possible convex curves between the two points for mixtures to720

lie on. The situation is slightly complicated by the additional mixing in of the pyroxenitic721

shallow melts: unlike in the ratio plot of Figure 16 the pyroxenitic shallow melts play more722

of a role because a concentration is plotted on the vertical axis rather than a ratio. The723

pyroxenitic shallow melts have very little Pb so do not affect the Pb isotopes, but the fact724

they have next to no Nb causes them to reduce the Nb concentration at fixed 208Pb/206Pb725

on the plot, leading to the triangular shape of the array.726

The Y against 208Pb/206Pb plot (Figure 20B) can not be thought of in terms of mixing727

between simple end members. Since Y is relatively compatible, both the shallow pyrox-728

enitic and the shallow peridotitic melts exhibit a wide range in Y concentrations (from 0729

to 80 ppm for the pyroxenitic melts, and from 0 to 100 ppm for the peridotitic melts, see730

Figure 6H) and thus cannot be thought of as simple end members. This is the reason for731

the more diffuse distribution in Y versus 208Pb/206Pb. The variance in Y is highest at low732

208Pb/206Pb: this can be understood in terms of mixing between the homogenised deep melts733

(208Pb/206Pb=2.02, Yb=14 ppm) and the very shallow (< 75 km) melts from the peridotite734

and pyroxenite. These very shallow melts have a wide range of Y concentrations (from 0735

to 100 ppm) but no Pb. They thus cause a large variability in Y concentration with no736

variability in 208Pb/206Pb. In order to produce compositions with larger 208Pb/206Pb some737

mixing in of the unhomogenised melts of the peridotite from around 85 to 75 km is required,738

which have almost uniform concentration of Y of around 11 ppm.739
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The apparent binary mixing observed in the data on the plots of La/Yb or Nb against740

208Pb/206Pb can only be matched by the mixing models under a certain set of circumstances.741

First, the Pb concentrations in the deep homogenised melts must be 10 or more times higher742

than those in the shallow unhomogenised melts from the peridotite (this produces curvature743

on the pseudo-binary mixing line). Second, the Pb concentrations of the shallow unho-744

mogenised melts from the pyroxenite should be very close to zero (so they do not affect745

the Pb isotopic compositions). Finally, the Nb and La concentrations of the shallow unho-746

mogenised melts from both lithologies should be close to zero (to match the samples that747

have high Pb isotopic ratios but very low Nb and La/Yb). There are important trade-offs748

between the depth of homogenisation, the partition coefficients for the elements in the litholo-749

gies and the source concentrations of the elements in models that successfully reproduce the750

observations. Since the details of these trade-offs are dependent on variables that are not751

well constrained in the source regions, the primary purpose of the models is to illustrate that752

mixing of fractional melts from a bi-lithological mantle can account both for the apparent753

binary mixing in plots like Figure 1A and the scatter in Figure 1D. Nevertheless, one robust754

feature of successful mixing models is that the depth of homogenisation occurs after only a755

small fraction of melting of the depleted peridotite matrix: this feature is required to supply756

the Pb for the apparent depleted end-member on these plots.757

4.3. Isotope systematics758

[Figure 21 about here.]759

[Figure 22 about here.]760

Mixing of fractional melts complicates the interpretation of isotope ratio-isotope ratio761

plots, examples of which are shown in Figures 21 and 22. These plots again show the effect762

of mixing for different values of the mixing parameter N , with and without homogenisation at763

depth. The model runs demonstrate an important point that mixing arrays need not point764

towards the source compositions, even when only two end-member isotopic compositions765

are present in the mantle source. This phenomenon holds true even for melting a uniform766

lithology, and an analytical demonstration of this is given in Appendix E.767

Without homogenisation at depth (Figure 21), there are just two points on the N = 1768

subplot given by the isotopic ratios of the two sources (the crosses). The N = 2 subplot769

demonstrates the wide range of compositions that can be produced by mixing the fractional770

melts: in effect any of the points on any of the mixing hyperbolae between the two crosses771

is possible. This can be understood by considering the binary mixing hyperbola between a772

single fractional melt from the peridotite and a single fractional melt from the pyroxenite.773

The curvature of this mixing hyperbola is controlled by the ratio γ of Sr/Nd ratios of the774

two fractional melts, namely (Vollmer, 1976; Langmuir et al., 1978)775

γ =
(Sr/Nd)pyroxenite melt

(Sr/Nd)peridotite melt

. (19)

When γ = 1 the mixing hyperbola is a straight line; for γ < 1 it is convex (bending below776

a straight line between the two source compositions); and for γ > 1 it is concave (bending777

above). Examples of the binary mixing curves are shown in the N = 1 subplot of Figure 21.778
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As Sr is more incompatible than Nd, the Sr/Nd ratio is variable amongst the different frac-779

tional melts, varying for both peridotite and pyroxenite from around Sr/Nd=30 near the780

onset of melting to Sr/Nd=0 for the shallowest fractional melts (Figure 6E,F). As a result it781

is possible to get any value of γ by suitably choosing the depths of the two fractional melts.782

To get a large value of γ � 1 one can pick a deep melt from the pyroxenite (Sr/Nd around783

30) and a shallow melt from the peridotite (Sr/Nd near zero). Likewise, to get a small value784

of γ � 1 one can pick a shallow melt from the pyroxenite (Sr/Nd near zero) and a deep melt785

from the peridotite (Sr/Nd around 30). By mixing the two chosen fractional melts in differ-786

ent proportions it is possible to be at any point along the given binary mixing hyperbola.787

Each point in the N = 2 subplot actually involves mixing between the whole distribution of788

possible fractional melts, rather than just two, but the simple mixing of two fractional melts789

demonstrates how such a large range of compositions is possible.790

As N increases a bivariate normal distribution is recovered. The slope of the mixing array791

is somewhat shallower than that for a line through the two source compositions. In simpler792

single lithology models (details in Appendix E), this shift in the slope is purely controlled793

by the relative compatibilities of the two elements in question (here Nd and Sr), as is the794

correlation coefficient. The more similar the compatibilities of the two elements in question,795

the closer the slope of the line will be to that of the line through the sources, and the closer796

the correlation coefficient to unity.797

With the homogenisation at depth (Figure 22), there is an additional green point on798

the N = 1 sub-plot representing the composition of the homogenised deep melts. As N799

increases a bivariate normal distribution is again recovered, except now the slope of the800

array is steeper than the line through the sources. It is thus clear that identifying the end801

points of mixing arrays with the compositions of mantle sources is fraught with difficulty:802

even in the simplest case of a binary source there is no guarantee that the source compositions803

lie on the line through the data array, and moreover the sources can lie on different sides of804

the line depending on how the fractional melts are mixed. Only in isotope ratio- isotope ratio805

plots where the isotope ratios are of the same element (e.g. 207Pb/204Pb against 206Pb/204Pb)806

are the arrays guaranteed to point at the source compositions. In addition there is the well-807

known problem of variance reduction: we don’t know how much mixing has taken place (i.e.808

what N is) and thus how far away the true mantle source compositions lie from the array.809

5. Discussion810

The preceding section has examined how some of the general features of the geochemical811

systematics of oceanic basalts can be explained in terms of melting and mixing. Evidence has812

been provided for some form of homogenisation at depth, which raises the question as to what813

physical mechanism could cause such a homogenisation. One possibility is that the early melts814

of the pyroxenite are unable to escape because the surrounding peridotite has not yet begun815

to melt, causing a permeability barrier. Only once the peridotite crosses its solidus and begins816

to melt can channels nucleate to provide rapid transport to the surface (Lundstrom et al.,817

2000; Spiegelman and Kelemen, 2003; Weatherley and Katz, 2012; Mallik and Dasgupta,818

2012). The trapped early melts of the pyroxenite will have time to mix and homogenise819

before transport to the surface, as may also the very earliest melts of the peridotite before820

the channels form. This mixing geometry is consistent with the homogenisation depth used821
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throughout this manuscript, which lies just above the depth at which the peridotite crosses822

its solidus. The models of Weatherley and Katz (2012) indicate that the homogenised deep823

melts may then be transported in relative isolation towards the shallow part of the system.824

These deep melts then mix with the shallow melts in crustal magma chambers, and the825

mixing parameter N may reflect the mixing that takes place there. However, there are other826

reasons to expect the deeper melts to be more homogenised that the shallower melts, not827

least of which is the simple fact that the deeper melts have a longer transport path from828

their formation to the surface, and hence more time to mix with other melts en route.829

The statistical models of mixing presented here are in their infancy, and there is plenty of830

scope for further development. One possible avenue for future research is to look at alterna-831

tives to the Dirichlet distribution for drawing the random weights. The Dirichlet distribution832

is rather special, and has strong independence properties that make it unsuitable for mod-833

elling depth-dependent mixing processes. This restriction was overcome in this manuscript834

by first altering the fractional melt population through a simple homogenisation at depth,835

followed by an application of the Dirichlet sampling scheme, the combination of which can836

be thought of as producing a single distribution for the random weights that is different from837

the Dirichlet distribution. However, a much more general approach would be to directly838

consider alternative distributions for the random weights, rather than have this two step839

process. With a more general distribution for the random weights one could model a less840

abrupt transition in behaviour with depth.841

The focus of this work has been to obtain general insights into the role of melt mixing in842

producing geochemical distributions, rather than to produce exact fits to real data. To this843

end, the melt model has been kept constant throughout this work, with the same degree of844

melting on average for all model runs. The source compositions too have remained constant.845

If a particular suite of observations of short-lengthscale geochemical variation is to be inves-846

tigated with this mixing model it is first necessary to match the mean of the observations847

by an appropriate choice of degree of melting and source composition before trying to match848

the local variability by adjusting the mixing process.849

In this manuscript we have looked at datasets from Iceland that are highly restricted in850

space and time, such as whole-rock samples from single volcanic systems, or suites of olivine-851

hosted melt inclusions from single eruptions. This restriction justifies our assumption that852

the average degree of melting is constant. In our model, heterogeneity arises purely from853

the incomplete mixing of fractional melts. This contrasts with a number of studies (e.g.854

Phipps Morgan, 1999; Ito and Mahoney, 2005a,b; Ingle et al., 2010) that have used models855

with complete mixing but varying degrees and styles of melting to explain the heterogeneity856

seen over larger geographical areas and in global data sets. Undoubtedly, the variation in857

the melting process is important at larger length scales, and an obvious avenue for future858

research would be to develop a model that has both a variation in the melting process and859

an incomplete mixing of the fractional melts.860

6. Conclusions861

The relationships between isotopes of incompatible elements in suites of closely-spaced,862

temporally restricted basalt samples from mid-ocean ridges and ocean islands are often de-863

scribed in terms of binary mixing between depleted and enriched melts or solid sources.864
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Binary mixing has also been used to account for the relationships between these isotopic865

ratios and the elemental concentrations or concentration ratios. However, binary mixing866

cannot account for the relationships between moderately incompatible trace elements and867

the isotopes of incompatible elements. Furthermore, the presence of widespread U-series dis-868

equilibrium in young basalts, and the systematics of trace element variation in olivine-hosted869

melt inclusions, indicate that part of the local compositional variation in basaltic suites is870

due to the mantle melting process.871

872

A model of mixing of fractional melts from a bi-lithological mantle is able to account both873

for the apparent binary mixing relationships in incompatible elements and for the weaker co-874

variations observed for more compatible trace elements. In these models, enriched, fusible875

heterogeneities are carried in a depleted, refractory peridotite mantle matrix. Unconstrained876

mixing of fractional melts of these two lithologies produces weak correlations between incom-877

patible elements and their isotopes which do not resemble the strong correlations observed878

in suites of basaltic samples or olivine-hosted melt inclusions. The observed correlations879

are matched, however, when deep melts produced from both lithologies are effectively ho-880

mogenised before they mix with the range of fractional melt compositions produced in the881

shallow parts of the melting region. The best fits to the data are obtained when fractional882

melts produced deeper than the level at which the peridotite matrix has undergone ∼ 5%883

melting are homogenised. This pattern of mixing allows for some variance to be derived884

from the incompatible elements still remaining in the peridotite residue at 5% melting. The885

weak covariance of more compatible elements (Y, Yb) with the incompatible elements is also886

accounted for by this mixing because these elements are released shallower in the melt re-887

gion than the fixed depth of homogenisation. The model can also account for the observed888

decoupling of the evolution of variance of La and Yb as a function of host forsterite content889

in olivine-hosted melt inclusions.890

891

The examples in this manuscript have hopefully made clear the importance of mixing in892

the interpretation of the geochemical systematics of oceanic basalts. Mixing plays a role not893

only in the obvious sense of reducing the variability of geochemical observations, but also894

in subtly changing the correlations between different variables. While this certainly creates895

problems for interpretation, it may also mean that the observed correlations and geochemical896

distributions can shed light on the physics of melting and melt migration processes. Indeed897

this work suggests it may be possible to constrain the depth at which channelised flow begins898

from such geochemical distributions. Homogenisation at depth can lead to the pseudo-binary899

nature of a number of geochemical plots whose end-members are not representative of the900

true mantle sources.901
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Appendix A. The failure of binary mixing to explain La-Yb-Fo systematics906

It is natural to ask whether the differing behaviour of La and Yb in Figure 4 can be907

accounted for by binary mixing of two melts combined with fractional crystallisation. The908

key differences in the observations that need to be reproduced by the modelling can be909

understood by examining Figure 4B,D and noting that the standard deviation of La increases910

with decreasing forsterite content up to a peak around Fo88 whereas the standard deviation911

of Yb has a peak around Fo90 and a subsequent decrease with decreasing forsterite content.912

[Figure 23 about here.]913

In order to test whether these differing evolutions of standard deviation could be matched
with binary mixing and fractional crystallisation, we developed a simple model. Melt inclu-
sions with La/Yb close to the extremes of the Borgarhraun dataset and in suitably forsteritic
olivines were taken as end-member melts and then were mixed together in varying propor-
tions in order to produce an array of mantle melts on a binary mixing array (Figure 23).
The melt inclusion used as a depleted end-member was hosted in a Fo91.4 olivine while the
inclusion used as the enriched end-member was found trapped in a Fo88.5 olivine. For this
very simple mixing model, it was assumed that there was not sufficient variation in the Mg
and Fe contents of the mantle melts for there to be substantial non-linearity in the relation-
ship between the proportion of depleted and enriched melts in the mixture and the forsterite
content of the olivine crystallising from the mixed melt. In other words, olivines growing from
a 50:50 mixture of the two melts were predicted to contain 90.1 mol% forsterite. Formally,
the initial melt compositions and forsterite contents were determined by binary mixing as

Ĉ = ρ̂Ce + (1− ρ̂)Cd, (A.1)

F̂o = ρ̂Foe + (1− ρ̂)Fod, (A.2)

where ρ̂ ∼ Uniform(0, 1) is a uniform random variable determining the proportion of the914

enriched end-member in the mixture, and ‘e’ and ‘d’ refer to the enriched and depleted915

compositions respectively. The mixed model mantle melts were then allowed to undergo916

variable extents of fractional crystallisation, up to a maximum of 35%. The crystallisation was917

modelled using using equations (17) and (18), with the random variable χ̂ ∼ Uniform(0, 0.35).918

A set of 500 random samples generated by this scheme is shown in Figure 23. Comparison919

of the results of the binary mixing model (Figure 23) with the Borgarhraun observations920

(Figure 4) is informative. Unsurprisingly, the binary mixing model can reproduce the steep921

increase in the maximum La of melts with decreasing forsterite content of the olivine host922

between Fo92 and Fo85. The variations in the running means in panels A and C of Figures 4923

and 23 are broadly similar, with a change in the gradient of the running means of both La924

and Yb at about 88 mol% forsterite. However, the evolution of the standard deviations in925

panels B and D of Figures 4 and 23 show two important differences between the model and926

the results.927

The first key difference is that the standard deviation of both La and Yb increases with928

decreasing olivine host forsterite content in the models, while the observations both show929

dropping variance at forsterite contents of less than about 88 mol%. This mismatch is930

to be expected, because the model does not include the effects of concurrent mixing and931
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crystallisation, which acts to destroy variance in the melt inclusion compositions with lowering932

forsterite contents.933

The second important difference between the observed and modelled evolution of stan-934

dard deviations relates to the important decoupling of La and Yb in the observations, but935

the correlated behaviour of La and Yb in the binary mixing models. In the observations,936

Yb shows a peak in variability at close to Fo90, while La variation remains high between937

Fo90 and Fo88. The evolution of the variation in melt inclusion compositions with forsterite938

content can be understood as a balance between the destruction of variance by mixing and939

the generation of variance by the addition of compositionally variable mantle melts. The940

observation that variation in La is maintained between Fo90 and Fo88 implies that mantle941

melts with high La and in equilibrium with olivines with forsterite contents of < 90 mol% are942

supplied to the system. However, these melts cannot have extreme values of Yb or else they943

would contribute to variance in Yb and maintain a high standard deviation for Yb between944

Fo90 and Fo88, which is contrary to observations. In the case of binary mixing, the enriched945

melts added are in equilibrium with Fo88.5 olivines and their introduction helps to rapidly946

build variation both in La, because these melts have the highest La contents, and in Yb,947

because they are low in Yb. This building variability with decreasing forsterite content is948

displayed on panels B and D of Figure 23 between about Fo91 and Fo88.5 in the models for949

both La and Yb. Therefore the binary mixing model cannot match the observed decoupling950

in the evolution of La and Yb variance because in the binary mixing model the enriched951

end-member has an extreme composition for both La (maximum) and Yb (minimum) and952

adds variability to both elements.953

954

While binary mixing models can produce good fits to observed covariations of incompati-955

ble element concentrations, ratios and isotope ratios, they cannot account for the systematics956

of moderately compatible elements nor the evolution of variance in melt inclusion trace ele-957

ment concentrations as a function of their host olivine composition.958

Appendix B. The Dirichlet distribution959

The Dirichlet distribution is a continuous probability distribution that produces random960

proportions. It is characterised by a set of n parameters {α1, α2, . . . , αn} and has the proba-961

bility density function,962

f(x1, . . . , xn−1;α1, . . . , αn) ∝
n∏
i=1

xαi−1
i , (B.1)

for all x1, . . . , xn−1 > 0 satisfying x1 + . . .+ xn−1 < 1. The remaining component is given by963

the expression xn = 1− x1 − . . .− xn−1.964

A vector of random variables with a Dirichlet distribution, {φ̂1, φ̂2, . . . φ̂n} ∼ Dir(α1, α2, . . . αn),
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has moments

E(φ̂i) = wi, (B.2)

var(φ̂i) =
wi − w2

i

α0 + 1
, (B.3)

cov(φ̂i, φ̂j) =
−wiwj
α0 + 1

, (i 6= j). (B.4)

where

α0 = α1 + α2 + . . .+ αn, (B.5)

wi =
αi
α0

. (B.6)

Thus the wi set the mean of the distribution, while the α0 parameter has a key control on965

the variance.966

The Dirichlet distribution is characterised by its very strong independence properties. In967

particular it has the property of complete neutrality, whereby each of the elements φ̂i of the968

random vector {φ̂1, φ̂2, . . . φ̂n} are independent of the relative proportions of all the other969

elements. The very strong independence properties of the Dirichlet distribution are both a970

strength and a weakness (see Aitchison (1985) for a detailed discussion). A key limitation is971

that any two components of the Dirichlet vector must covary negatively (B.4): it cannot be972

used to model a situation with positive covariance.973

A special case of the Dirichlet distribution is the symmetric Dirichlet distribution in which974

all the wi are identical (wi = 1/n). Then, for α0 = n, the distribution is uniform with each975

possible composition having equal probability. For α0 < n the distribution is concentrated976

at the extremes of the simplex; for α0 > n the distribution is concentrated near the mean.977

The infinite dimensional generalisation of the Dirichlet distribution is the Dirichlet pro-978

cess. Formally, the model used here is based on the Dirichlet process, but has been discretized979

by the splitting into discrete melt packets. The discretized form is used here throughout be-980

cause it is more amenable to numerical computation.981

Appendix B.1. Random Dirichlet means982

The mixing scheme used in this work exploits weighted sums of concentrations where the983

weights are generated randomly from the Dirichlet distribution (random Dirichlet means).984

It is thus useful to know the general properties of sums with Dirichlet weights.985

Let {φ̂1, φ̂2, . . . φ̂n} ∼ Dir(α1, α2, . . . αn), and {ŷ1, ŷ2, . . . ŷn} be a set of independent (but986

not necessarily identically distributed) random variables. Assume that the ŷi are independent987

of the φ̂i. We are interested in the behaviour of the sum988

Ŷ =
n∑
i=1

φ̂iŷi. (B.7)

Using the expressions for the moments of the Dirichlet distribution given in (B.2), (B.3), and
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(B.4), it can be shown that the moments of Ŷ are given by

E(Ŷ ) =
n∑
i=1

wiE(ŷi), (B.8)

var(Ŷ ) =
1

α0 + 1

(
n∑
i=1

wi

(
E(ŷi)− E(Ŷ )

)2
+

n∑
i=1

wi(1 + α0wi) var(ŷi)

)
. (B.9)

Given two such sums989

Ŷ (1) =
n∑
i=1

φ̂iŷ
(1)
i , Ŷ (2) =

n∑
i=1

φ̂iŷ
(2)
i , (B.10)

their covariance is given by

cov
(
Ŷ (1), Ŷ (2)

)
=

1

α0 + 1

(
n∑
i=1

wi

(
E
(
ŷ
(1)
i

)
− E

(
Ŷ (1)

))(
E
(
ŷ
(2)
i

)
− E

(
Ŷ (2)

))
+

n∑
i=1

wi(1 + α0wi) cov
(
ŷ
(1)
i , ŷ

(2)
i

))
. (B.11)

Further detailed discussion of random Dirichlet means can be found in Hjort and Ongaro990

(2005), which includes expressions for higher moments and a proof of asymptotic normality991

for large α0.992

Appendix B.2. Ratios of random Dirichlet means993

We are also interested in the behaviour of ratios of sums, e.g. when considering the994

distribution of an isotopic ratio. Such ratios behave in a non-linear fashion, and their general995

behaviour can be quite complicated (see discussion in Rudge et al. (2005)). However, in996

some circumstances the behaviour of the ratio of sums can be linearised, and asymptotic997

expressions for the moments can be derived (see Appendix B of Rudge (2006)). Let998

Ŷ =
n∑
i=1

φ̂iŷi, Ẑ =
n∑
i=1

φ̂iẑi, (B.12)

and consider the ratio of sums999

R̂ =
Ŷ

Ẑ
. (B.13)

When α0 � n, we can linearise the ratio expression as1000

R̂ ∼ E(Ŷ )

E(Ẑ)
+

n∑
i=1

φ̂iŷ
?
i (B.14)

where1001

ŷ?i =
1

E(Ẑ)

(
ŷi −

E(Ŷ )

E(Ẑ)
ẑi

)
. (B.15)
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Using the fact that1002

E

(
n∑
i=1

φ̂iŷ
?
i

)
= 0, (B.16)

and the expressions in (B.8) and (B.9), we have the following asymptotic expressions for the
moments of R̂,

E(R̂) ∼ E(Ŷ )

E(Ẑ)
, (B.17)

var(R̂) ∼ 1

α0 + 1

(
n∑
i=1

wi (E(ŷ?i ))
2 +

n∑
i=1

wi(1 + α0wi) var(ŷ?i )

)
. (B.18)

Similarly, from (B.11), the asymptotic covariance between two such ratios of sums is1003

cov
(
R̂(1), R̂(2)

)
∼ 1

α0 + 1

(
n∑
i=1

wiE
(
ŷ
?(1)
i

)
E
(
ŷ
?(2)
i

)
+

n∑
i=1

wi(1 + α0wi) cov
(
ŷ
?(1)
i , ŷ

?(2)
i

))
.

(B.19)

Appendix C. Moments of the sample concentrations1004

We can use the general expressions for the moments of random Dirichlet means given in
the preceding section to derive expressions for the moments of the sample distribution in our
model. Given the discrete set of fractional melts cij, i.e. the ith fractional melt from the jth

lithology, the composition of the samples is determined according to the following scheme:

{q̂1j , . . . , q̂
nj

j } ∼ Dir
(
(N − 1)fjω̃

1
j , . . . , (N − 1)fjω̃

nj

j

)
, (C.1)

Ĉj =

nj∑
i=1

q̂ijc
i
j, (C.2)

{p̂1, . . . , p̂m} ∼ Dir ((N − 1)f1, . . . , (N − 1)fm) , (C.3)

Ĉ =
m∑
j=1

p̂j Ĉj, (C.4)

where N is the mixing parameter, fj is the expected proportion of melt arising from each1005

lithology (see (5)), and nj is the number of discrete fractional melt packets produced from1006

each lithology. Ĉj represents the composition of the melt produced from each lithology,1007

whereas Ĉ is the final composition of the sample pooling melts from all the lithologies.1008

The mixing scheme (C.1-C.4) can also be written more concisely using a single set of
Dirichlet weights r̂ij = p̂j q̂

i
j as

{r̂11, . . . , r̂
n1
1 , . . . , r̂

1
m, . . . r̂

nm
m } ∼ Dir

(
α1
1, . . . , α

n1
1 , . . . , α

1
m, . . . , α

nm
m

)
,

αij = (N − 1)fjω̃
i
j, (C.5)

Ĉ =
m∑
j=1

nj∑
i=1

r̂ijc
i
j. (C.6)
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The fractional melts for each lithology have moments in discretized form as

Cj =

nj∑
i=1

ω̃ijc
i
j ≈

∫ Xmax
j

0

ω̃j(X)cj(X) dX, (C.7)

σ2
j =

nj∑
i=1

ω̃ij
(
cij − Cj

)2 ≈ ∫ Xmax
j

0

ω̃j(X)
(
cj(X)− Cj

)2
dX. (C.8)

The moments of the sample composition have simple expressions in terms of the above
fractional melt moments. The moments of Ĉj, the melt produced by each lithology, are given
by applying (B.8) and (B.9) to (C.2) to yield

E(Ĉj) = Cj, (C.9)

var(Ĉj) =
σ2
j

(N − 1)fj + 1
. (C.10)

Combining the above expressions with (B.8), (B.9), and (C.4), yields the expressions for the
sample moments as

E(Ĉ) =
m∑
j=1

fjCj = C, (C.11)

var(Ĉ) =
1

N

(
m∑
j=1

fj

(
Cj − C

)2
+

m∑
j=1

fjσ
2
j

)
. (C.12)

(C.11) demonstrates that the mean of the sample distribution is simply the appropriate1009

weighted mean of the melts produced by each lithology. (C.12) shows that mixing reduces1010

the variance by a factor of 1/N from that of the original fractional melt population, and1011

divides the variance into two sources: the first sum in (C.12) represents the variance due1012

to differences in the mean composition of melt between the different lithologies; the second1013

sum represents the variance due to differences in fractional melt composition within each1014

lithology.1015

For two elements, the covariance of Ĉ(1) and Ĉ(2) is, using (B.11),1016

cov(Ĉ(1), Ĉ(2)) =
1

N

(
m∑
j=1

fj

(
C

(1)

j − C
(1)
)(

C
(2)

j − C
(2)
)

+
m∑
j=1

fjσ
(1,2)
j

)
, (C.13)

where

σ
(1,2)
j =

nj∑
i=1

ω̃ij

(
c
i(1)
j − C(1)

j

)(
c
i(2)
j − C(2)

j

)
(C.14)

≈
∫ Xmax

j

0

ω̃j(X)
(
c
(1)
j (X)− C(1)

j

)(
c
(2)
j (X)− C(2)

j

)
dX, (C.15)
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represents the covariance of the fractional melts produced from lithology j. The expression1017

in (C.13) can be used to determine the expected correlation between different elements using1018

1019

cor(Ĉ(1), Ĉ(2)) =
cov(Ĉ(1), Ĉ(2))√

var
(
Ĉ(1)

)
var
(
Ĉ(2)

) . (C.16)

Importantly, this correlation will be independent of the mixing parameter N . Such correla-1020

tions have been discussed in detail for the melting of a single lithology source by Slater et al.1021

(2001).1022

Appendix D. Moments for a simple melting model1023

It is useful to examine the behaviour of a simple melting model, for which analytical1024

expressions for the moments in the preceding section can be obtained. Consider the distri-1025

bution of fractional melts produced by modal fractional melting with a constant partition1026

coefficient,1027

cj(Xj) =
C0
j

D
(1−Xj)

1/D−1, (D.1)

where C0
j is the source concentration, D is the constant partition coefficient, and Xj is the

degree of melting. Assuming a constant weight function (1D melting column), (C.7), (C.8),
and (C.15) become

Cj =
C0
j

Xmax
j

(
1− (1−Xmax

j )1/D
)
, (D.2)

σ2
j =

(C0
j )2

Xmax
j

(
1− (1−Xmax

j )2/D−1

D(2−D)
−
(
1− (1−Xmax

j )1/D
)2

Xmax
j

)
, (D.3)

σ
(1,2)
j =

C
0(1)
j C

0(2)
j

Xmax
j

1− (1−Xmax
j )1/D

(1)+1/D(2)−1

D(1) +D(2) −D(1)D(2)
−

(
1− (1−Xmax

j )1/D
(1)
)(

1− (1−Xmax
j )1/D

(2)
)

Xmax
j

 .

(D.4)

These expressions for the moments are somewhat cumbersome. More insightful expressions
are obtained when it is assumed that the element in question is highly incompatible, so that
D � 1. Then (D.2), (D.3), and (D.4) become

Cj ∼
C0
j

Xmax
j

, (D.5)

σ2
j ∼

(C0
j )2

2Xmax
j D

, (D.6)

σ
(1,2)
j ∼

C
0(1)
j C

0(2)
j

Xmax
j (D(1) +D(2))

. (D.7)

31



The correlation coefficient between two elements is given by1028

r
(1,2)
j =

σ
(1,2)
j√

σ
2(1)
j σ

2(2)
j

∼ 2
√
D(1)D(2)

D(1) +D(2)
=

2
√
D(2)/D(1)

1 +D(2)/D(1)
, (D.8)

and depends only on the ratio of the two partition coefficients, D(2)/D(1). Two elements1029

with the same partition coefficient correlate perfectly (r
(1,2)
j = 1); the correlation decreases1030

as D(2)/D(1) increases or decreases away from 1. The slope of the geometric regression line1031

in a plot of the concentration of one element against another is given by1032

β
(1,2)
j =

√√√√σ
2(2)
j

σ
2(1)
j

∼
C

0(2)
j

C
0(1)
j

√
D(1)

D(2)
, (D.9)

and is similarly controlled by the ratio of the two partition coefficients.1033

Appendix E. Isotope ratio-isotope ratio plots1034

The effect seen in Figure 21, where a regression line through model data in an isotope1035

ratio-isotope ratio plot does not go through the isotopic compositions of the sources, is1036

a general feature of mixing of fractional melts and is not dependent on the two lithology1037

nature of the source. Here we provide a simple analytical derivation of this effect assuming1038

a single lithology source.1039

Let ŷi and ẑi represent the discrete fractional melt isotopic compositions (e.g. y could be1040

143Nd and z could be 144Nd). We are interested in the behaviour of the ratio of sums1041

R̂ =
Ŷ

Ẑ
=

∑n
i=1 q̂

iŷi∑n
i=1 q̂

iẑi
. (E.1)

Recalling the results from Appendix B.2, the random variable R̂ has an asymptotic mean of1042

E(R̂) ∼ y

z
, (E.2)

where y = E(Ŷ ) and z = E(Ẑ), and an asymptotic variance1043

var(R̂) ∼ 1

N
E(ŷ?2), (E.3)

where1044

ŷ? =
ẑ

z

(
ŷ

ẑ
− y

z

)
. (E.4)

Suppose we sample the fractional melts from a binary source, where each source has a1045

distinct but uniform isotopic composition. Suppose we have a probability f of sampling a1046

melt from source a and a probability 1 − f of sampling a melt from source b. Then the1047

isotopic ratio ŷ/ẑ of the fractional melts will have a distribution1048

ŷ

ẑ
=

{
(y/z)a, with probability f,
(y/z)b, with probability 1− f, (E.5)

32



where (y/z)a and (y/z)b are the isotopic ratios of the two sources. Note that1049

E
(
ŷ

ẑ

)
= f

(y
z

)
a

+ (1− f)
(y
z

)
b
. (E.6)

We will assume that the concentrations ẑ are independent of the isotopic ratios ŷ/ẑ. This1050

assumption will not be valid in general, particularly not for multiple lithology sources, where1051

isotopic ratios can correlate with source concentrations, but for simplicity it is assumed here.1052

With this independence assumption we have that1053

y

z
=

E(ŷ)

E(ẑ)
= E

(
ŷ

ẑ

)
(E.7)

and hence (E.5) may be rewritten using (E.6) and (E.7) as1054

ŷ

ẑ
− y

z
=

{
(1− f)∆, with probability f,
−f∆, with probability 1− f, (E.8)

where ∆ represents the difference in isotopic ratios between the two sources,1055

∆ =
(y
z

)
a
−
(y
z

)
b
. (E.9)

From (E.3), (E.4), and (E.8) it follows that1056

var(R̂) ∼ 1

N
E(ŷ?2) =

1

N
E

[(
ŷ

ẑ
− y

z

)2
]
E
[
(ẑ/z)2

]
=
f(1− f)∆2

N
E
[
(ẑ/z)2

]
. (E.10)

Consider a plot of an isotopic ratio R̂(2) (e.g. 143Nd/144Nd) against another isotopic ratio R̂(1)
1057

(e.g. 87Sr/86Sr). The asymptotic mean of the model data will lie on the line going through1058

the isotopic compositions of the two sources. However, the slope of the geometric regression1059

line through the model data is given by1060

β =

√
var(R̂(2))

var(R̂(1))
∼ ∆(2)

∆(1)

√√√√√E
[(
ẑ(2)/z(2)

)2]
E
[(
ẑ(1)/z(1)

)2] (E.11)

and thus will not necessarily be the same as that of the slope of line through the two sources,1061

which has slope ∆(2)/∆(1). The difference between the two slopes depends on the factor1062

ξ =

√√√√√E
[(
ẑ(2)/z(2)

)2]
E
[(
ẑ(1)/z(1)

)2] . (E.12)

For the simple melting model of section Appendix D, we have from (D.5) and (D.6) that

E((ẑ/z)2) ∼ Xmax

2D
. (E.13)
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and hence the factor ξ is given by the simple expression1063

ξ ∼
√
D(1)

D(2)
. (E.14)

Thus the adjustment in slope is purely controlled by the ratio of the partition coefficients of1064

the two elements in question. For example, if 87Sr/86Sr is on the x-axis and 143Nd/144Nd is1065

on the y-axis, then, since DSr < DNd, ξ < 1 and we expect the slope of the regression line1066

to be shallower than the line which goes through the source compositions. A shallower slope1067

for the regression line is also what is observed in Figure 21, although it should be noted that1068

Figure 21 is for a two lithology case where the independence assumption leading to (E.7)1069

may not be appropriate.1070

A simple expression can also be obtained for the correlation coefficient r(1,2) in the isotope1071

ratio-isotope ratio plot. The asymptotic expression is1072

r(1,2) ∼ E(ŷ?(1)ŷ?(2))√
E((ŷ?(1))2)E((ŷ?(2))2)

= sgn(∆(1)∆(2))
E(ẑ(1)ẑ(2))√

E((ẑ(1))2)E((ẑ(2))2)
. (E.15)

For D(1), D(2) � 1 the correlation coefficient takes the simple form1073

r(1,2) ∼ sgn(∆(1)∆(2))
2
√

(D(1)/D(2))

(1 + (D(1)/D(2)))
. (E.16)

Thus, up to a sign, the correlation in a isotope ratio - isotope ratio plot is expected to be1074

the same as that for the corresponding trace element - trace element plot (e.g. Nd against1075

Sr). When the partition coefficients for both elements are the same, the regression line slope1076

is the same as the line through the sources, i.e. ξ = 1, and the data correlates perfectly, i.e.1077

r(1,2) = 1. As D(1)/D(2) decreases, the slope becomes shallower and the correlation becomes1078

worse. For example, if D(1)/D(2) = 1/2, the slope is reduced by a factor ξ = 1/
√

2 ≈ 0.711079

and the correlation coefficient has modulus |r(1,2)| = 2
√

2/3 ≈ 0.94.1080

Appendix F. The mixing scheme of Rudge et al. (2005)1081

[Figure 24 about here.]1082

In Rudge et al. (2005) and Rudge (2006) an alternative method of modelling mixing was
proposed based on drawing a discrete number N of samples from a given distribution and then
averaging. This mixing scheme is illustrated in Figure 24 for an underlying distribution of
three components, similar to the Dirichlet distribution illustration of Figure 7. In the Rudge
et al. (2005) mixing scheme the random weights ψ̂i are given by the relative frequencies of a
multinomial distribution,

{m̂1, m̂2, . . . , m̂n} ∼ Multinomial (N, [w1, w2, . . . , wn]) , (F.1)

ψ̂i =
m̂i

N
. (F.2)

34



N determines the number of discrete samples that are drawn to produce the mixture and1083

the [w1, w2, . . . , wn] determine the probabilities of sampling each of the n components in the1084

underlying distribution (
∑n

i=1wi = 1, wi ≥ 0).1085

The continuous Dirichlet mixing scheme of this work and the discrete mixing scheme of
Rudge et al. (2005) are closely related, as the continuous Dirichlet distribution is known to
be an approximation of the discrete multinomial distribution (Johnson, 1960). Consider the
first and second moments of the multinomial proportions:

E(ψ̂i) = wi, (F.3)

var(ψ̂i) =
wi − w2

i

N
, (F.4)

cov(ψ̂i, ψ̂j) =
−wiwj
N

, (i 6= j). (F.5)

These moments are identical to those of the Dirichlet distribution (B.2-B.4) with α0 = N−1.1086

Hence any of the results which are based purely on the first and second moments (the means1087

and covariances) will be exactly the same for the two mixing schemes. This includes all the1088

results from the previous appendices. Differences between the two schemes arise in the higher1089

moments (such as the skewness and kurtosis), which are different between the Dirichlet and1090

multinomial distributions.1091
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Spreading Center. Geochemistry Geophysics Geosystems 11, Q04003. doi:10.1029/1150

2009GC002694.1151

Ito, G., Mahoney, J., 2005a. Flow and melting of a heterogeneous mantle: 1. Method and1152

importance to the geochemistry of ocean island and mid-ocean ridge basalts. Earth and1153

Planetary Science Letters 230, 29–46. doi:10.1016/j.epsl.2004.10.035.1154

Ito, G., Mahoney, J.J., 2005b. Flow and melting of a heterogeneous mantle: 2. Implications1155

for a chemically nonlayered mantle. Earth and Planetary Science Letters 230, 47–63.1156

doi:10.1016/j.epsl.2004.10.034.1157

Johnson, K.T.M., Dick, H.J.B., Shimizu, N., 1990. Melting in the oceanic upper mantle: An1158

ion microprobe study of diopsides in abyssal peridotites. Journal of Geophysical Research1159

95, 2661–2678. doi:10.1029/JB095iB03p02661.1160

Johnson, N.L., 1960. An approximation to the multinomial distribution: Some properties1161

and applications. Biometrika 47, 93–102.1162

37

http://dx.doi.org/10.1016/0012-821X(86)90080-4
http://dx.doi.org/10.1029/2009GC002782
http://dx.doi.org/10.1029/93JB01093
http://dx.doi.org/10.1007/s004100050184
http://dx.doi.org/10.1007/s11203-005-6068-7
http://dx.doi.org/10.1016/0012-821X(86)90038-5
http://dx.doi.org/10.1016/0012-821X(88)90132-X
http://dx.doi.org/10.1029/2009GC002694
http://dx.doi.org/10.1029/2009GC002694
http://dx.doi.org/10.1029/2009GC002694
http://dx.doi.org/10.1016/j.epsl.2004.10.035
http://dx.doi.org/10.1016/j.epsl.2004.10.034
http://dx.doi.org/10.1029/JB095iB03p02661


Katz, R.F., Rudge, J.F., 2011. The energetics of melting fertile heterogeneities within1163

the depleted mantle. Geochemistry Geophysics Geosystems 12, 1–22. doi:10.1029/1164

2011GC003834.1165

Kelemen, P.B., Koga, K., Shimizu, N., 1997. Geochemistry of gabbro sills in the crust-mantle1166

transition zone of the Oman ophiolite: Implications for the origin of the oceanic lower1167

crust. Earth and Planetary Science Letters 146, 475–488. doi:10.1016/S0012-821X(96)1168

00235-X.1169

Klemme, S., Blundy, J.D., Wood, B.J., 2002. Experimental constraints on major and trace1170

element partitioning during partial melting of eclogite. Geochimica et Cosmochimica Acta1171

66, 3109–3123. doi:10.1016/S0016-7037(02)00859-1.1172

Kogiso, T., Hirose, K., Takahashi, E., 1998. Melting experiments on homogeneous mixtures1173

of peridotite and basalt: application to the genesis of ocean island basalts. Earth and1174

Planetary Science Letters 162, 45–61. doi:10.1016/S0012-821X(98)00156-3.1175

Kogiso, T., Hirschmann, M.M., Pertermann, M., 2004. High-pressure partial melting of mafic1176

lithologies in the mantle. Journal of Petrology 45, 2407–2422. doi:10.1093/petrology/1177

egh057.1178

Kokfelt, T.F., Hoernle, K., Hauff, F., Fiebig, J., Werner, R., Garbe-Schönberg, D., 2006.1179

Combined trace element and Pb-Nd–Sr-O isotope evidence for recycled oceanic crust1180

(upper and lower) in the Iceland mantle plume. Journal of Petrology 47, 1705–1749.1181

doi:10.1093/petrology/egl025.1182

Koornneef, J., Stracke, A., Bourdon, B., Grönvold, K., 2012a. The influence of source1183

heterogeneity on the U–Th–Pa–Ra disequilibria in post-glacial tholeiites from Iceland.1184

Geochimica et Cosmochimica Acta 87, 243–266. doi:10.1016/j.gca.2012.03.041.1185

Koornneef, J.M., Stracke, A., Bourdon, B., Meier, M.A., Jochum, K.P., Stoll, B., Gronvold,1186

K., 2012b. Melting of a two-component source beneath Iceland. Journal of Petrology 53,1187

127–157. doi:10.1093/petrology/egr059.1188

Lambart, S., Laporte, D., Provost, A., Schiano, P., 2012. Fate of pyroxenite-derived melts in1189

the peridotitic mantle: thermodynamic and experimental constraints. Journal of Petrology1190

53, 451–476. doi:10.1093/petrology/egr068.1191

Langmuir, C.H., Vocke, R.D., Hanson, G.N., Hart, S.R., 1978. A general mixing equation1192

with applications to Icelandic basalts. Earth and Planetary Science Letters 37, 380–392.1193

doi:10.1016/0012-821X(78)90053-5.1194

Lundstrom, C., Gill, J., Williams, Q., 2000. A geochemically consistent hypothesis for MORB1195

generation. Chemical Geology 162, 105–126. doi:10.1016/S0009-2541(99)00122-9.1196

Maclennan, J., 2008a. Concurrent mixing and cooling of melts under Iceland. Journal of1197

Petrology 49, 1931–1953. doi:10.1093/petrology/egn052.1198

38

http://dx.doi.org/10.1029/2011GC003834
http://dx.doi.org/10.1029/2011GC003834
http://dx.doi.org/10.1029/2011GC003834
http://dx.doi.org/10.1016/S0012-821X(96)00235-X
http://dx.doi.org/10.1016/S0012-821X(96)00235-X
http://dx.doi.org/10.1016/S0012-821X(96)00235-X
http://dx.doi.org/10.1016/S0016-7037(02)00859-1
http://dx.doi.org/10.1016/S0012-821X(98)00156-3
http://dx.doi.org/10.1093/petrology/egh057
http://dx.doi.org/10.1093/petrology/egh057
http://dx.doi.org/10.1093/petrology/egh057
http://dx.doi.org/10.1093/petrology/egl025
http://dx.doi.org/10.1016/j.gca.2012.03.041
http://dx.doi.org/10.1093/petrology/egr059
http://dx.doi.org/10.1093/petrology/egr068
http://dx.doi.org/10.1016/0012-821X(78)90053-5
http://dx.doi.org/10.1016/S0009-2541(99)00122-9
http://dx.doi.org/10.1093/petrology/egn052


Maclennan, J., 2008b. Lead isotope variability in olivine-hosted melt inclusions from Iceland.1199

Geochimica et Cosmochimica Acta 72, 4159–4176. doi:10.1016/j.gca.2008.05.034.1200
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List of Figures1312

1 Relationships between trace element and isotopic compositions for Icelandic1313

whole-rock samples and melt inclusions. Whole-rock data from the Reykjanes1314

peninsula is shown as small grey diamonds. Olivine-hosted melt inclusion data1315

from the Reykjanes Peninsula is shown as downwards pointing filled triangles1316

for the Háleyjabunga eruption and unfilled circles for the Stapafell eruption.1317

A binary mixing curve which provides a successful fit to the Reykjanes Penin-1318

sula data is shown as a grey dashed line on panels A and C. These curves are1319

similar to those calculated by Maclennan (2008a), using extreme melt inclu-1320

sion compositions as the mixing end-members and an assumption that the Pb1321

concentration in the enriched end-member was 100 times higher than that in1322

the depleted end-member. Data Sources: Kokfelt et al. (2006); Thirlwall et al.1323

(2004); Maclennan (2008b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481324

2 Trace element and isotope data for two Icelandic sample suites, from the The-1325

istareykir volcanic system of northern Iceland, shown as green triangles, and1326

the Reykjanes Peninsula of southwest Iceland, shown as orange diamonds.1327

Samples of postglacial eruptions (i.e. > 12 kyr old) are shown with filled sym-1328

bols and subglacial eruptions as outlines. Data for A and B from Koornneef1329

et al. (2012b); Peate et al. (2009); Kokfelt et al. (2006); Stracke et al. (2003b);1330

Chauvel and Hémond (2000); Hémond et al. (1993), with additional data from1331

C from Thirlwall et al. (2004). The black crosses show four hypothetical man-1332

tle components proposed for Iceland by Thirlwall et al. (2004), two depleted1333

components, ID1 and ID2 and two enriched components, IE1 and IE2. . . . . 491334

3 Trace element composition of olivine-hosted melt inclusions from the Bor-1335

garhraun flow in northern Iceland (Maclennan et al., 2003a) are shown as1336

black circles. These inclusions are hosted in olivines whose forsterite content1337

varies from Fo92 to Fo86, a range which can be accounted for by about 35%1338

fractional crystallisation. The melt inclusions with extreme La/Yb ratios are1339

encircled with a grey outline and the array of melt compositions that can be1340

generated by mixing between these extremes is shown as a grey dotted line.1341

The influence of fractional crystallisation on these melt composition is to cause1342

uniform relative enrichments in La and Yb and the grey shaded field shows1343

the range of melt compositions that can be generated by up to 35% fractional1344

crystallisation of the melts on the binary mixing array. . . . . . . . . . . . . 501345

4 Trace element systematics of olivine-hosted melt inclusions from the Bor-1346

garhraun flow in northern Iceland (Maclennan et al., 2003a) plotted against1347

their host olivine compositions. A) La concentrations, with running average1348

calculated using a box-car filter with a full width of 2 mol% forsterite shown1349

as a solid black line. The filtered points are plotted at the mid-point of the1350

window. B) Variation in the standard deviation of the La concentrations, cal-1351

culated using the same moving window as in A. C) The same as A, but for Yb1352

rather than La. D) The same as B, but for Yb rather than La. . . . . . . . . 511353
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5 Predictions from the single source peridotite melting model of Maclennan et al.1354

(2003a). The melt compositions are instantaneous fractional melts from a1355

polybaric melting model. The concentrations of La and Yb in the instanta-1356

neous fractional melts, c, are provided ratioed to that of their source, C0, and1357

plotted as a function of the composition of the olivine in equilibrium with1358

these mantle melts. The evolution of La is shown as a red curve and Yb as1359

a blue curve. The numbers on the blue dashed curve show key points in the1360

trace element behaviour that are described in the main text. . . . . . . . . . 521361

6 A) Degree of melting as a function of depth for the two lithologies, pyroxen-1362

ite (red line), and peridotite (blue line). B)-I) Instantaneous fractional melt1363

compositions, in ppm, for a selection of trace elements with varying compat-1364

ibility. Melts produced from the pyroxenite are shown in red, those from the1365

peridotite are shown in blue. . . . . . . . . . . . . . . . . . . . . . . . . . . . 531366

7 Random samples drawn from a Dirichlet distribution Dir ((N − 1)/3, (N − 1)/3, (N − 1)/3)1367

shown as pie charts illustrating the behaviour of the mixing parameter N . For1368

illustrative purposes each sample is a mixture of just three possible compo-1369

nents (red, blue and white): the true fractional melt population consists of an1370

infinite number of components. The N = 1 case corresponds to the sampling of1371

the individual components without mixing, and hence each sample is a single1372

colour. The N =∞ case is the well-mixed case where each of the components1373

contributes equally to each sample. The intermediate values of N show vari-1374

able proportions of each component, becoming more evenly distributed as N1375

increases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 541376

8 An example of homogenisation at depth. On the left is a plot showing the1377

fractional melt concentration for Sr in ppm as a function of depth. On the1378

right is the same plot, but where all melts below a depth of 85 km have been1379

homogenised over. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 551380

9 Plot similar to Figure 7 illustrating the effect of homogenisation at depth.1381

In this example, the red and blue components are homogenised over before1382

applying the Dirichlet mixing scheme. They thus occur in equal proportion in1383

every sample, but the relative proportion of the white component to the other1384

two components varies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 561385

10 Model run showing La concentration of mixed melts plotted against forsterite1386

content of equilibrium olivine for different values of the mixing parameter N .1387

The top left plot shows N = 1, where each sample represents a single fractional1388

melt composition. N then doubles from each plot to the next. The points1389

are coloured according to the proportion (relative mass) in which pyroxenite1390

melting and peridotite melting contribute to the sample: as can be seen in the1391

N = 1 plot, dark red corresponds to a melt purely sourced from the pyroxenite;1392

dark blue purely sourced from the peridotite. For large N the data start to1393

resemble an ellipse, as would be expected from the central limit theorem. . . 571394

11 Model run as in Figure 10, with Yb concentration of mixed melts plotted1395

against forsterite content of the equilibrium olivine. Notice the small range in1396

Yb concentrations in the fractional melts (N = 1) compared with the steep1397

fractional melt curves for the highly incompatible La in Figure 10. . . . . . . 581398
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12 Model run with N = 12. The plots on the left hand side (A and C) show1399

La and Yb concentrations of mixed melts against the forsterite content of1400

the equilibrium olivine, similar to the plots in Figures 10 and 11. The black1401

lines on these plots show a running mean of the La and Yb concentrations1402

for fixed forsterite content (using a window width of 1 Fo unit). The plots1403

on the right hand side (B and D) show the standard deviations of the La and1404

Yb concentrations at fixed forsterite content (again using a window width of1405

1 Fo unit). Notice that the La standard deviation increases substantially with1406

decreasing Fo content, whereas the Yb standard deviation does the opposite.1407

These plots should be compared with those of Figure 4 for the Borgarhraun1408

melt inclusion data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 591409

13 Model run similar to that in Figure 12, but with the inclusion of fractional1410

crystallisation and concurrent mixing. Each sample undergoes fractional crys-1411

tallisation with a range from 0 to 20%. The mixing parameter N is a function1412

of this degree of crystallisation and varies from N = 12 with no crystallisa-1413

tion to N = 108 at 20% crystallisation. The key effects of this concurrent1414

mixing and fractionation is to allow the Fo number to range to lower values1415

(as a result of the crystallisation) and to reduce the variance in trace element1416

concentrations at low Fo numbers (as a result of the mixing). Notice that the1417

patterns are now more similar to that seen in Figure 4 for the Borgarhraun1418

melt inclusion data: the standard deviation of La concentration increases with1419

decreasing Fo number up to a peak around Fo=88 and then decreases for fur-1420

ther decreases in Fo number. The standard deviation of Yb concentration1421

simply shows a monotonic decrease with decreasing Fo number. . . . . . . . 601422

14 Model run showing La/Nd against 143Nd/144Nd for different values of the mix-1423

ing parameter N . Note that there is little correlation between La/Nd and1424

143Nd/144Nd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611425

15 Correlation matrix plots for model runs without homogenisation at depth (A)1426

and with homogenisation at a depth of 85 km (B). Dark red indicates perfect1427

positive correlation (r = 1), white no correlation (r = 0), and dark blue perfect1428

negative correlation (r = −1). For the trace elements the correlation matrix1429

is independent of the mixing parameter N ; for the isotopic ratios there is a1430

dependence on N : the plots above are for N = ∞. As would be expected,1431

elements with similar compatibilities correlate well. Homogenisation at depth1432

improves the correlations amongst the most incompatible elements (Hf to U).1433

The expressions for calculating these correlation coefficients can be found in1434

Appendix C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 621435

16 Model run showing La/Nd against 143Nd/144Nd as in Figure 14, except now1436

all melts below a depth of 85 km are homogenised over. The composition of1437

the homogenised deep melts is indicated by a circle in the N = 1 plot, and1438

the composition of the unhomogenised shallow melts of the pyroxenite by a1439

square. Notice that for large N there is a strong inverse correlation between1440

La/Nd and 143Nd/144Nd (where there was little correlation in Figure 14). . . 631441
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17 Model run showing La/Nd against 143Nd/144Nd as in Figures 14 and 16,1442

demonstrating the effect of varying the homogenisation depth. Each subplot1443

is labelled with homogenisation depth in the top left and N in the top right.1444

The composition of the homogenised deep melts is indicated by a circle in the1445

N = 1 subplots, and the composition of the unhomogenised shallow melts of1446

the pyroxenite by a square. The middle panels are for a homogenisation depth1447

of 85 km as in Figure 16. The top panels are for a deeper homogenisation1448

depth of 105 km (just before the onset of peridotite melting, see Figure 6A).1449

The bottom panels are for a shallower homogenisation depth of 70 km at which1450

point there has been significant peridotite melting (around 10%, see Figure 6A) 641451

18 Model run showing La/Yb against 143Nd/144Nd for different values of the mix-1452

ing parameter N . Note that there is little correlation between La/Yb and1453

143Nd/144Nd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 651454

19 Model run showing La/Yb against 143Nd/144Nd as in Figure 18, except now1455

all melts below a depth of 85 km are homogenised over. For N ≥ 16 there1456

is distinctive pattern to the data with a greater variance in La/Yb at low1457

143Nd/144Nd than at high 143Nd/144Nd. Moreover the highest 143Nd/144Nd1458

corresponds to the lowest La/Yb. This distinctive pattern can be contrasted1459

with the more circular patterns seen without the homogenisation at depth in1460

Figure 18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 661461

20 Model run with N = 5 and a homogenisation depth of 85 km. Nb, Y, La/Yb1462

and Sm/Yb are plotted against 208Pb/206Pb. Some similarities can be seen1463

with the patterns in the whole rock and melt inclusion data plotted in Figure 1.1464

At low 208Pb/206Pb there is a large variance in Nb and Y concentrations, with1465

the variance reducing as 208Pb/206Pb increases. High 208Pb/206Pb corresponds1466

to low Nb concentrations. The sources have isotopic ratios 208Pb/206Pb=1.991467

(pyroxenite) and 2.28 (peridotite). . . . . . . . . . . . . . . . . . . . . . . . . 671468

21 Model run showing 143Nd/144Nd plotted against 87Sr/86Sr for different values1469

of the mixing parameter N . Colour coding is as in Figures 10 and 11. Crosses1470

show the isotopic compositions of the peridotite and pyroxenite sources. The1471

black line in each plot is a best fit regression line through the data. Notice1472

that the regression lines do not go through the isotopic compositions of the1473

sources, except when N = 1. When N = 1 it is only possible to get isotopic1474

ratios identical to that of the two source (the crosses). For comparison, a1475

series of binary mixing curves are shown in the N = 1 subplot, with ratio of1476

concentration ratios γ = 0.01, 0.1, 1, 10, 100. . . . . . . . . . . . . . . . . . . 681477

22 Model run showing 143Nd/144Nd plotted against 87Sr/86Sr as in Figure 21,1478

except now all melts below a depth of 85 km are homogenised over. The1479

composition of the homogenised deep melts is indicated by a circle in the1480

N = 1 plot. As in Figure 21, the regression lines do not go through the1481

isotopic compositions of the sources, and moreover the slopes of the regression1482

lines have changed substantially. . . . . . . . . . . . . . . . . . . . . . . . . . 691483
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23 Trace element systematics of synthetic dataset of melt composition produced1484

by variable extents of binary mixing of two melts followed by variable extents1485

of fractional crystallisation. The plots are the same as for Figure 4 with the1486

addition of the compositions of the melt inclusions used as end-member melts.1487

The depleted end-member is labelled ‘d’ and the enriched one is labelled ‘e’1488

and the dotted lines on A and C shows the predicted array of melts and1489

olivine hosts that can be generated by variable extents of mixing of these end-1490

members. The predicted compositions generated after 10% crystallisation of1491

the end-members are shown as thin black lines on A and C. . . . . . . . . . 701492

24 An illustration of the discrete mixing scheme used by Rudge et al. (2005)1493

to be compared with the continuous Dirichlet mixing scheme used in this1494

work. As in Figure 7, the underlying distribution is taken to have just three1495

components for illustrative purposes. The relative mixing proportions have1496

a Multinomial (N, [1/3, 1/3, 1/3]) distribution. The discrete nature of this1497

scheme is particularly notable for the case of N = 2, where each sample must1498

be a 50-50 mixture of the 3 possible components. . . . . . . . . . . . . . . . 711499
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melt inclusions. Whole-rock data from the Reykjanes peninsula is shown as small grey diamonds. Olivine-
hosted melt inclusion data from the Reykjanes Peninsula is shown as downwards pointing filled triangles
for the Háleyjabunga eruption and unfilled circles for the Stapafell eruption. A binary mixing curve which
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N = 1

N = 2

N = 16

N = ∞

Figure 7: Random samples drawn from a Dirichlet distribution Dir ((N − 1)/3, (N − 1)/3, (N − 1)/3) shown
as pie charts illustrating the behaviour of the mixing parameter N . For illustrative purposes each sample
is a mixture of just three possible components (red, blue and white): the true fractional melt population
consists of an infinite number of components. The N = 1 case corresponds to the sampling of the individual
components without mixing, and hence each sample is a single colour. The N = ∞ case is the well-mixed
case where each of the components contributes equally to each sample. The intermediate values of N show
variable proportions of each component, becoming more evenly distributed as N increases.
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Figure 8: An example of homogenisation at depth. On the left is a plot showing the fractional melt con-
centration for Sr in ppm as a function of depth. On the right is the same plot, but where all melts below a
depth of 85 km have been homogenised over.
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N = 1

N = 2

N = 16

N = ∞

Figure 9: Plot similar to Figure 7 illustrating the effect of homogenisation at depth. In this example, the red
and blue components are homogenised over before applying the Dirichlet mixing scheme. They thus occur
in equal proportion in every sample, but the relative proportion of the white component to the other two
components varies.
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Figure 10: Model run showing La concentration of mixed melts plotted against forsterite content of equi-
librium olivine for different values of the mixing parameter N . The top left plot shows N = 1, where each
sample represents a single fractional melt composition. N then doubles from each plot to the next. The
points are coloured according to the proportion (relative mass) in which pyroxenite melting and peridotite
melting contribute to the sample: as can be seen in the N = 1 plot, dark red corresponds to a melt purely
sourced from the pyroxenite; dark blue purely sourced from the peridotite. For large N the data start to
resemble an ellipse, as would be expected from the central limit theorem.
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Figure 11: Model run as in Figure 10, with Yb concentration of mixed melts plotted against forsterite
content of the equilibrium olivine. Notice the small range in Yb concentrations in the fractional melts
(N = 1) compared with the steep fractional melt curves for the highly incompatible La in Figure 10.
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Figure 12: Model run with N = 12. The plots on the left hand side (A and C) show La and Yb concentrations
of mixed melts against the forsterite content of the equilibrium olivine, similar to the plots in Figures 10 and
11. The black lines on these plots show a running mean of the La and Yb concentrations for fixed forsterite
content (using a window width of 1 Fo unit). The plots on the right hand side (B and D) show the standard
deviations of the La and Yb concentrations at fixed forsterite content (again using a window width of 1 Fo
unit). Notice that the La standard deviation increases substantially with decreasing Fo content, whereas the
Yb standard deviation does the opposite. These plots should be compared with those of Figure 4 for the
Borgarhraun melt inclusion data.
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Figure 13: Model run similar to that in Figure 12, but with the inclusion of fractional crystallisation and
concurrent mixing. Each sample undergoes fractional crystallisation with a range from 0 to 20%. The mixing
parameter N is a function of this degree of crystallisation and varies from N = 12 with no crystallisation to
N = 108 at 20% crystallisation. The key effects of this concurrent mixing and fractionation is to allow the Fo
number to range to lower values (as a result of the crystallisation) and to reduce the variance in trace element
concentrations at low Fo numbers (as a result of the mixing). Notice that the patterns are now more similar
to that seen in Figure 4 for the Borgarhraun melt inclusion data: the standard deviation of La concentration
increases with decreasing Fo number up to a peak around Fo=88 and then decreases for further decreases in
Fo number. The standard deviation of Yb concentration simply shows a monotonic decrease with decreasing
Fo number.
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Figure 14: Model run showing La/Nd against 143Nd/144Nd for different values of the mixing parameter N .
Note that there is little correlation between La/Nd and 143Nd/144Nd.
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Figure 16: Model run showing La/Nd against 143Nd/144Nd as in Figure 14, except now all melts below a
depth of 85 km are homogenised over. The composition of the homogenised deep melts is indicated by a
circle in the N = 1 plot, and the composition of the unhomogenised shallow melts of the pyroxenite by a
square. Notice that for large N there is a strong inverse correlation between La/Nd and 143Nd/144Nd (where
there was little correlation in Figure 14).
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Figure 17: Model run showing La/Nd against 143Nd/144Nd as in Figures 14 and 16, demonstrating the effect
of varying the homogenisation depth. Each subplot is labelled with homogenisation depth in the top left
and N in the top right. The composition of the homogenised deep melts is indicated by a circle in the
N = 1 subplots, and the composition of the unhomogenised shallow melts of the pyroxenite by a square.
The middle panels are for a homogenisation depth of 85 km as in Figure 16. The top panels are for a deeper
homogenisation depth of 105 km (just before the onset of peridotite melting, see Figure 6A). The bottom
panels are for a shallower homogenisation depth of 70 km at which point there has been significant peridotite
melting (around 10%, see Figure 6A)
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Figure 18: Model run showing La/Yb against 143Nd/144Nd for different values of the mixing parameter N .
Note that there is little correlation between La/Yb and 143Nd/144Nd.
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Figure 19: Model run showing La/Yb against 143Nd/144Nd as in Figure 18, except now all melts below a depth
of 85 km are homogenised over. For N ≥ 16 there is distinctive pattern to the data with a greater variance
in La/Yb at low 143Nd/144Nd than at high 143Nd/144Nd. Moreover the highest 143Nd/144Nd corresponds to
the lowest La/Yb. This distinctive pattern can be contrasted with the more circular patterns seen without
the homogenisation at depth in Figure 18.
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Figure 20: Model run with N = 5 and a homogenisation depth of 85 km. Nb, Y, La/Yb and Sm/Yb are
plotted against 208Pb/206Pb. Some similarities can be seen with the patterns in the whole rock and melt
inclusion data plotted in Figure 1. At low 208Pb/206Pb there is a large variance in Nb and Y concentrations,
with the variance reducing as 208Pb/206Pb increases. High 208Pb/206Pb corresponds to low Nb concentrations.
The sources have isotopic ratios 208Pb/206Pb=1.99 (pyroxenite) and 2.28 (peridotite).
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Figure 21: Model run showing 143Nd/144Nd plotted against 87Sr/86Sr for different values of the mixing
parameter N . Colour coding is as in Figures 10 and 11. Crosses show the isotopic compositions of the
peridotite and pyroxenite sources. The black line in each plot is a best fit regression line through the data.
Notice that the regression lines do not go through the isotopic compositions of the sources, except when
N = 1. When N = 1 it is only possible to get isotopic ratios identical to that of the two source (the crosses).
For comparison, a series of binary mixing curves are shown in the N = 1 subplot, with ratio of concentration
ratios γ = 0.01, 0.1, 1, 10, 100.
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Figure 22: Model run showing 143Nd/144Nd plotted against 87Sr/86Sr as in Figure 21, except now all melts
below a depth of 85 km are homogenised over. The composition of the homogenised deep melts is indicated
by a circle in the N = 1 plot. As in Figure 21, the regression lines do not go through the isotopic compositions
of the sources, and moreover the slopes of the regression lines have changed substantially.
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Figure 23: Trace element systematics of synthetic dataset of melt composition produced by variable extents
of binary mixing of two melts followed by variable extents of fractional crystallisation. The plots are the
same as for Figure 4 with the addition of the compositions of the melt inclusions used as end-member melts.
The depleted end-member is labelled ‘d’ and the enriched one is labelled ‘e’ and the dotted lines on A and C
shows the predicted array of melts and olivine hosts that can be generated by variable extents of mixing of
these end-members. The predicted compositions generated after 10% crystallisation of the end-members are
shown as thin black lines on A and C.
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Figure 24: An illustration of the discrete mixing scheme used by Rudge et al. (2005) to be compared with
the continuous Dirichlet mixing scheme used in this work. As in Figure 7, the underlying distribution
is taken to have just three components for illustrative purposes. The relative mixing proportions have a
Multinomial (N, [1/3, 1/3, 1/3]) distribution. The discrete nature of this scheme is particularly notable for
the case of N = 2, where each sample must be a 50-50 mixture of the 3 possible components.
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